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Preface

Quantum Optics is a branch of physics that has developed rapidly over the past
few years thanks to the development of experimental techniques that currently
allow a single photon to be created and detected, as well as a single atom to be
studied in a superconducting cavity. New quantum optics applications such as cold
ions, Bose–Einstein condensate, quantum information, and quantum computing
motivate the study of the collective properties of quantum systems.

Currently, a number of textbooks on quantum optics are available. They cover
‘‘classical’’ quantum optics topics such as quantized field theories and atomic
system theories, basic interaction processes between them, and applications such
as resonance fluorescence, laser theory, etc. The purpose of this book is not to cover
all these topics, which are amply discussed in the standard textbooks. Our goal
is different – to show the advantage that may be offered by the algebraic methods
applied to problems in quantum optics.

The structure of the book is as follows: Chapters 1–4 are introductory and have
been included so that the book is self-consistent and can be read without needing to
constantly refer to some other textbooks. (However, these chapters were written in a
spirit that emphasizes algebraic methods.) In Chapters 5–10, we describe different
models of atom–field interactions, discussing in detail the Jaynes–Cummings and
the Dicke models and their generalizations, including the dissipative case using
different types of the algebraic perturbation theories. Appendices 1–6 are included
to provide the necessary information from the theory of Lie groups and algebras
and their representations.

We would like to thank our coauthors, collaborators, and friends: Professors
V.V. Dodonov, H. de Guise, V.P. Karassiov, M. Kozierowski, V.I. Manko, L. Roa,
C. Saavedra, L.L. Sanchez-Soto and K.B. Wolf for their suggestions. We are espe-
cially grateful to Prof. H. de Guise, and Drs J.L. Romero and I. Sainz for invaluable
help in the preparation of the manuscript. We also acknowledge Grant 45704 of
CONACyT (Mexico).

Guadalajara, Mexico A.B. Klimov
December 2008 S.M. Chumakov
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1

1
Atomic Kinematics

In this chapter, we introduce a model for a two-level system, the so-called two-level
atom. We consider a collection of many such systems, and introduce differ-
ent atomic states (Dicke, coherent, and squeezed states). We also discuss a
generalization to systems with an arbitrary structure of energy levels.

1.1
Kinematics of an Atom with Two Energy Levels

The state vector for a two-level system can be written as a linear superposition

|ψ〉 = c0|0〉 + c1|1〉 (1.1)

where vectors |0〉 and |1〉 represent respectively the ground and excited states
of the system and form a basis in an abstract two-dimensional Hilbert space.
The coefficients ck satisfy the normalization condition |c0|2 + |c1|2 = 1, and |ck|2
represents the probability of finding the system in the state ‘‘k’’. In a representation
where

|0〉 →
[

0
1

]
, |1〉 →

[
1
0

]
an arbitrary pure state |ψ〉 is described by a complex two-dimensional vector

|ψ〉 → c =
[

c1

c0

]
Up to a common phase, the amplitudes ck can be conveniently parameterized as
follows:

c1 = cos
ϑ

2
e−iϕ/2, c0 = sin

ϑ

2
eiϕ/2 (1.2)

In the same representation, an arbitrary linear operator f̂ , acting on the two-level
system, has a matrix realization of the form

f̂ =
[

a b
c d

]
A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
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2 1 Atomic Kinematics

and can be expressed in terms of the Pauli matrices,

σx = σ1 =
[

0 1
1 0

]
, σy = σ2 =

[
0 −i
i 0

]

σz = σ3 =
[

1 0
0 −1

]
, I = σ0 =

[
1 0
0 1

]
(1.3)

as

f̂ =
3∑

j=0

fjσj

where the coefficient fj is given by

fj = 1

2
Tr(f̂ σj)

If the operator is Hermitian, f̂ † = f̂ , the coefficients fj are real. Average values of the
Pauli matrices in an arbitrary state |ψ〉 in the parameterization (Equation 1.2) are

〈σx〉 = 2Re (c1c0) = sin ϑ cos ϕ〈
σy
〉 = 2Im(c1c0) = sin ϑ sin ϕ

〈σz〉 = |c1|2 − |c0|2 = cos ϑ

From these, one can infer the average value for f̂ .
In the two-level atom, the physical interpretation of the operator σz can be

understood from the Schrödinger equation for a free system:

i�
dc
dt

= H0c, H0 =
[

E1 0
0 E0

]
If we choose the zero energy to lie exactly between E0 and E1, so that E0 = −ε and
E1 = ε, the free Hamiltonian of the system is then

H0 = ω0�

2
σz, ω0 = E1 − E0

�
= 2ε

�

Clearly, the states |0〉 and |1〉 are eigenstates of the free Hamiltonian H0 (these
states are sometimes called bare states).

The simplest physical realization of a two-level system is clearly a single electron
spin in an external magnetic field. To find more applications for a two-level
system, let us consider the interaction of a general multilevel atom with an external
electromagnetic field. Let us suppose that the atom has only one electron and
designate by |�n〉, n = 0, 1, 2, . . . the eigenstates of the free Hamiltonian H0 of the
atom

H0|�n〉 = En|�n〉 (1.4)
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We assume that the Hamiltonian describing the interaction with the electric field
has the simplified form

Hint = − (d · E)

where d = er is the electric dipole operator, e is the charge, and r is the electron
position vector. In the basis spanned by the |�n〉’s, we obtain

H0 =
 · · · 0 0

0 E1 0
0 0 E0

 , Hint =
 · · · · · · · · ·

· · · H11 H10

· · · H01 H00


where

Hkn = 〈�k|Hint|�n〉 = −
(

E ·
∫

dr �∗
k (r) er �n(r)

)
≡ − (E · dkn)

Since the Hamiltonian is invariant under reflections, the wave functions |�n〉 have
definite parity. Thus, the diagonal matrix elements of the interaction Hamilto-
nian vanish: Hnn = −eE · 〈�n|r|�n〉 = 0. The off-diagonal matrix elements Hkn

describe transitions between the states with energies Ek and En, respectively. These
transitions have frequency ωa = (Ek − En)/�. To stimulate these transitions, the
frequency of the external field must be close to ωa. As the energy levels of an
atom are usually not equidistant, the external field does not, in practice, induce
transition between levels other than Ek and En. This means that, in the matrix for
Hint, we can focus on a single 2 × 2 block corresponding to the elements at the
intersection of the kth and nth rows with the kth and nth columns. This leads us to
the approximation of a two-level atom. We assign an index ‘0’ to the lowest state
and an index ‘1’ to the highest state.

The Hamiltonian of the atom takes on the form

H = H0 + Hint, H0 =
[

E1 0
0 E0

]
(1.5)

where

Hint = −(E · d) =
[

0 g
g∗ 0

]
and we have introduced the notation

−e〈1|(E · r)|0〉 ≡ g = gr + igi

Here, gr and gi are the real and imaginary parts of the complex number g. We
obtain

〈Hint〉 = (
c∗

1〈1| + c∗
0〈0|)Hint (c1|1〉 + c0|0〉)

= gr(c∗
1c0 + c∗

0c1) + igi(c0c∗
1 − c∗

0c1) = gr〈σx〉 − gi〈σy〉

Thus, the dipole moment of a two-level atom can be expressed in terms of operators
σx and σy, as follows:
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d = (
Re d

)
σx − (

Im d
)
σy (1.6)

where d = e〈1|r|0〉. The last equation provides a physical interpretation of the
operators σx and σy.

Note that E and d are vectors in the real physical three-dimensional space. On
the other hand, average values of the Pauli matrices σx,y,z form a pseudospin vector
in the isotopic space (σx,y,z are sometimes called energy spin operators or isotopic spin
operators). These two spaces should not be confused. (At this point, the difference
from spin dynamics in the external magnetic field appears: in the last case the
mean values of the spin operators σ form a vector in the real space).

In the case of a pure atomic state, the values 〈σk〉 are the components of a unit
vector in the isotopic space:

〈σx〉2 + 〈σy〉2 + 〈σz〉2 = 1

This vector is called the Bloch vector. The tip of this vector is point located on the
surface of a unit sphere, called the Bloch sphere. The orientation of the Bloch vector
on the sphere is uniquely specified by two angles ϑ, ϕ. To each pure state of a
two-level system corresponds a point on the Bloch sphere. The north pole of the
sphere corresponds to the excited state |1〉 and the south pole to the ground state
|0〉. At either pole, the phase ϕ is not defined.

If the system is in an arbitrary state (pure or mixed), described by a density
matrix ρ, where

ρ =
[

ρ11 ρ10

ρ01 ρ00

]
the Bloch vector R = Tr(ρσ), can be written in the following way:

Rx = 2Reρ01, Ry = 2Imρ01, Rz = ρ11 − ρ00

Inversely, given a Bloch vector, one can recover the density matrix via

ρ = 1

2
(1 + Rσ)

It is easy to see that |R|2 = R2
x + R2

y + R2
z = 2Tr

(
ρ2
)− 1 ≤ 1, with the equality

satisfied only for pure states. This means that, while pure states are represented
as points on the surface of the sphere, mixed states are represented as points
inside the sphere. The completely mixed atomic state, which is represented by a
diagonal matrix ρ = I/2, corresponds to the zero-length Bloch vector. In spherical
coordinates (r, ϑ, ϕ), the density matrix elements take the form

ρ00 = 1

2
(1 − r cos ϑ) , ρ01 = 1

2
r sin ϑ eiϕ, ρ11 = 1

2
(1 + r cos ϑ)

where r = 1 corresponds to a pure state.
Note that the basis for linear operators acting in the Hilbert space of the states of

a two-level system can be chosen in a different way:

| j〉〈k|, j, k = 0, 1 (1.7)
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In this basis, Pauli matrices can be written as follows:

σx = |0〉〈1| + |1〉〈0|, σy = i (|0〉〈1| − |1〉〈0|) ,

σz = |1〉〈1| − |0〉〈0|, I = |1〉〈1| + |0〉〈0|

1.2
Dicke States

Let us consider a collection of A two-level atoms with the same transition frequency
ω0. We assume that the atoms are distinguishable and do not interact with each
other. We designate the nth state of the jth atom as | j, n〉, n = 0, 1. Let k be the
number of atoms in the excited state, so that A − k atoms are in the ground state.
The possible outcomes of measuring the energy of the system are

E = �ω0

(
k − A

2

)
, k = 0, 1, . . . , N

Thus, the energy levels are equally spaced and the spectrum is bounded. One
example of a vector that describes a state with k excited atoms has the form

|1, 1〉 . . . |k, 1〉|k + 1, 0〉 . . . |A, 0〉 (1.8)

This energy level has a degeneracy of CA
k = (A!/k!(A − k)!), since any state differing

from the state Equation 1.8 only by permutation of the atoms,

| j1, 1〉 . . . | jk, 1〉| jk+1, 0〉 . . . | jA, 0〉
has the same energy. (Here, A! is the total number of atomic permutations and
k!(A − k)! is the number of permutations that do not interchange excited and
nonexcited atoms.) Now suppose that the states that have the same energy are
indistinguishable and consider a normalized symmetric linear combination of all
the functions that correspond to the same energy

|k, A〉 =
√

k!(A − k)!

A!

∑
p

| j1, 1〉 . . . | jk, 1〉| jk+1, 0〉 . . . | jA, 0〉 (1.9)

where the sum is made over all the possible permutations that interchange excited
and nonexcited atoms. For example, for two atoms these symmetric states are

|0, 2〉 = |1, 0〉|2, 0〉
|1, 2〉 = (|1, 1〉|2, 0〉 + |1, 0〉|2, 1〉) /

√
2

|2, 2〉 = |1, 1〉|2, 1〉

Let us define the collective operators for a system of A two-level atoms in the following
way:
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Sx,y,z = 1
2

A∑
j=1

σ
( j)
x,y,z (1.10)

where σ
( j)
z,y,z are individual operators for each of the atoms. It is obvious that in the

collective basis (1.9),

Sz|k, A〉 =
(

k − A

2

)
|k, A〉

Thus, the operator Sz defines the inversion in the atomic system, that is, the
difference between the number of excited and nonexcited atoms. The operators

σ
( j)
± = 1

2

(
σ

( j)
x ± iσ( j)

y

)
satisfy the commutation relations

[σ( j)
+ , σ( j)

− ] = σ
( j)
z , [σ( j)

z , σ( j)
± ] = ±2σ

( j)
±

and act on the basis elements of each atom as

σ
( j)
+ | j, 0〉 = | j, 1〉, σ

( j)
+ | j, 1〉 = 0, σ

( j)
− | j, 1〉 = | j, 0〉, σ

( j)
− | j, 0〉 = 0

Thus, the collective operators

S± =
A∑

j=1

σ
( j)
± = Sx ± iSy (1.11)

act on symmetric states (Equation 1.9) as follows:

S−|k, A〉 =
√

k!(A − k)!

A!

(
A − k + 1

)∑
p

| j1, 1〉 . . . | jk−1, 1〉| jk, 0〉 . . . | jA, 0〉

=
√

k(A − k + 1) |k − 1, A〉

Similarly, one obtains the action of the operator S+. Finally, the action of the
collective operators on the basis of the subspace of symmetric states (1.9) is
given as

S+|k, A〉 =
√

(k + 1)(A − k) |k + 1, A〉 (1.12)

S−|k, A〉 =
√

k(A − k + 1) |k − 1, A〉

Sz|k, A〉 =
(

k − A

2

)
|k, A〉

The collective operators Sx,y,z satisfy the familiar su(2) algebra commutation
relations:

[Sx , Sy] = iSz , [Sy, Sz] = iSx , [Sz, Sx] = iSy (1.13)
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or, in terms of the operators S±

[Sz, S±] = ±S±, [S+, S−] = 2Sz (1.14)

Since S2
z|k, A〉 =

(
k−A

2

)2 |k, A〉, and(
S2

x + S2
y

)
|k, A〉 = 1

2
(S+S− + S−S+) |k, A〉 =

(
Ak − k2 + A

2

)
|k, A〉

the state |k, A〉 is the eigenstate of the Casimir operator

S2 = S2
z + S2

x + S2
y = S2

z + 1

2
(S+S− + S−S+) (1.15)

The corresponding eigenvalue does not depend on k:

S2|k, A〉 = A

2

(
A

2
+ 1

)
|k, A〉

Moreover, it is easy to prove that [Sx,y,z, S2] = 0. This means that the symmetric
states |k, A〉 form a basis of the (A + 1)-dimensional irreducible representation of the
su(2) algebra. The vectors |k, A〉 are called Dicke states [13].

1.3
Atomic Coherent States

Let us again consider a system of A (distinguishable) two-level atoms that do not
interact with each other. Now we suppose that all the atoms are in the same
quantum state, so that the state of the whole system is simply the product of the
states of individual atoms. In the polar parameterization (Equation 1.2), we obtain

|ϑ, ϕ〉 =
A∏

j=1

(
cos

ϑ

2
e−iϕ/2| j, 1〉 + sin

ϑ

2
ei(ϕ/2)| j, 0〉

)
(1.16)

It is easy to see that this product transforms into

|ϑ, ϕ〉 =
A∑

k=0

cosk ϑ

2
sinA−k ϑ

2
ei((A−2k)ϕ/2)

∑
p

| j1, 1〉 . . . | jk, 1〉| jk+1, 0〉 . . . | jA, 0〉

where, on the right hand side, one can recognize the Dicke state |k, A〉

|ϑ, ϕ〉 = ei A
2 ϕ

A∑
k=0

√
A!

k!(A − k)!
e−ik ϕ cosk ϑ

2
sinA−k ϑ

2
|k, A〉 (1.17)

= e−iϕSz

A∑
k=0

√
A!

k!(A − k)!
cosk ϑ

2
sinA−k ϑ

2
|k, A〉

The state |ϑ, ϕ〉 is, in fact, a coherent state for the su(2) group [14] (see
Appendix 11.2). Let us replace ϑ = θ + π in Equation 1.17 and introduce the
state [15, 16]
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|ξ〉 = e−iϕA/2|ϑ = θ + π, ϕ〉, ξ = − tan
(

θ

2

)
e−iϕ

The state |ξ〉 can be generated from vector |0, A〉, describing a state with no atom
excited, by the displacement operator D(z):

D(z) = exp
(
zS+ − z∗S−

)
, z = − θ

2
e−iϕ (1.18)

D†(z) = D−1(z) = D(−z)

The displacement operator can be rewritten in different ways:

D(z) = exp(−iϕSz) exp(−iθSy) exp(iϕSz)

= exp(ξS+) exp
[
ln
(
1 + |ξ|2) Sz

]
exp(−ξ∗S−)

Thus, the ket |ξ〉 takes the form

|ξ〉 = D(z)|0, A〉 = (
1 + |ξ|2)−A/2

exp [ξ S+] |0, A〉 (1.19)

It is easy to write the expansion of the coherent state |ξ〉 in the basis of the Dicke
states:

|ξ〉 = 1(
1 + |ξ|2)A/2

A∑
k=0

ξk

√
A!

k!(A − k)!
|k, A〉 (1.20)

The coherent state (1.17) can also be obtained by applying the operator exp(−iϕSz)
exp(−iϑSy) to the fully excited state |A, A〉:

|ϑ, ϕ〉 = exp(−iϕSz) exp(−iϑSy)|A, A〉

To understand the physical properties of the atomic coherent states, we calculate
the expectation values of the operators Sx,y,z. It follows directly from Equation 1.20
that

〈ξ|S+|ξ〉 = 1(
1 + |ξ|2)A

A∑
k,n=0

ξ∗kξn

k!n!
〈A, 0|Sk

−S+Sn
+|0, A〉

and, using the relation

〈A, 0|Sk
−Sn+1

+ |0, A〉 = δk,n+1
k!A!

(A − k)!

we immediately obtain

〈ξ|S+|ξ〉 = ξ∗(
1 + |ξ|2)A

A∑
k=1

|ξ|2(k−1)A!

(k − 1)!(A − k)!
= A ξ∗

1 + |ξ|2
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or, in the angular representation

〈ξ|S+|ξ〉 = −A

2
sin θ eiϕ = 〈ξ|S−|ξ〉∗

If we now observe that

S+|ξ〉 = 1

ξ

(
Sz + A

2

)
|ξ〉, S−|ξ〉 = ξ

(
A

2
− Sz

)
|ξ〉 (1.21)

we can easily evaluate 〈ξ|Sz|ξ〉 = ξ〈ξ|S+|ξ〉 − A/2, and finally, we have

〈ξ|Sx|ξ〉=−A

2
sin θ cos ϕ, 〈ξ|Sy|ξ〉=−A

2
sin θ sin ϕ, 〈ξ|Sz|ξ〉=−A

2
cos θ

or for the coherent states (Equations 1.16 and 1.17),

〈ϑ, ϕ|S |ϑ, ϕ〉 = A

2
n, n = (sin ϑ cos ϕ, sin ϑ sin ϕ, cos θ) (1.22)

where S = (Sx , Sy, Sz) and n is the unit vector that determines the direction of the
classical angular momentum. The averages of the operators Sj then form a vector
in the direction of the classical momentum (collective Bloch vector):

R = 〈ϑ, ϕ|S |ϑ, ϕ〉 = A

2
n

These average values are identical to those obtained for the single atom case, except
for the change in the value of the isotopic spin: 1/2 → A/2. This suggests that
a coherent state |θ, ϕ〉 can be interpreted as a symmetric generalization of the
one-atom state. In fact, Equation 1.22 follows from the observation that the spin
coherent states are eigenstates of the operator (S · n), as shown in Appendix 11.2.

Fluctuations of the pseudospin projection Sx in the state |ϑ, ϕ〉

〈∆S2
x〉 = 〈

S2
x − 〈Sx〉2〉 , 〈. . . 〉 ≡ 〈ϑ, ϕ| . . . |ϑ, ϕ〉

can be easily found from Equation 1.17. However, it is more interesting to use the
definition (Equation 1.16) directly. We have

〈S2
x〉 = 1

4

〈(
A∑

j=1

σ
( j)
x

)2〉
= 1

4

〈
A∑

j=1

(
σ

( j)
x

)2 +
∑
i�=j

σ
(i)
x σ

( j)
x

〉

In the first term on the far right,
(
σ

( j)
x
)2 = 1 while the additional term

〈
σ

(i)
x σ

( j)
x
〉 =〈

σ
(i)
x
〉〈
σ

( j)
x
〉 = sin2 ϑ cos2 ϕ, due to the factorized form of the state (1.16). This leads to

〈S2
x〉 = A

4
+ A(A − 1)

4
sin2 ϑ cos2 ϕ

Using Equation 1.22, we obtain

〈∆S2
x〉 = A

4

(
1 − sin2 ϑ cos2 ϕ

)
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Relative fluctuations are

δx =
√〈∆S2

x〉
〈Sx〉 = 1√

A

√
1 − sin2 ϑ cos2 ϕ

sin ϑ cos ϕ

For the states with ϕ = ±π/2 as well as for the states |0〉 and |1〉 corresponding to
the values ϑ = 0 and ϑ = π (north and south poles of the Bloch sphere), 〈Sx〉 = 0
and relative fluctuations δx → ∞. For all other coherent states, relative fluctuations
δx tend toward zero in the limit of a large number of atoms, A → ∞. States with
the lowest fluctuations of Sx correspond to the points on the equator of the Bloch
sphere, ϑ = π/2. In this case, half of the atoms are excited. Fluctuations 〈∆S2

x〉
completely disappear when ϑ = π/2 and ϕ = 0, or ϕ = π: these two coherent states
are eigenstates of the operator Sx . It is worth noting that the directions of the axes
of the coordinate system can always be chosen in such a way that fluctuations of a
given operator (Sx , Sy or Sz) depend on one angle only. For example, in the case of
operator Sx, this angle is between the x axis and the direction of n.

Finally, fluctuations for the operators Sx,y,z in the atomic coherent states |ϑ, ϕ〉
are

(∆Sx)
2 = A

4

(
1 − sin2 ϑ cos2 ϕ

)
(1.23)

(∆Sy)2 = A

4

(
1 − sin2 ϑ sin2 ϕ

)
(∆Sz)

2 = A

4

(
1 − cos2 ϑ

)
One can observe that the square fluctuations in the coherent states are A times
larger than in the case of one atom. Further note that

(∆Sx)
2 + (

∆Sy
)2 + (∆Sz)

2 = 〈S2〉 − 〈S〉2 = A

2

It is also easy to calculate the fluctuations of the component of the vector operator
S in the direction perpendicular to the direction n of the average spin R =
〈ϑ, ϕ|S|ϑ, ϕ〉. For this goal one can write

S = n(S · n) + S⊥

where S⊥ is a two-dimensional vector that belongs to the plane tangent to the
sphere at point (sin ϑ cos ϕ, sin ϑ sin ϕ, cos ϑ):

S⊥ = S(1)
⊥ + S(2)

⊥ , S(1)
⊥ ⊥ S(2)

⊥

Using Equation 1.22, we have

〈ϑ, ϕ|S⊥|ϑ, ϕ〉 = 0 (1.24)

As stated earlier, |ϑ, ϕ〉 is the eigenvector of the operator (S · n):

(S · n)|ϑ, ϕ〉 = A

2
|ϑ, ϕ〉
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thus,

〈(∆S⊥)2〉 = 〈S2〉 − 〈(S · n)〉2 = A

2

(
A

2
+ 1

)
−
(

A

2

)2

= A

2

where the reader is reminded that 〈. . .〉 is taken over the coherent state |ϑ, ϕ〉.
From Equation 1.19, we conclude that, for the coherent states, the fluctuations

of the components of vector S⊥ are equal. This is obvious for the coherent state
|0, A〉, i.e. the coherent state located at θ = 0 (or, equivalently, at ϑ = π). As physical
properties of the coherent states do not depend on rotations, these properties are
not changed by the action of the operator D(θ, ϕ). Thus, we obtain

〈ϑ, ϕ|
(
∆S (1)

⊥
)2 |ϑ, ϕ〉 = 〈ϑ, ϕ|

(
∆S (2)

⊥
)2 |ϑ, ϕ〉 = A

4
(1.25)

This equation, taken in conjunction with Equation 1.22, allows us to visualize a
coherent atomic state as a symmetric segment of radius

√
A/2 on a Bloch sphere

of radius A/2, centered at the point determined by the vector n of Equation 1.22.
In the classical limit, where A → ∞, the radius of this segment divided by the
Bloch sphere radius is proportional to 1/

√
A → 0. This means that the relative

fluctuations in the directions perpendicular to the Bloch vector disappear.
It is important to note that, for a system described by a coherent state, the

number of excitations is not well defined, except at the poles, where ϑ = 0 or π.
From Equation 1.17, one can obtain the probability of finding k excitations in the
system

pk = |〈ϑ, ϕ|k, A〉|2 = A!

k!(A − k)!
xk (1 − x)A−k

where x = sin2 ϑ/2. This expression corresponds to the binomial distribution,
which tends to the Poisson distribution when A → ∞ (and A sin2 ϑ/2 is a finite
number). Assuming that each excitation has the energy �ω0/2 and each nonexcited
state has the energy −�ω0/2, we find the average energy in a coherent state:

E = �ω0

2

∑
k

(2k − A)pk = �ω0
A

2
cos ϑ

This result may be obtained by calculating the mean energy as the average of the
free Hamiltonian over the coherent state and using Equation 1.22.

E = 〈ϑ, ϕ|H0|ϑ, ϕ〉 , H0 = �ω0Sz

It can easily be seen that at the poles, ϑ = 0 and ϑ = π, the energy takes its
maximum and minimum values, while for points on the equator, ϑ = π/2, the
mean energy equals to zero.

The free evolution of the coherent state |ϑ, ϕ〉

|� (t)〉 = U(t)|ϑ, ϕ〉, U(t) = exp
(

−it
H0

�

)
is obtained from Equation 1.17 replacing ϕ → ϕ + ω0t, since

H0|k, A〉 = Ek|k, A〉, Ek = �ω0

(
k − A

2

)
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1.4
Squeezed Atomic States

As we have seen, if an atomic system is prepared in a coherent state, the square
fluctuations of the components of the vector S in any direction perpendicular to 〈S〉
are equal to A/4. Thus fluctuations are uniformly distributed, that is, fluctuations
of any component lying in the plane tangent to the sphere and perpendicular to
the average spin vector are the same. Physically, this is clear since in a coherent
state, individual atoms are all in the same state (1.16) and, thus, the square of
the fluctuation of the component of S is simply the sum of the fluctuations
corresponding to different atoms. One may say that the atoms are not correlated, in
the sense that the mean value of any observable can be calculated by averaging over
individual atomic states.

In principle, it is possible to form a correlated superposition of atomic states in
such a way that fluctuations are no longer distributed uniformly in the tangent
plane and, in some directions, the fluctuations would be smaller than A/4, at the
expense of the fluctuations in the other perpendicular directions, which will be
larger than A/4.

To correlate the atoms with each other, a transformation generated by a nonlinear
combination of generators of the su(2) algebra representation is required, since
linear transformations only rotate individual isotopic spins and would not produce
between the atoms a correlation of the type described above. One way to introduce
a correlation into a collective atomic system consists in inserting a nontrivial phase
in Equation 1.17, that depends on a set of parameters µ

|ϑ, ϕ, µ〉 = eiA/2ϕ

A∑
k=0

√
A!

k!(A − k)!
e−ik ϕ−if (k,µ) cosk ϑ

2
sinA−k ϑ

2
|k, A〉

Here f (k, µ) is a nonlinear function of k, which is equivalent to the application
to the coherent state (1.17) of a unitary transformation, which is nonlinear in the
collective inversion operator Sz: |ϑ, ϕ, µ〉 = Us(µ)|ϑ, ϕ〉. A simple model for such a
transformation was discussed in [17]

Us(µ) = exp
[−iµS2

z

]
(1.26)

This model is analogous to the field-mode evolution in the presence of the Kerr
medium; however, it has a finite number of states and we call it the finite Kerr
medium. Upon applying the transformation (1.26) to the atomic operators S±,
nonlinear phases are generated:

S+(µ) = U†
s S+Us = S+ exp

[
2iµ

(
Sz + 1

2

)]
S−(µ) = U†

s S−Us = exp
[
−2iµ

(
Sz + 1

2

)]
S−

which leads to a redistribution of quantum fluctuations in the plane tangent to the
Bloch sphere. Note that the operators S2

z and {S+, S−} ≡ S+S− + S−S+ commute
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with Sz, and are thus unchanged by the transformation of (Equation 1.26). The
value of fluctuations in the tangent plane are obviously invariant with respect to
rotations about the z axis. In other words, the distribution of fluctuations in the
tangent plane does not depend on the phase ϕ of the Bloch vector ; so, we assume,
without loss of generality, that ϕ = 0. The direction in the plane tangent to the
Bloch sphere at the point with coordinates (ϑ, ϕ = 0) is determined by a unit vector

n⊥ = (− cos ϑ sin δ, cos δ, sin ϑ sin δ), n ⊥ n⊥

where the unit vector n = (sin ϑ, 0, cos ϑ) defines the direction of the collective
Bloch vector (Equation 1.22) and δ is the angle between the vector n⊥ and the
positive direction of the y axis. Fluctuations of the projection of the vector S in the
direction n⊥,

sδ = (S · n⊥) = −Sx cos ϑ sin δ + Sy cos δ + Sz sin δ sin ϑ (1.27)

depend on the angle ϑ that determines the position on the Bloch sphere. For a
given value of the angle ϑ, we can find the direction of maximum squeezing by
changing the angle δ. It is easy to see that[

sδ, sδ+π/2
] = S · n

Formally, the atomic squeezing can be quantified by the ratio

ζ = min σsδ√
A/4

(1.28)

where min σ2
sδ

= min
[〈s2

δ〉 − 〈sδ〉2
]

is the smallest variation of the isotopic spin
component normal to the mean spin 〈S〉. Clearly, in the coherent state ζ = 1, and
the state is squeezed if ζ < 1.

Let us find, for example, the amount of squeezing generated in a set of A atoms
by the transformation (1.26) applied to a coherent atomic state |π/2, 0〉, located at
the equator of the Bloch sphere ( i.e. ϑ = π/2):

|ψc〉 = Us(µ)|π/2, 0〉 (1.29)

From Equation 1.27, we obtain

〈ψc|sδ|ψc〉 =
〈
Sz sin δ + cos δ

2i

(
S+(µ) − S−(µ)

)〉
0

〈ψc|s2
δ |ψc〉 = 〈S2

z〉0 sin2 δ − 〈
S2

+(µ) + S2
−(µ) − {S+, S−}〉0 cos2 δ

4

+〈{Sz, S+(µ)} − {Sz, S−(µ)}〉0
sin 2δ

4i

where 〈. . .〉0 means the average over the coherent state |π/2, 0〉. Following
Equation 1.17, we have

〈Sz〉0 =0, 〈S2
z〉0 = A

4
, 〈{S+, S−}〉0 = A(A−1)

2
, 〈exp [2iµSz]〉0 =cosA µ
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It is easy to find, using the relations (1.21), that

〈
S+(µ)

〉
0 = A

2
cosA−1 µ (1.30)〈[

S+(µ)
]2
〉
0

= A(A − 1)

4
cosA−2 2µ

〈{Sz, S+(µ)}〉0 = i
A(A − 1)

2
cosA−2 µ sin µ

We obtain the following expression for the fluctuations of the spin projection (1.27)
in the state (1.29):

(
∆sδ(µ)

)2 = 〈ψc|s2
δ |ψc〉 − (〈ψc|sδ|ψc〉)2

= A

4

[
1 + A − 1

4

(
a +

√
a2 + b2 cos (2δ − 2ν)

)]
(1.31)

where

a = 1 − cosA−2 2µ, b = 4 sin µ cosA−2 µ, tan 2ν = b

a

From Equation 1.31, we can see that the fluctuations are minimized in the direction
determined by the angle

δ = 1

2
arctan

b

a
+ π

2
(1.32)

and reach the value(
∆s(µ)

)2
min = A

4

[
1 − A − 1

4

(√
a2 + b2 − a

)]
≤ A

4
(1.33)

Obviously, fluctuations in the direction perpendicular to Equation 1.32 are max-
imized. It is clear that no squeezing can occur in the case of one atom (since
this atom would not have another to correlate to). In the particular case of two
atoms, the minimum value of the fluctuations (Equation 1.31) may be zero. It
may also happen that both the mean spin and min σ2

sδ
takes zero values at some

state (for instance, in the two-atom Dicke state |1, A = 2〉), so that the parameter
(Equation 1.28) becomes undefined.

It is instructive to visualize the state (1.29) on the two-dimensional sphere in
terms of the so-called Q function (see, e.g. Chapter 10)

Q µ(ϑ, ϕ) = ∣∣〈ϑ, ϕ
∣∣e−iµS2

z
∣∣π/2, 0

〉∣∣2 (1.34)

where |ϑ, ϕ〉 is the coherent state (1.17), in the limit of large number of atoms,
A � 1. The matrix element appearing in Equation 1.34 takes the form

〈
ϑ, ϕ

∣∣e−iµS2
z
∣∣π/2, 0

〉 = 1(
1 + |ξ|2)A/2

1

2A/2

A∑
k=0

ξ∗kCA
k e−iµ(k−(A/2))

2
(1.35)
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where ξ = cot (ϑ/2) e−iϕ and CA
k are the binomial coefficients. In the limit A � 1,

the binomial coefficients can be approximated by a Gaussian

CA
k ≈ 22S

√
πS

exp

[
−
(
k − S

)2

S

]
(1.36)

where S = A/2. Substituting Equation 1.36 in Equation 1.35 and changing the
summation index k − S = n, we get

〈
ϑ, ϕ

∣∣ e−iµS2
z
∣∣π/2, 0

〉 = 1(
1 + |ξ|2)S

ξS

2S

S∑
n=−S

exp
[
−n2

s
− iµn2 + n ln |ξ| + inϕ

]
Using the Poisson summation formula

∞∑
n=−∞

f (n) =
∞∑

m=−∞

∫ ∞

−∞
dx f (x) e2πimx

we obtain (extending the summation to infinity),

S∑
n=−S

exp
[
−n2

S
− iµn2 + n ln |χ| + inϕ

]
≈
√

π

a

∞∑
m=−∞

e(b2
m/4a)

where

a = 1
S

+ iµ, bm = ln |ξ| + i(ϕ + 2πm)

Finally, the Q function takes the form of cyclic Gaussian (describing, in particular,
the formation of the Schrödinger cats on the sphere)

Qµ(ϑ, ϕ) = 22S√
1 + s2µ2

( |ξ|
1 + |ξ|2

)2S
∣∣∣∣∣

∞∑
m=−∞

e(b2
m/4a)

∣∣∣∣∣
2

(1.37)

Let us note that |a| 
 1 for typical values of the parameter µ. With this assumption,
the maximally squeezed state corresponds to a situation where each Gaussian
in Equation 1.37 is very narrow. In this case, the dominant contribution to the
Equation 1.37 comes from the m = 0 term. In this case, the approximate expression
for the Q function takes the form

Qµ(ϑ, ϕ) = 2A√
1 + A2µ2/4

( |ξ|
1 + |ξ|2

)A

exp
[

A((ln |ξ|)2 − ϕ2) + A2µϕ ln |ξ|
4(1 + A2µ2/4)

]
(1.38)

In particular, the coherent states correspond to the value 0 of the parameter µ

Q0(ϑ, ϕ) = 2A
( |ξ|

1 + |ξ|2
)A

exp
[
−A

4

(
ϕ2 − (ln |ξ|)2)] (1.39)

Recalling that in the limit A � 1, relative fluctuations in the direction perpendicular
to n = (1, 0, 0) are of order ∼A−1/2, we can expand ξ in series of ς, |ς| 
 1, where
ϑ ∼ π/2 − ς, thereby obtaining an expression for the projection of the Q function
onto the tangent plane (ϕ, ς):
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Q0(ϕ, ς) = exp
[
−A

4

(
ϕ2 + ς2)] (1.40)

with the plane centered on the x axis.
The corresponding level curves for Qµ(ϑ, ϕ) take the form of ellipses for values of

µ that are not very large, i.e. the initial coherent state becomes squeezed in a certain
direction. For larger values of µ, these ellipses become twisted and deformed due
to quantum self-interference effect (appearance of Schrödinger cat states on the
sphere [18]). This deformation and deviation from the elliptical shape put limits to
the maximum possible squeezing that can be achieved in the system with a given
number of atoms subjected by the transformation (1.26).

An approximate expression for the Q function on the tangent (ϕ, ς) plane can be
obtained by expanding |ξ| in series of ς, giving

Qµ(ς, ϕ) = 1√
1 + A2µ2/4

exp

[
−A

ς2
(
2 + A2µ2

)+ 2Aµϕς + 2ϕ2

8
(
1 + A2µ2/4

) ]
(1.41)

The major axis of the ellipse makes an angle

tan 2φ = 2

Aµ

with the ϕ axes. In the rotated frame,

ϕ́ = ϕ cos φ + ς sin φ

ς́ = ς cos φ − ϕ sin φ

the Q function takes the form

Qµ(ς́, ϕ́ ) = 1√
A2µ2/4 + 1

exp

[
−A

8

(
ϕ́

2

a2
+ ς́

2

b2

)]
where

a2 =
(

2 − Aµ√
A2µ2/4 + 1

)−1

, b2 =
(

2 + Aµ√
A2µ2/4 + 1

)−1

For large values of µ, a2 → A2µ2/4, b2 → 1/4, exhibiting growing squeez-
ing – beyond the maximum value (Equation 1.33). The above equations show that
the tangent plane description of the atomic squeezing fails for large values of µ.

Another transformation that generates squeezing when applied to atomic coher-
ent states is of the form

Vs(µ) = exp(µS2
+ − µ∗S2

−)

Unfortunately, calculations for this transformation are not as simple as for the
transformation (1.26). However, in the limit of small µ, we can use the Taylor
expansion and find the transformed collective atomic operators up to the second
order in µ with a consecutive calculation of fluctuations in the tangent plane.
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1.5
Atoms with n > 2 Energy Levels

This section is devoted to the description of atomic systems with more than
two energy levels [19]. First, we introduce a general formalism for a collection
of A atoms, each atom containing n energy levels. We assume that the atoms
are distinguishable, so the state vector describing the system is symmetric under
permutation of indices labeling the individual atoms. We then specialize the
discussion to systems with three energy levels, and then we consider a particular
case of systems with three energy levels.

1.5.1
Systems with n Energy Levels

Let us consider a single atom with n energy levels. Vectors | j〉, j = 1, 2, . . . , n,
describing states with energies Ej (bare states) form an orthonormal basis, 〈k| j〉 =
δjk,

∑n
j=1 | j〉〈 j| = I, in the n-dimensional Hilbert space for this single atom. We

represent the states | j〉 as column vectors in the n-dimensional linear space

|1〉 →


0
. . .

0
. . .

1

 , | j〉 →


0
. . .

1j

. . .

0

 , |n〉 →


1
. . .

0
. . .

0

 (1.42)

It is easy to see that a parameterization, similar to Equation 1.2, of an arbitrary state
|ψ〉 has the form

|ψ〉 →



eiϕ1 cos
ϑ1

2

eiϕ2 sin
ϑ1

2
cos

ϑ2

2
· · ·
· · ·

eiϕn−1 sin
ϑ1

2
· · · sin

ϑn−2

2
cos

ϑn−1

2

sin
ϑ1

2
· · · sin

ϑn−1

2


(1.43)

where the phase of the ground state is chosen to be zero for simplicity. Clearly, the
transformations preserving the norm of the state vector (1.43) are elements of the
group U(n).

The free Hamiltonian of the system has the form

H0 =
n∑

j=1

Ej| j〉〈 j| (1.44)

The configuration of the energy levels may be arbitrary, but it is convenient
to choose the energies in such a way that Ej ≤ Ej+1. Operators that generate
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transitions between levels are s ij = | j〉〈i|, (j �= i), i, j = 1, . . . , n and satisfy the
following commutation relations:[

s ij, slk
]

= δikslj − δjls
ik (1.45)

which are those for the generators of the U(n) algebra (see Appendix 11.1).
Let us recall that any element of the U(n) group can be represented as the product

of an element of the su(n) group by an element of the U(1) group. Obviously the
element of the U(1) group is related to a global phase of the system state. To exclude
this phase, we use the traceless combinations

s
j j+1
z = 1

2

(| j + 1〉〈 j + 1| − | j〉〈 j|) , j = 1, . . . , n − 1

These operators are interpreted as atomic inversions between levels j + 1 and j.
This interpretation is convenient considering the ordering of our energy levels.
Obviously, there are n − 1 independent operators s j j+1

z . The projectors | j〉〈 j| are
expressed in terms of s j j+1

z as

s j j = | j〉〈 j| = 1
n

+ 2
j−1∑
k=1

sk k+1
z − 2

n

n−1∑
k=1

(
n − k

)
sk k+1
z (1.46)

Thus, the free Hamiltonian (1.44) in terms of the operators s
j j+1
z has the form

H0 = 2
n−1∑
k=1

sk k+1
z

Ek −
k∑

j=1

Ej

+ E (1.47)

where E is the ‘‘energy of the center of the spectrum’’, which is defined
as E = 1

n

∑n
j=1 Ej. The operators s

j j+1
z , s ij = |i〉〈 j|, j �= i, i, j = 1, . . . , n form the

n-dimensional representation of the su(n) algebra.
In the case of A identical atoms with n energy levels, the collective operators

S ij =
A∑

a=1

|a, i〉〈a, j|, i, j = 1, . . . , n (1.48)

are introduced where |a, i〉 is a state of the ath atom. The operators S ij obviously
satisfy commutation relations identical to those of the individual atomic operators
of Equation 1.45. Thus the problem is reduced to the construction of the irreducible
representations for the su(n) group.

If the atoms are identical (the Hamiltonian is invariant under permutations of
atoms), it is sufficient to consider only the symmetric representation. A useful
method for obtaining the matrix elements of operators acting in the space of this
representation of su(n) is the so-called Schwinger construction. Let us introduce
a set of auxiliary creation and annihilation operators satisfying the usual bosonic
commutation relations:[

bi, b†
j

]
= δij,

[
bi, bj

] =
[
b†

i , b†
j

]
= 0
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We may think of bi and b†
i as the creation and annihilation operators for the

excitation at the ith atomic level (i = 1, 2, . . . , n). In terms of bi and b†
j , the collective

atomic operators have the form

S ij = b†
j bi, i, j = 1, 2, . . . , n (1.49)

It is directly checked that these operators satisfy the commutation relations of the
u(n) algebra (1.45). The collective operators (1.49) act on the Hilbert space of n
harmonic oscillators with the basis

|k1, k2, . . . , kn〉 = |k1〉 ⊗ |k2〉 ⊗ · · · ⊗ |kn〉
such that

bi|k1, . . . , ki, . . . , kn〉 =
√

ki |k1, . . . , ki − 1, . . . , kn〉
It can easily be seen that the following operator commutes with all the operators of
the algebra:

Â =
n∑

j=1

S j j,
[
Â, S ij

]
= 0

The eigenvalue of this operator Â is just k1 + k2 + · · · + kn = A. Here, ki represents
the number of atoms at the ith energy level and A is the total number of atoms.
The free atomic Hamiltonian takes on the form

H0 =
n∑

i=1

EiS
ii =

n∑
i=1

Eib
†
i bi

The atomic inversion operators are now introduced as

S
ij
z = 1

2

(
S j j − Sii

)
= 1

2

(
b†

j bj − b†
i bi

)
and the transition operators S

ji
±, (j > i)

S
ij
+ = S ij = b†

j bi, S
ij
− =

(
S

ij
+
)† = S ji = b†

i bj

It is easy to find the matrix elements of the operators S ij
±, Using Equation 1.49

S ij
+|k1, . . . , ki, . . . , kj, . . . , kn〉=

√
ki(kj + 1)|k1, . . . , ki − 1, . . . , kj + 1, . . . , kn〉,

S
ij
−|k1, . . . , ki, . . . , kj, . . . , kn〉=

√
kj(ki + 1)|k1, . . . , ki + 1, . . . , kj − 1, . . . , kn〉,

S
ij
z |k1, . . . , ki, . . . , kj, . . . , kn〉= 1

2
(kj − ki)|k1, . . . , ki, . . . , kj, . . . , kn〉 (1.50)

The operators {S ij
z , S

ij
+, S

ij
−}i�=j span a representation of the su (n) algebra. Note that

the operators S
ij
z and S

ij
± form su (2) subalgebras:[

S
ij
z , S

ij
±
]

= ±S
ij
± (1.51)
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1.5.2
Systems with Three Energy Levels

Let us consider a particular case of systems with three energy levels. A pure state
is a superposition of bare states | j〉, j = 1, 2, 3,

|ψ〉 = cos ϑ1|1〉 + eiϕ1 sin ϑ1 cos ϑ2|2〉 + eiϕ2 sin ϑ2 sin ϑ1|3〉
where 0 ≤ ϕ1,2 ≤ 2π, 0 ≤ ϑ1,2 ≤ π/2. In terms of the diagonal projectors | j〉〈 j|,
the free Hamiltonian for a single atom has the form

H0 = E1|1〉〈1| + E2|2〉〈2| + E3|3〉〈3|
so that |1〉〈1| + |2〉〈2| + |3〉〈3| = I.

We suppose that the transitions in atomic systems only take place in the dipole
approximation, that is, there are no transitions between levelswith the same parity.
Thus, there are only three possible configurations for systems with three energy
levels: cascade (�), lambda (�), and (V) configurations. Enumerating energy levels
in such a way that E1 ≤ E2 ≤ E3, we see that the transitions allowed in the � system
are 1 ↔ 2 ↔ 3; in the � system, 1 ↔ 3 ↔ 2; and in the V system 3 ↔ 1 ↔ 2.
Inversion operators relevant to each physically different configuration can be
constructed without difficulty:

1. For the �-type system the inversion operators are defined as

s12
z = 1

2
(|2〉〈2| − |1〉〈1|) , s23

z = 1
2

(|3〉〈3| − |2〉〈2|)

and the free Hamiltonian takes on the form

H0 = 2

3
(E2 + E3 − 2E1) s12

z + 2

3
(2E3 − E1 − E2) s23

z + E (1.52)

Here, the energy of the center of a spectrum E is equal to

E = 1

3
(E1 + E2 + E3)

2. For the �-type system, the inversion operators are defined as

s13
z = 1

2
(|3〉〈3| − |1〉〈1|) , s23

z = 1

2
(|3〉〈3| − |2〉〈2|)

and the free Hamiltonian takes on the form

H0 = 2
3

(E2 + E3 − 2E1) s13
z + 2

3
(E1 + E3 − 2E2) s23

z + E (1.53)

3. For the V -type system the inversion operators are defined as

s12
z = 1

2
(|2〉〈2| − |1〉〈1|) , s13

z = 1

2
(|3〉〈3| − |1〉〈1|)

and the free Hamiltonian takes on the form

H0 = 2

3
(2E2 − E1 − E3) s12

z + 2

3
(2E3 − E1 − E2) s13

z + E (1.54)
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The transition operators in the system are given by Equations 1.7 and 1.45. Some of
the transitions are absent in the �, �, or V configurations. Explicitly, the transition
operators for these cases are

� : |2〉〈1|, |3〉〈2|, h.c.

� : |3〉〈1|, |3〉〈2|, h.c.

V : |2〉〈1|, |3〉〈1|, h.c

We can immediately write, using Equations 1.48, the operators describing a col-
lection of A indistinguishable atoms with three energy levels. There are still three
configurations, and appropriate operators are simply obtained by substituting
s

jk
z ↔ S

jk
z and E → AE. Then the atomic transition operators are

� : S12
± , S23

±

� : S13
± , S23

±

V : S12
± , S13

±

The matrix realization of each S
jk
z , S

jk
± for each configuration form a symmetric

irreducible representation of the su(3) algebra of the dimension (A + 1)(A + 2)/2.
The operators {S jk

z , S
jk
+ , S

jk
−} form the su(2) subalgebras (1.51) and all the S

jk
z

operators commute. All the other commutation relations and the matrix elements
of the collective operators in symmetric representations are easily obtained using
the Schwinger representation for the collective atomic operators.

1.6
Problems

1.1 Show that the Von Neumann entropy of a two-level system, defined as
S = −Tr(ρ log ρ) is a monotonous function of the purity of the atomic
state, P = Tr(ρ2) in the interval 1/2 ≤ P ≤ 1. Hint: prove that S = −λ1

log λ1 − λ2 log λ2, where λ1,2 = (1 ± √
2P − 1)/2.

1.2 For squeezed states in the case of two atoms, A = 2, find the state |ψ0〉 =
Us(µ0)|π/2, 0〉 and direction δ0 for which the fluctuation of the projection of
vector S is zero (i.e. |ψ0〉 is the eigenstate of the operator s(δ0)). Answer:

|ψ0〉 = 1

2

 1
−i

√
2

1

 , δ0 = 3π

4
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1.3 Prove that for squeezed states in the case of many atoms, A � 1 and |µ| 
 1,
the following approximation can be made for 〈∆s2(µ)〉 in Equation 1.27,

〈∆s2(µ)〉 ≈ A

4

(
1

4α2
+ 2

3
β2
)

where α = (A/2)µ and β = (A/2)µ2, and its minimum value,

〈∆s2(µ)〉min ≈ 1

2

(
A

6

)1/3

(1.55)

is achieved when

µ0 = 241/6

2

(
A

2

)−2/3

(1.56)



23

2
Atomic Dynamics

In this chapter, we consider the simplest examples of the two-level system dynamics
in an external classical field. We start with the spin dynamics in a constant magnetic
field. Then we consider the resonance dynamics of a two-level atom in an oscillating
electric field for different cases of the field polarization, and, in doing so, justify the
rotating wave approximation (RWA). We also discuss two-level system dynamics
beyond the RWA. Finally, we consider examples of the collective dynamics of an
ensemble of two-level systems in general time-dependent fields.

2.1
Spin in a Constant Magnetic Field

As we have already mentioned, a two-level atom can be described in terms of
isotopic spin. Thus, the dynamics of a two-level atom in a classical external field is
equivalent to the dynamics of a spin 1/2 particle in a corresponding magnetic field.

We begin with the simplest example: the evolution in a constant magnetic field.
Let us denote the magnetic field vector by H and the magnetic moment of the spin
by µ = µσ, where σ = {σx, σy, σz}. The Hamiltonian has the form H = − (µ · H),
or explicitly,

H = −µ (σ · H) = −µ

[ Hz Hx − iHy

Hx + iHy −Hz

]
(2.1)

The solution of the Schrödinger equation (� = 1),

i ∂t|ψ(t)〉 = H|ψ(t)〉
has the form

|�(t)〉 = U(t)|�(0)〉 , U(t) = exp(−iHt)

where U(t) is the evolution operator. In this case, the exponential exp(−iHt) can be
directly evaluated by expanding it in a Taylor series. Since H2 = �2I, where

I ≡
[

1 0
0 1

]
, � = µ

√
H2

x + H2
y + H2

z

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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we obtain the system evolution operator in the constant field:

U(t) = 1 − itH − t2

2!
H2 + · · · = I cos �t − iH

�
sin �t

=

 cos �t + iµHz

�
sin �t µ

iHx + Hy

�
sin �t

µ
iHx − Hy

�
sin �t cos �t − iµHz

�
sin �t

 (2.2)

It is obvious that U(t)† = U(−t). The evolution of the system initially prepared

in an arbitrary state |in〉 = [ α
β

]
, |α|2 + |β|2 = 1, is described by the state vector

|�(t)〉 = U(t)
[ α

β

]
. The eigenvalues of the Hamiltonian Equation 2.1 are ±�,

H|±〉 = ±�|±〉
and the corresponding eigenvectors have the form

|±〉 = µ√
2�(� ∓ µHz)

 Hx − iHy

−Hz ± �

µ



2.2
A Two-level Atom in a Linearly Polarized Field

Let us now suppose that the atom has only one electron and is plunged in a
time-varying electric field, as in the model discussed in the previous chapter. The
Hamiltonian describing the interaction of the atom with the electric field has the
form Hint = −(d · E), where d is the electric dipole operator (Section 1.1). We have
neglected the interaction between the induced magnetic field and the magnetic
moment of the atom. In the case of an atom in a linearly polarized field, we choose
the x axis along the direction of the electric field:

E = (E0 cos ωf t, 0, 0
)

The interaction Hamiltonian takes the form (see Equation 1.6)

Hint = −E0 cos ωf t
(
σx Re dx − σy Im dx

) = 2(gσ+ + g∗σ−) cos ωf t (2.3)

where dx = e〈1|x|0〉 and g = −dxE0/2.

2.2.1
The Rotating Wave Approximation

Although the Hamiltonian Equation 2.3 has a very simple form, a further approxi-
mation is necessary to obtain an analytic solution. To the time-dependent ket, we
apply an extra transformation generated by the operator σz to obtain the ket |ψ(t)〉R

defined as

|ψ(t)〉R = eiωf σzt/2|ψ(t)〉
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This is a transformation to a rotating frame in the pseudospin space, leading to the
transformed Schrödinger equation (� = 1)

i∂t|ψ〉R = −ωf σz

2
|ψ〉R + eiωf σzt/2H e−iωf σzt/2|ψ〉R ≡ HR|ψ〉R

where

H = H0 + Hint

H0 = ωa

2
σz , ωa = E1 − E0

Using the transformation

eiσzτ/2σ± e−iσzτ/2 = σ± e±iτ

the Hamiltonian HR becomes

HR = ωa − ωf

2
σz + gσ+ + g∗σ− + g∗σ+ ei2ωf t + gσ− e−i2ωf t

and the equations of motion for the components of vector |ψ〉R =
[

c1
c0

]
are

iċ1 = ∆

2
c1 + gc0 + g∗ei2ωf tc0, iċ0 = −∆

2
c0 + g∗c1 + g ei2ωf tc1

where ∆ = ωa − ωf is the so-called detuning parameter. In typical optical systems,
the field frequency ωf is such that the term exp

(
2iωf t

)
oscillates rapidly, and

we have, in addition, |g| 
 ωa. Thus, after averaging over rapid oscillations, the
equations of motions acquire the stationary form

iċ1 = ∆

2
c1 + gc0, iċ0 = −∆

2
c0 + g∗c1

This corresponds to the effective Hamiltonian

HRWA
R = ∆

2
σz + gσ+ + g∗σ− (2.4)

This approximation, in which rapidly oscillating terms are neglected, is called
the rotating wave approximation (RWA). In this approximation we can, from the
beginning, replace the Hamiltonian (2.3) by the effective Hamiltonian

HRWA = ωa

2
σz + gσ+ e−iωf t + g∗σ− eiωf t (2.5)

Note that under the RWA, the rotation around the z axis in the pseudospin space
is equivalent to the change of phase of the external field in the Hamiltonian (2.3)
and leads to the change of phase of the coupling constant g.

The Hamiltonian (2.4) has the same form as the Hamiltonian for a spin in the
external magnetic field. All we need is to replace

−µHz −→ ∆

2
, −µHx −→ Re g, µHy −→ Im g
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Thus, in the RWA, the evolution operator is obtained directly from Equation 2.2:

U(t) =

 cos �t − i∆

2�
sin �t − ig

�
sin �t

ig∗

�
sin �t cos �t + i∆

2�
sin �t


where � = √

∆2/4 + |g|2 is called the it Rabi frequency. The eigenvalues of the
Hamiltonian are ±�, and the eigenvectors have the form

|±〉 = 1√
�(2� ∓ ∆)

 g

−∆

2
± �



2.3
A Two-level Atom in a Circularly Polarized Field

In the following, we consider again the case of atoms with only one electron.
In fact, the index of the vectors of atomic basis (1.4) has three components:
|�n〉 → |α, l, m〉, where l is the angular momentum, m is the z component of the
angular momentum, and the label alpha stands for all other quantum numbers
required to completely specify the state (see, for example, [20]). Let us consider the
transition between the states |0〉 = |α, l, m〉 and |1〉 = |β, l′, m + 1〉. We find that the
admissible values of l′ are l + 1, l, l − 1.

The interaction Hamiltonian Hint = −(d · E) for an atom with a circularly
polarized field

Ex = E0 cos ωf t , Ey = E0 sin ωf t , Ez = 0

takes the form

Hint = −E0
[(

dx cos ωf t + dy sin ωf t
)
σ+ + (

d∗
x cos ωf t + d∗

y sin ωf t
)
σ−
]

where we have used the representation (1.6) for the dipole momentum operator,
dx = e〈1|x|0〉 and dy = e〈1|y|0〉. It is shown below that

〈1|(x − iy)|0〉 = 0 (2.6)

which allows us to arrive at the following form of the interaction Hamiltonian:

Hint = gσ+ e−iωf t + g∗σ− eiωf t (2.7)

where g = −E0(dx + idy)/2. It is worth noting that the interaction Hamiltonian
(2.7) has exactly the same form as the effective Hamiltonian (2.5), although we
are not using the RWA, so that the corresponding evolution operator is given by
Equation 2.2.

Let us now prove the result in Equation 2.6. The state |0〉 = |α, l, m〉 has a wave
function

〈r|α, l, m〉 = �α,l,m(r) = ψα,l(r)Ylm(θ, φ) (2.8)
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where r, θ, φ are polar coordinates. The wave function �α,l,m(r) is an eigenstate of
the z component of the angular momentum operator Lz:

Lz�α,l,m(r) = m�α,l,m(r), Lz = −i(x∂y − y∂x)

Now, the functions |α, l, m〉 form a basis for the Hilbert space of states describing
the atom. On the other hand, the functions x ± iy are also eigenfunctions of the
operator Lz with the eigenvalues ±1:

Lz(x ± iy) = −i(x∂y − y∂x)(x ± iy) = ±(x ± iy)

and, thus, the functions f (r) = (x ± iy)�n,l,m(r) are also eigenfunctions of Lz with
the eigenvalues m ± 1:

Lzf (r) = [
Lz(x ± iy)

]
�α,l,m(r) + (x ± iy)

[
Lz�α,l,m(r)

] = (m ± 1)f (r)

This means that only the term with the value of the third index m ± 1 appears in
the expansion of the function f (r) in the basis (2.8):

(x ± iy)�α,l,m(r) =
∑

l′
φl′ (r)Yl′ ,m±1(θ, φ) (2.9)

Here φl′ (r) are radial functions. Indeed, the angular momentum operators Lx,y,z

form the su(2) algebra; the functions Ylm(θ, φ) form a basis in the irreducible
2l + 1 dimension representation of this algebra (see Appendix 11.1); on the other
hand, the functions x + iy,

√
2z, and x − iy form a basis in the three-dimensional

representation of the su(3), which corresponds to l = 1; the function f (r) belongs to
the space of the tensor product of these two representations; this tensor product can
be reduced to the sum of three irreducible parts: l′ = l + 1, l or l − 1, (if l > 0); thus,
only the terms l′ = l + 1, l, l − 1 appear in the sum (2.9). Finally, to obtain matrix
elements 〈β, l′, m′|(x ± iy)|α, l, m〉 we multiply Equation 2.9 by ψ∗

β,l′ (r)Y∗
l′m′ (θ, φ),

(from Equation 2.8) and integrate over θ, φ, and r. Since the spherical functions
Ylm(θ, φ) are orthogonal, only the matrix elements

〈β, l′, m ± 1|(x ± iy)|α, l, m〉 , l′ = l + 1, l, l − 1

are different from zero. If, for example, the second state of the atom is |1〉 =
|β, l′, m + 1〉, then

〈β, l′, m + 1|(x − iy)|α, l, m〉 = 〈β, l′, m|(x + iy)|α, l, m + 1〉 = 0

and we arrive at Equation 2.6. The matrix elements of the Hamiltonian Hint from
Equation 2.7 are

〈1|Hint|0〉 = −eE0

2
〈β, l′, m + 1|(x + iy)|α, l, m〉e−iωf t ≡ g e−iωf t

〈0|Hint|1〉 = −eE0

2
〈β, l′, m|(x − iy)|α, l, m + 1〉eiωf t = g∗eiωf t
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2.4
Evolution of the Bloch Vector

In general, the Hamiltonian of a two-level system has the form

H = 1
2

(
�xσx + �yσy + �zσz

)
(2.10)

For example, for a spin in a magnetic field, Ω = −2µH; or, for an atom in a
linearly polarized electric field under the RWA

Ω = (
2g cos ωt, 2g sin ωt, ωa

)
(2.11)

For the case of the circularly polarized field, Ω has the same form (2.11) without
assuming the RWA. Note that in the last case the projections of the vectors of the
field E and of the ‘‘torque’’ Ω onto the (x, y)plane move in the same manner [21].
The transformation to the rotating frame induces the following transformation of
the matrices σx and σy:

eiσzτ/2σxe−iσzτ/2 = σx cos τ − σy sin τ

eiσzτ/2σye−iσzτ/2 = σy cos τ + σx sin τ

where τ = ωt. The Hamiltonian (2.10) and Equation 2.11 transform into

H = 1

2
(Ω · σ) , Ω = (2g, 0, ωa) (2.12)

The dynamics of a two-level atom in an external field can be described from another
point of view. Let us find the equations of motion for the Heisenberg operators σj,
j = x, y, z with the Hamiltonian (2.10):

iσ̇x = [σx, H] = i
(
�yσz − �zσy

)
iσ̇y = [

σy, H
] = i (�zσx − �xσz)

iσ̇z = [σz, H] = i
(
�xσy − �yσx

)
One can rewrite this system in the matrix form:

d
dt

 σx

σy

σz

 =
 0 −�z �y

�z 0 −�x

−�y �x 0

 σx

σy

σz


This system is linear and therefore, by introducing the Bloch vector as the average
of the operators σx,y,z, one can write

d
dt

〈σ〉 = �̂ 〈σ〉 (2.13)
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where

〈σ〉 =
 〈σx〉

〈σy〉
〈σz〉

 , �̂ =
 0 −�z �y

�z 0 −�x

−�y �x 0


The Bloch Equation 2.13 can be written in the classical form using the cross product
of the Bloch vector 〈σ〉 and the torque vector Ω

d

dt
〈σ〉 = [Ω × 〈σ〉] , Ω =

 �x

�y

�z


To solve the Bloch Equation 2.13, note that �̂Ω = 0, and, so the vector Ω defines the
rotation axis (which does not change during the evolution). Squaring the operator
�̂, we obtain

�̂2 = −�2 + Ω ⊗ ΩT , � = |Ω|
where Ω ⊗ ΩT is the projection operator onto the vector Ω:

Ω ⊗ ΩT =
 �2

x �x�y �x�z

�y�x �2
y �y�z

�z�x �z�y �2
z


Expanding the Bloch equation evolution operator U(t) = exp(t�̂) in a Taylor series
and using the equations above, we have

U = et�̂ = Ω ⊗ ΩT

�2
+
(

1 − Ω ⊗ ΩT

�2

)
cos �t + �̂

sin �t

�

Of course, this evolution operator is equivalent to Equation 2.2 and involves the
same Rabi frequency �. The difference is that, whereas we used earlier the su(2)
algebra and its representation in the complex two-dimensional space, here we have
found the solution in the real three-dimensional space, a method that presents an
attractive geometrical picture.

2.5
Dynamics of the Two-level Atom without the RWA

Let us consider again the interaction of a two-level atom with the linearly polarized
field (1.5). The Hamiltonian takes the form

H = ω

2
σz + gσx cos ωt (2.14)

This Hamiltonian is periodic in time, with a period T = 2π/ω, H(t + T) = H(t).
Thus, the Schrödinger equation is reduced to a system of two coupled first-order
ordinary differential equations, with coefficients periodic in time and having the
same period as the Hamiltonian. For such a system, it is known that there exist
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solutions of the form

|�β(t)〉 = |φβ(t)〉 e−iλβt, β = 0, 1

such that the vectors |φβ(t)〉 are periodic in time:

|φβ(t+T)〉 = |φβ(t)〉
The existence of periodic (up to the phase factor) solutions is known as Floquet’s
theorem. It allows us to expand the functions φβ(t) in Fourier series and rewrite the
Schrödinger equation as an equation for the corresponding Fourier coefficients.
This leads to an effective Hamiltonian in the infinite-dimensional space of Fourier
coefficients. To solve the latter kind of problem, various perturbative approaches
can be employed [22, 23].

Here we use the Lie-type perturbation theory [24, 25], which will allow us later
in this book to treat more complicated quantum optical Hamiltonians. We start by
rewriting the Hamiltonian in a time-independent form in the spirit of Floquet’s
theory. Then, using the Lie-type transformations (see Appendix 11.4) we reveal
the possible resonant transitions that can be observed in the system. Actually,
by slightly generalizing the problem, we consider here a collection of A two-level
atoms driven by a linearly polarized monochromatic field of frequency �. The
initial Hamiltonian has the form

H = ωSz + g (S+ + S−) cos �t (2.15)

Here, S+,−,z are collective spin operators. If S± → σ±, Sz → σz/2, the Hamiltonian
is reduced to the one-atom case. First of all, let us transform away the time
dependence of the Hamiltonian (2.15). To achieve this, we extend the Hilbert space
of our system by introducing the following operators (generators of Euclidean
algebra):

[E0, E] = −E,
[
E0, E†] = E†,

[
E, E†] = 0 (2.16)

(The name of the algebra follows from the fact that the operators E0, Ex =
E† + E, Ey = −i(E† − E) generate the group of motions of the Euclidean plane.)
These operators act in a Hilbert space spanned by eigenstates of the operator
E0 = E†

0 :

E0|m〉 = m|m〉, m = · · · − 1, 0, 1, . . . (2.17)

so that in the basis (2.17), the operators E, E† act as raising and lowering operators,
respectively:

E|m〉 = |m − 1〉, E†|m〉 = |m + 1〉
In Chapter 5, we see that Euclidean algebra naturally appears as a semiclassical
limit of the Heisenberg algebra, when the mean number of photons n = 〈a†a〉 is
large

eiφ = 1√
aa†

a −→ E, e−iφ = a† 1√
aa†

−→ E†, a†a − n −→ E0
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Here, E and E† are field phase operators, E0 is the shifted photon-number operator,
and m = n − n. The commutation relations (2.16) are approximately satisfied if
1 
 ∆n 
 n. Also, the eigenstates of E (phase states) can formally be introduced as

|θ〉 = lim
N→∞

1√
2N + 1

N∑
m=−N

e−iθm|m〉j, E|θ〉 = eiθ|θ〉, E†|θ〉 = e−iθ|θ〉

where |m〉 are the basis states 2.17. We now consider the rotating frame

|θ(t)〉 = e−i�tE0 |θ〉 (2.18)

where

〈θ(t)|E0|θ(t)〉 = 0, 〈θ(t)|E|θ(t)〉 = e−i(�t+θ)

It is easy to observe that the Hamiltonian (2.15) coincides with the average value of
the following Hamiltonian over the phase states in the rotating frame,

HF = ωSz + �E0 + g
(
E†S− + ES+

)+ g
(
E†S+ + ES−

)
(2.19)

The Hamiltonian (2.19) is a Floquet form of the initial time-dependent Hamiltonian
(2.15). Furthermore, we can, without loss of generality, set the global common
phase θ equal to 0.

The Hamiltonian (2.19) is time independent. In the case, g 
 ω, � it can be
treated in a perturbative way using, for example, Lie-type perturbation theory (see
Appendix 11.4). The general idea is the adiabatic elimination of all the terms that
describe nonresonant transitions (for instance, antirotating terms like S−E + h.c.)
from Equation 2.19. This is done by applying in a perturbative way a series of small
Lie-type transformations.

Let us choose the first transformation as follows:

U1 = eε
(
E†S+−ES−

)
, ε = g

ω + �

 1

Taking into account only the terms up to the order ε2 we have

H̃ = U1HFU†
1 ≈ H + ε[A, H] + ε2

2
[A, [A, H]] + · · ·

The value of the parameter ε is chosen in such a way that the antirotating term
g
(
E†S+ + ES−

)
disappears from the Hamiltonian (2.19). Indeed, by introducing

the notations

H0 = ωSz + �E0, Hr = g
(
E†S− + ES+

)
, Ha = g

(
E†S+ + ES−

)
we have

U1H0U
†
1 = H0 − ε(ω + �)(E†S+ + ES−) − ε22(ω + �)SzE†E

U1HrU
†
1 = Hr + 2εg(E† 2 + E2)Sz

−ε2g
(
E† 3S+ + E3S− + E2E†S+ + EE† 2S−

)
U1HaU

†
1 = Ha + 4εgE†ESz − 2ε2g

(
EE† 2S+ + E†E2S−

)
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where the second term in the first equation cancels the antirotating term. Note also
that the term

2g2

ω + �
SzE†E

appears in the transformed Hamiltonian. Calculating the average over the states
(2.18), 〈θ(t)|EE†|θ(t)〉 = 1; we see that this term describes the effective shift of the
atomic transition frequency, 2g2/(ω + �), which is known as the Bloch--Siegert shift.

Let us now apply a second transformation to H̃:

U2 = eδε
(
E†2−E2)Sz , δ = g

�

 1

This removes the term εg2(E† 2 + E2)Sz. Among the different terms that appear at
this level in the transformed Hamiltonian, there is a term

− g3

�(� + ω)

(
E3S+ + E† 3S−

)
which describes the triple resonance and becomes important if the condition
ω = 3� is satisfied.

In this manner, we can remove all the nonresonant transitions from the Hamil-
tonian. However, we cannot remove the resonant terms. For instance, if we
try to remove the principal term g(S+E + E†S+) by applying a transformation
exp

[
τ
(
ES+ − E†S−

)]
, then the value of the parameter τ = g/(� − ω) diverges as

we approach the resonance, � → ω. After application of these transformations,
the terms in the transformed Hamiltonian can be classified into three groups:

1. Diagonal terms, which depend only on Sz and E†E, and whose average values
represent the shifts of the system transition frequencies.

2. Nondiagonal resonant terms, which, under certain conditions imposed on the
transition frequencies, describe resonant transitions; in other words, these
terms become time independent in the rotating frame if certain relations
between ω and � are fulfilled.

3. Nondiagonal terms that would never represent resonant interactions, and hence,
can be eliminated.

This finally leads to an effective Hamiltonian that contains possible resonances in
the system (see Chapter 9 and Appendix 11.4). Retaining only the leading orders of
small parameters in the Hamiltonian, (i.e. neglecting terms of order δ2ε2, we arrive
at the following effective Hamiltonian:

Hop
eff = ωSz + �E0 + 2gεE†ESz + g

(
ES+ + h.c.

)− gδε
(
E3S+ + h.c.

)
Averaging this Hamiltonian (8.31) over states (2.18) we obtain an effective time-
dependent Hamiltonian

Heff = �Sz + 2gεSz + g
(
e−i�tS+ + h.c.

)− gδε
(
e−3i�tS+ + h.c.

)
It is shown in Chapter 9 that that only odd resonances, ω ≈ (

2k + 1
)
�, appear in

this system.
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2.6
Collective Atomic Systems

Now let us consider the evolution of a collection of A two-level atoms in a classical
external field. The Hamiltonian of the system has the form

H = ω0Sz + ε1 (t) Sx + ε2 (t) Sy (2.20)

where Sx,y,z are collective operators (1.10) that satisfy the commutation relations
of the su(2) algebra (1.13); ε1 (t) = 2dEx (t) and ε2 (t) = 2dEy (t). In terms of the
raising and lowering operators, S± = Sx ± iSy the Hamiltonian (2.20) can be
rewritten as

H = ω0Sz + ε+S+ + ε−S−, ε+ = ε1 − iε2

2
= ε∗

−

In general, the parameters ε+, ε− may depend on time.

The evolution operator is the solution of the equation

i∂tU = HU, U(0) = I (2.21)

We use a disentangled normal form (Gauss decomposition) for the operator U (see
Appendix 11.3):

U (t) = eα(t)S+ eβ(t)Sz eγ(t)S− (2.22)

By substituting the evolution operator in the form (2.22) into Equation 2.21 we
obtain

i
(
α̇S+U + β̇eαS+Sze−αS+U + γ̇ eαS+ eβSz S−e−βSz e−αS+U

)
= (ω0Sz + ε+S+ + ε−S−) U

Using the following relations

eαS+Sz e−αS+ = Sz − αS+, eβSz S− e−βSz = e−βS−
eαS+S− e−αS+ = S− + 2αSz − α2S+

we obtain

i
(
α̇S+ + β̇ (Sz − αS+) + γ̇ e−β

(
S− + 2αSz − α2S+

)) = ω0Sz + ε+S+ + ε−S−

The operators S±,z are linearly independent. This leads us to the system of ordinary
differential equations

i
(
α̇ −β̇α−γ̇e−βα2) = ε+, i

(
β̇ +2γ̇ e−βα

) = ω0, iγ̇ e−β = ε− (2.23)

with the initial conditions α (0) = β (0) = γ (0) = 0. Combining the second and
third equations produces

β̇ = −i (ω0 − 2αε−)
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We can then insert this and the third of Equations 2.23 in the first of Equations
2.23 to obtain a Riccati-type equation for the coefficient alpha:

iα̇ = ω0α + ε+ − α2ε−

The ansatz α = ae−iω0t produces a differential equation for the variable a:

iȧ = ϑ∗ − ϑa2, a (0) = 0 (2.24)

where ϑ = ε−e−iω0t.
Another substitution, a = iψ̇/ψϑ, reduces the Riccati Equation 2.24 to a second-

order linear differential equation for the function ψ

−ψ̈ + ψ̇
ϑ̇

ϑ
= |ϑ|2ψ

The substitution ψ = √
ϑ (t)ξ eliminates the term with the first derivative and the

equation for ξ becomes

ξ̈ + �2(t)ξ = 0 (2.25)

with the initial condition

ξ (0) = 1, ξ̇ (0) = − ϑ̇ (0)

2ϑ (0)

The frequency �2(t) is given by

�2(t) = |ϑ|2 + ϑ̈

2ϑ
− 3

4

(
ϑ̇

ϑ

)2

and, in general, may be complex.
Let us consider the particular case of an evolution in a circularly polarized field,

where, ε1 = E cos ωt and ε2 = E sin ωt. Then,

ε− = E

2
eiωt, ϑ = E

2
ei(ω−ω0)t, ξ(0) = 1, ξ̇(0) = −i

ω − ω0

2

and the frequency �2 becomes time independent:

�2 = E2

4
+ (ω − ω0)

2

4

The equation for ξ(t) is easily solved and yields

ξ = cos �t − i
ω − ω0

2�
sin �t, ψ =

√
E

2
eit(ω−ω0)/2ξ

For the coefficient a we have

a = − iE sin �t e−i(ω−ω0)t

2� cos �t − i (ω − ω0) sin �t
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At resonance, where ω = ω0, we have

a = −i tan �t, � = E

2

Now, we can find the coefficients of the Gauss decomposition:

α = ae−iω0t = −ie−iωt tan �t

Since αε− = −i� tan �t, we have

β = −iω0

∫ t

0
dτ + 2i

∫ t

0
α (τ) ε− (τ) dτ

= −iω0t + 2�

∫ t

0
tan �τdτβ = −iω0t − 2 ln |cos �t|

From the equation for coefficient γ, we find

γ̇ = −ieβε− = −i� cos−2 �t

or, finally,

γ = −i tan �t

The normal form (2.22) of the evolution operator allows us to calculate the
probabilities of different atomic transitions. Let us suppose that the initial state is
|0, A〉 (henceforth |0〉), that is, all the atoms are in their ground states. We calculate
the probability P00 (t) of their remaining in the nonexcited state after a time t,

P00 (t) = |〈0|U (t) |0〉|2 = |〈0|eαS+eβSz eγS−|0〉|2 = |〈0|eβSz |0〉|2

Since Sz|0〉 = −A/2|0〉, we obtain

P00 (t) = e−ARe β = cos2A �t

Let us evaluate the probability P00 (t) averaged over time T � 2π/�

P00 (t) = CA
2A

22A
= (2A)!

22A
(
A!
)2

where CA
2A are the binomial coefficients. Thus, for one atom, we have P00 (t) = 1/2

and, for two atoms, we have P00 (t) = 3/8. In the case of a large number of atoms
A � 1, using the Stirling formula n! ∼ √

2nπ nne−n, we obtain

P00 (t) ∼ 1√
Aπ

−→ 0

that is, the system with a large number of atoms has a greater probability of
becoming excited.
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Next, we calculate the probability P01 (t) of a transition from the ground state to
the first excited state.

P01 (t) = |〈1|U (t) |0〉|2 = |〈1|eαS+eβSzeγS−|0〉|2 = e−A Re β|〈1|eαS+|0〉|2

Considering that

|〈1|eαS+|0〉|2 = |α|2|〈1|S+|0〉|2 = A tan2 �t

we obtain

P01 (t) = A cos 2A−2�t sin 2�t

In general, the probability P0k (t) to excite the state |k, A〉 (describing k excited
atoms) can be calculated

P0k (t) = |〈k|U (t) |0〉|2 = |〈k|eαS+eβSz eγS−|0〉|2 = e−A Reβ|〈k|eαS+|0〉|2

Remembering that

Sk
+|0, A〉 =

√
A!k!(

A − k
)
!
|k, A〉

we obtain

|〈k|eαS+|0〉|2 = |α|2k(
k!
)2 |〈k|Sk

+|0〉|2 = A!

k!
(
A − k

)
!

tan2k �t

This yields the probability P0k (t):

P0k (t) = A!

k!
(
A − k

)
!

cos2A−2k �t sin2k �t

It can easily be seen that the normalization condition holds (
∑A

k=0 P0k (t) = 1), that
is, the total probability is conserved (as it should be, for a unitary process). It is
interesting to note that the probability of exciting all the atoms P0A (t) is equal to

P0A (t) = sin2A �t

Also, when averaged over many oscillations, it tends to zero for a large number of
atoms:

PA0 (t) = CA
2A

2A
∼ 1√

Aπ
−→ 0

Using the evolution operator in its normal form, we can determine the evolution
of various physical quantities. We find, for example, the evolution of the atomic
inversion (the difference between the number of excited and nonexcited atoms)
starting with the nonexcited initial state |0〉:

〈Sz(t)〉 = 〈ψ (t) |Sz|ψ (t)〉 = 〈0|U† (t) SzU (t) |0〉
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Substituting the evolution operator in the normal form

U† (t) = eγ∗S+eβ∗Sz eα∗S−

we obtain

〈Sz〉 = exp
[
−A

2
Re β

]
〈0|eα∗S−SzeαS+|0〉

where exp (−A/2 Re β) = cos 2A�t. The matrix element is calculated as in
Section 1.3:

� = 〈0|eα∗S−SzeαS+|0〉 =
A∑

k=0

|α|2k(
k!
)2 〈0|Sk

−SzSk
+|0〉

Substituting the expression for Sk+|0〉 in the equation above, we obtain

� =
A∑

k=0

|α|2k(
k!
)2

A!k!(
A − k

)
!

(
k − A

2

)
=
[
|α|2 ∂

∂|α|2 − A

2

] (
1 + |α|2)A

If we recall that |α|2 = tan 2�t, we obtain the atomic inversion as a function of
time:

〈Sz(t)〉 = −A

2
cos 2�t

However, the normal form of the evolution operator (2.22) is not adequate for
determining the matrix element 〈m|U(t)|k〉, which gives us the probability of a
transition from k to m excited atoms. To this end, we find another representation
for the evolution operator U (t). We look for the operator U (t) in the following
disentangled form (Euler parameterization):

U (t) = e−iϕSz e−iθSy e−iψSz

where (ϕ, θ, ψ) are the Euler angles, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, −2π ≤ ψ ≤ 2π.
There is a correspondence between parameters (ϕ, θ, ψ) and (α, β, γ). Since this
relation does not depend on the representation, (i.e. on the number of atoms A),
we find that A = 1 in the fundamental (two-dimensional) representation, which
corresponds to a single atom). In the fundamental representation, the operators Sj,
j = x, y, z have the form

Sz = 1

2

[
1 0
0 −1

]
, Sx = 1

2

[
0 1
1 0

]
, Sy = 1

2

[
0 −i
i 0

]
so that the evolution operator in the Euler parameterization is of the form

U(ϕ, θ, ψ) =
[

e−iϕ/2 0
0 eiϕ/2

] cos
θ

2
− sin

θ

2

sin
θ

2
cos

θ

2

[ e−iψ/2 0
0 eiψ/2

]
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or

U(ψ, ϕ, θ) =

 e−i(ϕ+ψ)/2 cos
θ

2
−e−i(ϕ−ψ)/2 sin

θ

2

ei(ϕ−ψ)/2 sin
θ

2
ei(ϕ+ψ)/2 cos

θ

2


Likewise, in the fundamental representation the operators S± have the form

S+ =
[

0 1
0 0

]
, S− =

[
0 0
1 0

]
which yields the evolution operator in the disentangled Gauss form

U(α, β, γ) = eαS+eβSz eγS−

in the fundamental representation

U(α, β, γ) =
[

1 α

0 1

] [
eβ/2 0

0 e−β/2

] [
1 0
γ 1

]
or, finally,

U(α, β, γ) =
[

eβ + αγ α

γ 1

]
e−β/2

Equating the evolution operator in both parameterizations,

U(ϕ, θ, ψ) = U(α, β, γ)

we obtain the relations between the two sets of parameters:

α = − tan
θ

2
e−iϕ, γ = tan

θ

2
e−iψ, β = −2 ln cos

θ

2
− i(ϕ + ψ)

or, introducing, α = |α| exp(i arg α), γ = |γ| exp(i arg γ), we obtain

|α| = |γ| = tan
θ

2
, ϕ = π − arg α, ψ = − arg γ

We take note of a useful relation between the parameters α and β that follows from
the unitarity of U:

Re β = −2 ln
1√

1 + |α|2
= ln

(
1 + |α|2)

For example, in the case of the interaction with the circularly polarized field, it is
easy to obtain the parameters (ϕ, θ, ψ):

|α| = tan �t, ψ = −π

2
+ ω0t, ϕ = π

2
(2.26)

With the evolution operator U(t) in the Euler parameterization, the transition
amplitude between two arbitrary Dicke states |k, A〉 and |m, A〉 is reduced to a
standard expression that is well known in group theory:
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〈m, A|U(t)|k, A〉 = 〈
m, A|e−iϕSz e−iθSy e−iψSz |k, A

〉
Since Sz|k, A〉 = (

k − A/2
) |k, A〉, we have

〈m, A|U(t)|k, A〉 = e−iϕ(m−A/2)e−iψ(k−A/2)dA
mk(θ)

where

dA
mk(θ) = 〈m, A|e−iθSy |k, A〉

is the Wigner d function (see Appendix 11.5). For example, in the case of a single
atom, A = 1, in a circularly polarized resonant field (2.26), the evolution operator
takes the form

U (t) =
[

e−iω t/2 cos �t −i e−iω t/2 sin �t
−i eiω t/2 sin �t eiω t/2 cos �t

]
The probability of a transition from state k to state m (from k to m excited atoms) is
equal to

Pmk (t) = |dA
mk(θ)|2

2.7
Atomic System in a Field of a Single Pulse

The Gauss decomposition for the evolution operator (2.22) discussed in the previous
section is not useful if the external field is a pulse with vanishing amplitude at
t → ±∞. In particular, the reduction of the system of Equations 2.23 to a single
one Equation 2.25 is impossible since the coefficients of this equation diverge
when t → ±∞. Thus, when the field is a pulse, the evolution operator should be
represented in a form different from Equation 2.22.

Let us suppose that the interaction Hamiltonian has the form

H = ω0Sz + f (t)Sx (2.27)

where f (t) must be real if H is to be Hermitian. We are interested in the form of
the evolution U(t) generated by Equation 2.27 as t → ∞.

First, we represent the evolution operator as

Uat(t) = exp
(
−i

π

2
Sx

)
Ũ(t)

The operator Ũ(t) is a solution of the equation

i
d

dt
Ũ = H̃Ũ (2.28)

where the Hamiltonian H̃ takes on the form

H̃ = exp
(

i
π

2
Sx

)
H exp

(
−i

π

2
Sx

)
= ω0Sy + f (t)Sx
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or, in terms of the raising and lowering operators,

H̃ = ε+S+ + ε−S−, ε+ = 1
2

(
f (t) − iω0

) = ε∗
− (2.29)

It can easily be seen that the functions ε± cannot approach zero since f (t) is real.
We can now use the Gauss decomposition (2.22) for the operator Ũ, but with

different initial conditions for the functions α, β, and γ. We suppose there is no
interaction at time t = −∞: f (t → −∞) = 0, so that, at t = −∞ the evolution
operator has an asymptotic form corresponding to the free evolution

Uat(t → −∞) = exp
(
−i

π

2
Sx

)
Ũ(t → −∞) = exp (−iω0tSz)

This determines the initial conditions of parameters α, β, and γ:

α (−∞) = i, eβ(−∞) = 1
2

e−iω0t, γ (−∞) = ie−iω0t (2.30)

The functions α, β, and γ satisfy the system of equations analogous to Equation 2.23:

β̇ = 2iαε−, iα̇ = ε+ − α2ε−, iγ̇e−β = ε− (2.31)

where the functions ε± are defined in Equation 2.29. The substitutions

α = i
.
η

ηε−
, η =

√
ε− (t)

ε− (−∞)
ξ

lead to the following equation for ξ:

ξ̈ + �2 (t) ξ = 0 (2.32)

where

�2(t) = f̈

2( f + iω0)
− 3

4

(
ḟ

f + iω0

)2

+ 1

4

(
f 2 + ω2

0

)
(2.33)

Using ε− (−∞) = iω0/2 we obtain η (−∞) and ξ (−∞)

η (−∞) = ξ (−∞) = 1√
2

e−iω0t

Also, since the interaction disappears for t → ∞, we have ε− (∞) = iω0/2 and thus
�2(t → ∞) = ω2

0/4. This means that for t → ∞, the solution of Equation (2.32)
takes the following form:

η (t → ∞) = ξ (t → ∞) = 1√
2

(
µeiω0t + νe−iω0t) (2.34)

where the coefficients µ and ν are determined from the asymptotic of the solution
of Equation 2.32 with �2(t) defined in Equation 2.33. From Equation 2.34, we
obtain α (t → ∞):

α (t → ∞) = i
µeiω0t − νe−iω0t

µeiω0t + νe−iω0t
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From the first equation of the system (2.31), we find β̇:

β̇ = i2αε− = −2
η̇

η

Integrating this last equation, we obtain

β = −2 ln η (2.35)

which satisfies the initial conditions

eβ(−∞) = η2 (−∞) = 1

2
e−iω0t

Thus, we have

β (t → ∞) = −2 ln ξ (t → ∞)

It is easy to find the relation between parameters α, β, and γ:

γ = − α∗

1 + |α|2 eβ (2.36)

From this, we obtain

γ (t → ∞) = − α∗ (t → ∞)

1 + |α (t → ∞) |2ξ2 (t → ∞)

Considering the relation,

Re β = ln
(
1 + |α|2) (2.37)

which implies |α| = |γ|, it is clear that the asymptotic parameters µ and ν in
Equation 2.34 satisfy the relation

|µ|2 + |ν|2 = 1 (2.38)

and have the meaning of the transition and reflection coefficients in the potential
given by Equation 2.33. Finally, the asymptotic form (t → ∞) of the evolution
operator is

U (t → ∞) = e−i(π/2)Sx eα∞S+eβ∞Sz eγ∞S− (2.39)

We now assume that initially (for t → −∞), the atomic system was in its ground
state |0, A〉 and determine the probability that k atoms get excited after the pulse
has ended, that is, for t → ∞. From Equation 2.39 we obtain the matrix element

〈k|U (t → ∞) |0〉 = e−β∞ A/2〈k|e−i(π/2)Sx eα∞S+|0〉
Remembering that

〈m|eα∞S+|0〉 = αm
∞

√
A!

(A − m)!m!
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we obtain

〈k|U(∞)|0〉 = e−β∞ A/2
A∑

m=0

Pkm

(
−π

2

)
αm

∞

√
A!

m! (A − m)!

where

Pkm(θ) = 〈k|eiθSx |m〉

(see Appendix 11.5). Applying the summation rule

A∑
m=0

Pkm(θ)
αm√

m! (A − m)!
= 1√

k!
(
A − k

)
!

(α cos θ/2 + i sin θ/2)k

(cos θ/2 + iα sin θ/2)k−A

and using the relation (2.37), we find

|〈k|U(∞)|0〉|2 = A!

k!
(
A − k

)
!

|α∞ + i|2A(|α∞|2 + 1
)A

∣∣∣∣α∞ − i

α∞ + i

∣∣∣∣2k

It is easy to verify that the normalization is satisfied:

A∑
k=0

|〈k|U(∞)|0〉|2 = 1

Representing α∞ as a function of the parameters µ and ν and considering the
relation (2.38), we obtain

|〈k|U(∞)|0〉|2 = A!

k!
(
A − k

)
!
|µ|2(A−k) (1 − |µ|2)k

(2.40)

Thus, the probability of excitation is expressed in terms of the reflection coefficient
µ. The expression (2.40) completely solves the problem of the excitation of a set of
two-level atoms by a classical pulse.

In the adiabatic case, when the derivatives ḟ and f̈ are negligible, we have

�2(t) ≈ 1

4

(
f 2(t) + ω2

0

)
(2.41)

and the WKB solution for Equation (2.32) has the form

ξ(t) = 1√
�

e± i
∫ t
−∞ �(τ) dτ

In this case, the parameter |µ|2 is given by the equation

|µ|2 =
∣∣∣∣14

∫ ∞

−∞

dτ√
�(τ)

d

dτ

(
d�/dτ

�3/2

)
exp

[
−2i

∫ ∞

−∞
�(z) dz

]∣∣∣∣2
which is valid if |µ|2 
 1.
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2.8
Problems

2.1 Describe the evolution of A atoms initially in the coherent state |ξ = 1〉 under
the influence of the Hamiltonian

H = χS2
z

Find the evolution of the Bloch vector.

2.2 The Hamiltonian for one atom in the constant field has the form

H = 1
2
ω0σz + 1

2
ω1σx

Find the equations for the parameters (θ, ϕ) that determine the position of the
state on the Bloch sphere. Solve these equations in the case when ω0 � ω1.
Analyze the geometrical representation of this evolution.

2.3 For the case of A = 2 atoms, find the evolution of the Bloch vector in the
circularly polarized field if initially one of the atoms was excited.

2.4 Find the evolution operator of a collection of A two-level atoms for the
Hamiltonian

H = ωSz + δT (t) Sx , δT (t) = χ

∞∑
n=0

δ (t − nT)

at the instant NT + ε, ε → +0 and analyze the evolution of the initial
nonexcited atomic state.

Hint: Represent the evolution operator during a single period as

U(T) = e−iωTSz e−iχSx = e−i(αSz+ξS++ξ∗S−)

2.5 Find the evolution operator for a three-level atom with � configuration whose
dynamics is described by the Hamiltonian (E1 ≤ E2 ≤ E3)

H = E1S11 + E2S22 + E3S33 + g13(e−iω1tS12
+

+ eiω1tS12
− ) + g23(e−iω2tS23

+ + eiω2tS23
− )

Analyze the case: E2 − E1 = E3 − E2.

2.6 Find the evolution operator for a three-level atom with � configuration whose
dynamics is described by the Hamiltonian (E1 ≤ E2 ≤ E3)

H = E1S11 + E2S22 + E3S33 + g13(e−iω1tS13
+

+eiω1tS13
− ) + g23(e−iω2tS23

+ + eiω2tS23
− )

Analyze the case: E1 = E2, ω1 = ω2 � |E3 − E2|.
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3
Quantized Electromagnetic Field

3.1
Quantization of the Electromagnetic Field

Maxwell’s equations for an electromagnetic field in vacuum have the form (c = 1)

∇ × E = −B, ∇ · E = 0 (3.1)

∇ × H = E, ∇ · B = 0

In the Coulomb gauge, ∇ · A = 0, ϕ = 0, the field vectors are determined as

E = −∂tA, B = ∇ × A (3.2)

and the potential vector A satisfies the wave equation

∆A − ∂2
t A = 0 (3.3)

We suppose that the field is within a cubic cavity with a volume V = L × L × L; we
also assume periodic boundary conditions. Thus, the solution of the wave equation
can be represented as a series

A =
√

2π

V

∑
k

(
εkAke−i(ωkt−k r) + c.c.

)
(3.4)

where k is the wave vector, Ak is the amplitude, and εk = (
ε1

k, ε2
k

)
is the polarization

vector orthogonal to k, i.e. k ⊥εk, with discrete components, kx,y,z = 2πnx,y,z/L,
where nx, ny, nz are positive integers and the frequency of each mode is determined

by the dispersion relation ωk =
√

k2
x + k2

y + k2
z.

Substituting the expressions (3.2) for B and E in terms of A in the free field
Hamiltonian

H = 1

8π

∫
dV

(E2 + B2) (3.5)

we obtain

H =
∑

k

ω2
kAk A∗

k (3.6)

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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(From now on, we omit the vector sign in the indices.) Introducing the variables
Q k and Pk as follows

Ak = 1√
2

(
Q k + i

Pk

ωk

)
(3.7)

the Hamiltonian (3.6) becomes

H = 1

2

∑
k

(Q2
kω

2
k + P2

k ) (3.8)

which corresponds to a system on decoupled oscillators.
The canonical quantization of the field consists in substituting for variables

Q k and Pk the position and momentum operators that satisfy the commutation
relations[

Q k, Pm
] = i�δkm,

[
Q k, Q m

] = 0, [Pk, Pm] = 0 (3.9)

This means that the amplitudes Ak and A∗
m become noncommuting operators[

Ak, A†
m

]
= δkm�/ωk, so that rescaled operators

ak =
√

ωk

�
Ak, a†

k =
√

ωk

�
A†

k (3.10)

satisfy the bosonic commutation relations

[am, a†
k ] = δmk (3.11)

In terms of the operators ak, a†
k the field Hamiltonian takes the form

H =
∑

k

�ωka
†
k ak + 1

2

∑
k

�ωk (3.12)

The first sum corresponds to an infinite set of noninteracting quantum oscillators,
which allows us to use all the techniques developed in the study of the quantum
harmonic oscillator. Each term in the second sum represent the vacuum energy of
the appropriate mode and will be omitted in future calculations.

The total Hilbert space is a direct product of Hilbert spaces corresponding to
each field mode. This total Hilbert space is spanned by vectors of the form

|n1〉 ⊗ |n2〉 ⊗ · · · ⊗ |nk〉 · · · (3.13)

where the vectors |nk〉 describe the states with a defined energy, that is, with a fixed
number of photons in the kth field mode. The states |nk〉, usually called number
states or Fock states, are constructed as eigenstates of the excitation-number operator
in the kth field mode n̂k = a†

k ak:

n̂k|nk〉 = nk|nk〉 (3.14)

and form an orthonormal basis, 〈nm|nk〉 = δmk, satisfying the following resolution
of the identity:
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∞∑
nk=1

|nk〉〈nk| = I (3.15)

The operators ak and a†
k act in a standard way (see Appendix 11.1)

ak|n1〉|n2〉 · · · |nk〉|nk+1〉 · · · = √
nk |n1〉|n2〉 · · · |nk − 1〉|nk+1〉 · · ·

and

a†
k |n1〉|n2〉 · · · |nk〉|nk+1〉 · · · =

√
nk + 1|n1〉|n2〉 · · · |nk + 1〉|nk+1〉 · · · (3.16)

Finally, the field operators in terms of a†
k and ak are

A =
∑

k

εk

√
2�π

Vωk

(
ake−i(ωkt−k r) + a†

k ei(ωkt−k r)
)

(3.17)

and

E = i
∑

k

εk

√
2�πωk

V

(
ake−i(ωkt−k r) − a†

k ei(ωkt−k r)
)

(3.18)

Henceforth, we work mainly with one only field mode, so that only one term from
the corresponding sums is needed. In particular, the Hamiltonian for a free field
with a single mode is

H = �ωn̂, n̂ = a†a (3.19)

and the representation space coincides with the space of a one-dimensional
harmonic oscillator, n̂|n〉 = n|n〉.

3.2
Coherent States

The coherent states for a field mode can be defined as (normalized) eigenstates of
the operator a:

a|α〉 = α|α〉, 〈α|α〉 = 1 (3.20)

where α = |α| eiϕ is a complex number. Substituting the expansion of the state |α〉
in the number state basis |n〉

|α〉 =
∑

n

cn|n〉 (3.21)

into Equation 3.20∑
n

√
n cn|n − 1〉 = α

∑
n

cn|n〉 (3.22)
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we find the recursion relation for the coefficients cn:
√

n + 1 cn+1 = α cn, which
can be easily solved:

cn = αn

√
n!

c0 (3.23)

where c0 is determined from the normalization condition 〈α|α〉 = 1. This yields
c0 = exp

(−|α|2/2
)
. Thus, we get

|α〉 = e−|α|2/2
∑

n

αn

√
n!

|n〉 (3.24)

which means that the coherent states can be considered as generating functions
for the number states:

|n〉 = 1√
n!

dn

dαn

(
e(|α|2/2)|α〉

)
α=0

(3.25)

Likewise, we obtain for any operator X̂ , the relation between its matrix elements in
the basis of coherent states and in the basis of number states:

〈m|X̂ |n〉 = 1√
m!

√
n!

dn

dβn

dn

dα∗n

(
e(|α|2/2)+(|β|2/2)〈β|X̂ |α〉

)
α,β=0

(3.26)

Since 〈α|a|α〉 = α, we can find the expectation value of the electric field intensity in
the coherent state (in a single mode case):

〈α|E|α〉 = i

√
2π�ω

V

(
αe−i(ωt−k r) − α∗ei(ωt−k r)

)
= 2 |α|

√
2π�ω

V
sin (ωt − k r − ϕ) (3.27)

which has the form of the classical electric field intensity with E0 = 2 |α|√2π�ω/V .
In the same manner, we find for 〈α|E2|α〉 and the fluctuation σE

〈α|E2|α〉 = −2π�ω

V

[(
αe−i(ωt−k r) − α∗ei(ωt−k r)

)2 − 1
]

(3.28)

and

σE = 〈α|E2|α〉 − 〈α|E|α〉2 = 2π�ω

V
(3.29)

Note that in the case of an infinite number of modes, the fluctuation σE would be
proportional to �

∑
k ωk, which is a divergent sum.

3.3
Properties of the Coherent States

The most important physical property of the coherent states consists in minimizing
the Schrodinger–Robertson uncertainty relation. Using units ω = 1 and � = 1, we
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can introduce dimensionless position and momentum operators:

q = a + a†

√
2

, p = − i√
2

(
a − a†) , [q, p] = i (3.30)

The uncertainty relation has the form [26]

σqσp − σ2
pq ≥ 1

4
(3.31)

where

σq = 〈α|q2|α〉 − 〈α|q|α〉2, σp = 〈α|p2|α〉 − 〈α|p|α〉2 (3.32)

σpq = 1

2
〈pq + qp〉 − 〈p〉〈q〉 (3.33)

Direct calculations give the following average values of canonical operators and
their momenta in the coherent state |α〉:

〈α|q|α〉 =
√

2 Re α, 〈α|p|α〉 =
√

2 Im α (3.34)

〈α|q2|α〉 = 2(Re α)2 + 1
2

, 〈α|p2|α〉 = 2(Im α)2 + 1
2

(3.35)

leading to

σq = σp = 1

2
, σpq = 0 (3.36)

This means that the canonical variables have the same dispersion and are not cor-
related in the coherent states. For the coherent states, the Schrodinger–Robertson
uncertainty relation (3.31) is minimized:

σqσp = 1
4

(3.37)

The photon distribution function

Pn = |〈n|α〉|2,
∑

n

Pn = 1 (3.38)

which determines the probability of detecting n photons when the field is in the
coherent state |α〉, α = |α|eiϕ, is a Poisson distribution

Pn = e−|α|2 |α|2
n!

(3.39)

When we note that the average number of photons in the state |α〉 is n = 〈α|n̂|α〉 =
|α|2, we can rewrite the above distribution as Pn = e−nnn/n!. One can easily verify
that the function

W(ξ) =
∑

n

Pneξn = exp
[
n(eξ − 1)

]
(3.40)

is a moment generating function for n̂k, since

〈α|n̂k|α〉 = dk

dξk
W(ξ)|ξ=0 (3.41)
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From Equation 3.40 we obtain

〈α|n̂2|α〉 =
∑

n

n2Pn = d2

dξ2
W(ξ)|ξ=0 = n2 + n (3.42)

thus, the photon number fluctuations is equal to the number of photons

σn = 〈
n̂2〉− 〈

n̂
〉2 = n (3.43)

The relative fluctuation is given by

δn =
√

σn

n
= 1√

n
(3.44)

and in the limit of large average photon numbers, (n � 1), the relative fluctuation
tends to zero δn → 0. In this case, the distribution function Pn approaches a
Gaussian distribution (by the central limit theorem):

Pn −→ 1√
2πn

e−(n−n)2/2n (3.45)

The coherent states form a basis in the space of field states:

1

π

∫
d2α |α〉〈α| = 1

π

∫
dRe α dIm α |α〉〈α| = 1 (3.46)

where integration is done over the entire complex plane (which plays the role of
the phase space for the field, see Appendix 11.2).

The coherent states are not orthogonal; their overlap is given by

〈α|β〉 = exp
[
−|α|2 + |β|2

2

]∑
n

(α∗β)n

n!
= exp

[
−|α|2

2
− |β|2

2
+ α∗β

]
(3.47)

However, the transition amplitude 〈α|β〉 is a Gaussian function, with transition
probability given by

|〈α|β〉|2 = e−|α−β|2 (3.48)

therefore, they can be considered as approximately orthogonal for essentially
different values of α and β. From Equation 3.47, it follows that the basis spanned
by the coherent states is overcomplete, in the sense that

|β〉 = 1
π

∫
d2α |α〉 〈α|β〉 = 1

π

∫
d2α |α〉 e−|α|2/2−|β|2/2+α∗β (3.49)

There is an interesting connection between field coherent states and coherent
states of an atomic system (1.17) consisting of A indistinguishable two-level atoms.
Indeed, let us consider two-mode field coherent state

|α1〉 |α2〉 = e−(|α1|2+|α2|2/2)
∞∑

n,m=0

αn
1 α m

2√
n!m!

|n〉 |m〉 (3.50)
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If we now introduce the new variables A = n + m and k = (n − m) /2 + A/2

|α1〉 |α2〉 = e−(|α1|2+|α2|2/2)
∞∑

A=0

A∑
k=0

αk
1α2

A−k√
k!
(
A − k

)
!

∣∣k〉 ∣∣A − k
〉

(3.51)

and introduced the parameterization

α1 =
√

n cos
ϑ

2
e−iϕ/2, α2 =

√
n sin

ϑ

2
eiϕ/2e−iψ (3.52)

we obtain

|α1〉 |α1〉 =
∞∑

A=0

pA|ϑ, ϕ; A〉 (3.53)

where |ϑ, ϕ; A〉 is the coherent state (1.17) for A two-level atoms and

pA = e−n/2

(√
ne−iψ

)A

√
A!

(3.54)

so that |pA|2 = PA is a Poisson distribution. It is clear, that for large value of n the
expression (3.53) has a sharp maximum at A = n, so that |α1〉 |α1〉 ≈ e−iψn|ϑ, ϕ; n〉.

3.4
Displacement Operator

The operator

D (α) = exp
[
αa† − α∗a

]
, D−1(α) = D†(α) = D(−α) (3.55)

where α is a complex number, is called the displacement operator. The operators
a, a†, I are generators of the Heisenberg–Weyl algebra (see Appendix 11.1) and
obey the following commutation relations:[

a, a†] = I, [a, I] = 0,
[
a†, I

] = 0 (3.56)

We can express D (α) in a disentangled form (see Appendix 11.2), that is,

D (α) = ceβa†
eγa (3.57)

To find the coefficients c, β, γ we introduce a dummy parameter t, according to

D (α, t) = exp
[
t(αa† − α∗a)

] = c (t) eβ(t)a†
eγ(t)a (3.58)

so that the value of the right hand side of the above equation at t = 1 gives us the
desired result. Differentiating both parts with respect to the parameter t,(

αa† − α∗a
)

D (α, t) = ċc−1D (α, t) + β̇a†D (α, t) + cγ̇eβa†
aeγa (3.59)
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and taking into account that

eβa†
ae−βa† = a + β

[
a†, a

] = a − β (3.60)

we obtain

αa† − α∗a = ċc−1 + β̇a† + γ̇ (a − β) (3.61)

The operators a, a†, and I are linearly independent, so we can extract from Equation
3.61 a system of ordinary differential equations:

ċc−1 = γ̇β, α = β̇, −α∗ = γ̇ (3.62)

c (0) = 1, β (0) = γ (0) = 0 (3.63)

with solution

β = αt, γ = −α∗t, c = exp
[
−|α|2 t2

2

]
(3.64)

finally leading to

D (α, t = 1) = D (α) = e−|α|2/2eαa†
e−α∗a (3.65)

Using this form, it is easy to apply the operator D(α) to the vacuum state |0〉, and
since a|0〉 = 0, we have

D(α)|0〉 = e−|α|2/2eαa† |0〉 = e−|α|2/2
∞∑

n=0

αn

n!
a†n|0〉 (3.66)

Considering that a†n|0〉 = √
n!|n〉, we immediately obtain

D(α)|0〉 = e−|α|2/2
∞∑

n=0

αn

√
n!

|n〉 = |α〉 (3.67)

i.e. the application of the displacement operator to the vacuum state generates a
coherent state.

Using the disentangled form of the displacement operator and the commutation
relation,

eβ∗aeαa† = eαβ∗
eαa†

eβa (3.68)

we obtain the composition rule:

D(α)D(β) = exp
[
iIm(αβ∗)

]
D(α + β) (3.69)

It is easy to find the following transformation relations:

D−1(α)aD(α) = a + α, D−1(α)a†D(α) = a† + α∗ (3.70)
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and the matrix element 〈β|D(γ)|α〉,

〈β|D(γ)|α〉 = e−|γ|2/2eγβ∗−γ∗α〈β|α〉

= exp
[
−|α|2 + |γ|2 + |β|2

2
− γ∗α + γβ∗ + αβ∗

]
(3.71)

Using the above formula, it is easy to calculate the trace of the operator D(γ).
Using the representation

1
π2

∫
d2α exp [γα∗ − γ∗α] = δ(2)(γ) (3.72)

of the δ(2) function, we obtain

Tr D(γ) = 1

π

∫
d2α 〈α|D(γ)|α〉 = πδ(2)(γ) = πδ(Re γ)δ(Im γ) (3.73)

Likewise, from Equation 3.69, we obtain

Tr
[
D(γ)D−1(β)

] = πδ(2)(γ − β) (3.74)

Equation 3.73 allows to expand an arbitrary operator f̂ over the operational basis
of D(γ):

f̂ =
∫

d2γD(−γ)Tr
(

D(γ)f̂
)

(3.75)

The displacement operator can be also represented in the form of an expansion
over the coherent state basis as follows:

D(γ) = e|γ|2/2 1
π

∫
d 2αeγα∗−γ∗α|α〉 〈α| (3.76)

and inversely,

|α〉 〈α| = 1

π

∫
d 2γeγ∗α−γα∗−|γ|2/2D(γ) (3.77)

Using the property (3.26) and the generating function for the Laguerre polynomials,

exp [ax1 + bx2 − ab] =
∞∑

n=0

(ax1)
n

n!

(
1 − b

x1

)n

exp
[

b

x1
x1x2

]

=
∞∑

n=0

∞∑
m=0

(−1)m anbm

n!
xn−m

1 Ln−m
m (x1x2) (3.78)

we can obtain from Equation 3.71 the matrix elements of the displacement operator
in the number state basis:

Dmn(γ) = 〈m|D(γ)|n〉 =


√

n!

m!
γm−ne−|γ|2/2Lm−n

n

(|γ|2) m ≥ n√
m!

n!
(−γ∗)n−m e−|γ|2/2Ln−m

m

(|γ|2) n ≥ m

(3.79)
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These matrix elements satisfy the following orthogonality relation:

1

π

∫
d2γDmn(γ)D†

ḿ ń(γ) = δmń δnḿ (3.80)

3.5
Squeezed States

We have already mentioned that for the coherent states, the Heisenberg uncertainty
relation is minimized and, also, that the fluctuations of both the canonical variables
p and q are equal, σq = σp = 1/2. In the literature, these values for σp and σq are
referred to as the standard quantum limit. In principle, we can look for the states
that also minimize the uncertainty relation, but for which σq �= σp. Thus, in these
states the fluctuations of one of the canonical variables could be lower than the
standard quantum limit at the expense of increased fluctuations of the conjugate
variable. To find states with this property, let us perform a transformation of the
field creation and annihilation operators

b = ua + va†, b† = v∗a + u∗a†, (3.81)

where u and v are complex numbers. To preserve the commutation relations[
b, b†] = [

a, a†] = 1 (3.82)

the parameters u and v should be restricted by

|u|2 − |v|2 = 1 (3.83)

The transformation (3.81) can be rewritten in the matrix form as[
b
b†

]
= U

[
a
a†

]
, U =

[
u v

v∗ u∗

]
(3.84)

where the parameters u and v satisfy the condition (3.83). Thus, the matrix U is an
element of the SU(1,1) group (see Appendix 11.1).

We can introduce the transformation (3.81) from another point of view. It can
easily be seen that the operators

K0 = aa† + a†a

4
, K+ = 1

2
a†2, K− = 1

2
a2 (3.85)

satisfy the commutation relations (11.12)

[K0, K±] = ±K±, [K−, K+] = 2K0 (3.86)

and, thus, are generators of the su(1, 1) algebra. The set of number states is
reducible under the action of operators (3.85). The number states decompose into
two invariant subspaces, spanned by even and odd number states, respectively.
In terms of harmonic oscillator wave functions, the Hilbert space of harmonic
oscillator states reduces into invariant subspaces of even or odd parity. The first
invariant space is spanned by even number states |2n〉, n = 0, 1, . . . , while the other
invariant space is spanned by odd number states |2n + 1〉, n = 0, 1, . . . .
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The operators K0, K± generate transformations g of the type

g

[
a
a†

]
g−1 =

[
gag−1

ga†g−1

]
=
[

b
b†

]
(3.87)

where

g = exp [iφ0K0 − ηK+ + η∗K−] (3.88)

automatically preserving the property (3.83). It is obvious that the transformation
generated by the operator K0 is reduced to multiplication by a phase

eiφK0

[
a
a†

]
e−iφK0 =

[
e−iφ/2a
eiφ/2a†

]
(3.89)

while the Hermitian combinations of the operators K± mix together the operators
a and a†:

S(η)
[

a
a†

]
S†(η) =

[
ua + va†

v∗a + u∗a†

]
=
[

b
b†

]
(3.90)

where

S(η) = exp [−ηK+ + η∗K−] , η = reiθ, S† = S−1 = S(−η) (3.91)

The complex numbers u and v are determined using the decomposition formulae
(11.29). This yields a parameterization in terms of hyperbolic sine and cosine:

u = cosh r, v = eiθ sinh r (3.92)

Now, as we did for the coherent states, we determine the eigenstates of the new
annihilation operator b

b|̃β〉 = β|̃β〉 (3.93)

It can easily be seen that this state has the form

|̃β〉 = S(η)|β〉 = S(η)D(β)|0〉 ≡ |η, β〉 (3.94)

where |β〉 is a coherent state and the state |̃β〉 depends on two complex parameters
β and η. Using Equation 3.90 and the properties of the displacement operator
D(α) = exp

[
αa† − α∗a

]
, we obtain

b|η, β〉 = bS(η)|β〉 = S(η)aD(β)|0〉 = β|η, β〉 (3.95)

Another equivalent representation for the state |̃β〉 is

|̃β〉 = D(α)S(η)|0〉 ≡ |α, η〉 (3.96)

where the relation between the parameters β and α is obtained from the following
calculations:

b|α, η〉 = bD(α)S(η)|0〉 = D(α)
[
u(a + α) + v(a† + α∗)

]
S(η)|0〉

= D(α)S(η) [uα + vα∗ + a] |0〉 = β|α, η〉 (3.97)
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so that

β = uα + vα∗ = α cosh r + α∗eiθ sinh r (3.98)

The average values and fluctuations of the canonical variables p and q in the state
|̃β〉 = |α, η〉 can be easily found by making use Equation 3.90:

〈q〉 = 1√
2
〈α, η|a + a†|α, η〉 =

√
2 Re α (3.99)

〈p〉 = 1

i
√

2
〈α, η|a − a†|α, η〉 =

√
2 Im α (3.100)

σq = 1
2
|u − v|2, σp = 1

2
|u + v|2 (3.101)

For these states, the covariance σpq in the states |̃β〉 is different from zero,

σpq = Im
(
uv∗) (3.102)

Thus, the states |̃β〉 minimize the Schrödinger–Robertson uncertainty relation
(3.31). It is convenient to express the above formulae in terms of real parameters r
and θ given by the parameterization (3.92),

σq = 1
2

(
cosh 2r − cos θ sinh 2r

)
(3.103)

σp = 1

2

(
cosh 2r + cos θ sinh 2r

)
(3.104)

σpq = −1
2

sin θ sinh 2r (3.105)

This implies that the fluctuations of some of the canonical variables may be lower
than the standard quantum limit 1/2. The states |̃β〉 are then called squeezed states
and the operator

S(η) = exp
[
−η

2
a†2 + η∗

2
a2
]

(3.106)

is called the squeezing operator.
It can be seen from Equations 3.103 to 3.105, that for r > 0, the fluctuations of

the variable q are minimized when θ = 2πn, which yields

σq = 1

2
e−2r , σp = 1

2
e2r , σpq = 0 (3.107)

The states are then squeezed in the q direction.

In the case where θ = π(2n + 1), we have squeezing in the p direction, with

σq = 1

2
e2r , σp = 1

2
e−2r , σpq = 0 (3.108)
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Finally, if θ = π(2n + 1/2), the covariance σpq reaches it maximum value (for
fixed r),

σq = σp = 1

2
cosh 2r, σpq = (−1)n+1

2
sinh 2r (3.109)

and squeezing is observed along the line q′ = p − q.
Squeezed states have a number of interesting and uncommon properties. We

discuss here in some details the so-called squeezed vacuum (see also Problem 4),
generated from the normal vacuum by applying the squeezing operator S(η):

|0, η〉 = S(η)|0〉 (3.110)

so that

b|0, η〉 = 0 (3.111)

Using the Gauss decomposition formulae for the SU(1, 1) group (11.29),

S(η) = exp [−ξK+] exp [ξ0K0] exp [ξ∗K−] (3.112)

where

ξ = eiθ tanh r, ξ0 = −2 ln(cosh r) (3.113)

and the definition (3.85) of the generators of the SU(1, 1) group, we obtain

|0, η〉 = (cosh r)−1/2 exp
[−ξa†2/2

] |0〉 (3.114)

which yields the expansion for the squeezed vacuum over the number state basis

|0, η〉 = (
cosh r

)−1/2
∞∑

n=0

[
−1

2
eiθ tanh r

]n
√

(2n)!
n!

|2n〉 (3.115)

It is easy to observe that in this expansion only even number states appear, which
means that in the squeezed vacuum the photons would be registered in pairs and
the photon distribution has an oscillatory behavior:

W2n+1 = 0, W2n = |〈n|0, η〉|2 = (cosh r)−1
[

tanh r

2

]2n (2n)!
(n!)2

(3.116)

The average number of photons in the squeezed vacuum is

〈n〉 =
∞∑

n=0

W2nn = sinh2 r (3.117)

which can be large for the values r � 1.
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3.6
Thermal States

The thermal states are defined as those states that maximize the entropy of the field
under the condition of constant average energy. The field density matrix, which
describes the state of a quantum field in thermal equilibrium with a cavity at the
temperature T , has the form

ρ = 1

Z
exp

(−βa†a
)

(3.118)

where β = 1/kT is the inverse temperature (here k is the Boltzmann constant),
n̂ = a†a and Z is the partition function, which plays the role of a normalization
factor here:

Z = Tr
[
e−βa†a

]
=
∑

n

〈n|e−βa†a|n〉 =
∑

n

e−βn = [
1 − e−β

]−1
(3.119)

Considering that the average number of photons in the field is

n = Tr
(
n̂ρ
) = 1

Z

∑
n

ne−βn = − 1

Z
∂β

∑
n

e−βn = [
eβ − 1

]−1
(3.120)

we rewrite the density matrix (3.118) as

ρ = 1
1 + n

∑
n

qn|n〉〈n| (3.121)

where

q = e−β = n

1 + n
(3.122)

Note that the density matrix for the thermal field is diagonal (in the basis of the
number states) and, thus, describes a completely mixed state of the field.

It is easy to find the fluctuations of the number of photons in the thermal state;
using the obvious relation

n2 = 1

Z
∂2
β

∑
n

e−βn = n (2n + 1) (3.123)

we obtain

σ2
n = n2 + n (3.124)

3.7
Phase Operator

Several different approaches have been considered to investigate the correct con-
struction and interpretation of a quantum phase operator. The simplest but
ultimately incomplete method was proposed by Dirac. The method attempts to
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decompose the field creation and annihilation operators in polar form, i.e. to write
these operators as a product of a Hermitian, a positive definite operator, and a

unitary operator: f̂ = ĥÛ, where ĥ =
√

f̂ f̂ † and ÛÛ† = Û†Û = I. It turns out that
this approach faces serious practical difficulties. To illustrate this last point, let us
represent the annihilation and creation operators a, a† in the following polar form:

a =
√

aa†eiφ̂ a† =
√

a†ae−iφ̂ (3.125)

Then it is easy to verify that in the basis of number states, the operators e±iφ̂ act as
follows

eiφ̂|n〉 = 1√
aa†

a|n〉 =
{

0, n = 0
|n − 1〉, n �= 0

(3.126)

and

e−iφ̂|n〉 = a† 1√
aa†

|n〉 = |n + 1〉 (3.127)

Thus, the operators eiφ̂ and e−iφ̂ are not unitary, since

eiφ̂e−iφ̂ = I, e−iφ̂eiφ̂ = I − |0〉〈0| (3.128)

i.e.

e−iφ̂eiφ̂|n〉 =
{

0, n = 0
|n〉, n �= 0

so that[
eiφ̂, e−iφ̂

]
= |0〉〈0| (3.129)

The problem with the polar decomposition arises from the fact that neither a nor
a† can be inverted and are, in this sense, degenerated. From the physical point of
view, this is related with the semiboundedness of the Hilbert space.

In spite of this difficulty, the decomposition is useful in many situations in which
the amplitude of the vacuum is small. In such situations, the action of the phase
operators e±iφ̂ is ‘‘almost’’ unitary.
From the formal definition of the phase operators [27],

e−iφ̂ = a† 1√
aa†

=
∞∑

n=0

|n + 1〉〈n|, eiφ̂ = 1√
aa†

a =
∞∑

n=0

|n〉〈n + 1| (3.130)

we infer the following commutators:[
a†a, eiφ̂

]
= −eiφ̂,

[
a†a, e−iφ̂

]
= e−iφ̂ (3.131)

and, in general, for any function of the operator n̂ = a†a, we have

f (n̂)eiφ̂ = eiφ̂f (n̂ − 1), f (n̂)e−iφ̂ = e−iφ̂f (n̂ + 1) (3.132)
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It is easy to prove these relations by using the Taylor series expansion of the
function f (n̂).

It is useful to introduce Hermitian combinations of the phase operators [28],

cos φ̂ = eiφ̂ + e−iφ̂

2
, sin φ̂ = eiφ̂ − e−iφ̂

2i
(3.133)

Since exp(iφ̂)† = exp(−iφ̂), it follows that
(

cos φ̂
)† = cos φ̂,

(
sin φ̂

)† = sin φ̂,

and that[
cos φ̂, sin φ̂

]
= i

2
|0〉〈0|

It is worth noting that the operators cos φ̂ and sin φ̂ are connected through the
following relation:

cos2 φ̂ + sin2 φ̂ = I − 1
2
|0〉〈0| (3.134)

Let us calculate the average values and fluctuations of the operators cos φ̂ and sin φ̂

in the number states,

〈n| cos φ̂|n〉 = 〈n| sin φ̂|n〉 = 0 (3.135)

〈
n| cos 2φ̂|n

〉
= 〈n| sin 2φ̂|n〉 =

{
1/2, n �= 0
1/4, n = 0

(3.136)

From this, we readily obtain the fluctuations

σcos φ̂
= 〈n| cos 2φ̂|n〉 − 〈n| cos φ̂|n〉2 = 1

2
, n �= 0 (3.137)

Another interesting quantity is the phase fluctuation in the coherent states [28],

〈α| cos φ̂|α〉 = 1

2
e−|α|2 ∑

m,n

αnα∗m

√
n!m!

〈m|eiφ̂ + e−iφ̂|n〉 (3.138)

Since

〈m|eiφ̂|n〉 = δm,n+1, 〈m|e−iφ̂|n〉 = δm,n−1 (3.139)

we obtain

〈α| cos φ̂|α〉 = e−|α|2 Re α
∑
n=0

|α|2n

n!
√

n + 1
(3.140)

or, writing α = √
neiϕ, we have

〈α| cos φ̂|α〉 = e−n
√

n cos ϕ
∑

n

nn

n!
√

n + 1
(3.141)
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This sum cannot be further simplified. However, in the limit of intense fields,
where n � 1, the sum can be evaluated approximately. Using the following integral
representation

1√
n + 1

= 1√
π

∫ ∞

0
dz

e−z(n+1)

√
z

(3.142)

we obtain

∑
n

nn

n!
√

n + 1
= 1√

π

∫ ∞

0
dz

e−z

√
z

∑
n

(ne−z)n

n!
= 1√

π

∫ 1

0
dx

en(1−x)√
− ln (1 − x)

(3.143)
where in the last integral we changed the variable e−z = 1 − x. Note that in the case
of n � 1 the characteristic width of the function being integrated x ∼ n−1 
 1
and, thus, we can expand ln (1 − x) as a power series√

− ln (1 − x) =
√

x + x2/2 + · · · = √
x
(

1 + x

4

)
+ · · · (3.144)

By substituting this in the integral (3.143), we obtain

1√
π

∫ 1

0
dx

e−nx√
− ln (1 − x)

= 1√
π

∫ 1

0
dx

e−nx

√
x

(
1 − x

4
+ · · ·

)
= 1√

n
− 1

8n3/2 + · · · (3.145)

and, finally,

〈α| cos φ̂|α〉 = cos ϕ

(
1 − 1

8n
+ · · ·

)
(3.146)

To find the fluctuation of the phase in the coherent state, we need to calculate
〈α| cos 2φ̂|α〉. Likewise, expanding the phase fluctuation (3.138) we obtain

〈α| cos 2φ̂|α〉 = 1

2
− 1

4
e−n + n

(
cos 2ϕ − 1

2

)
e−n

∑
n

nn

n!
√

(n + 1) (n + 2)

(3.147)
The function in the last sum is maximum for n ∼ n � 1, thus we can represent
the root as

1√
(n + 1) (n + 2)

= 1√
(n + 1)2 + (n + 1)

� 1

n + 1
− 1

2 (n + 1)2 + · · ·

(3.148)
A simple calculation then yields

〈α| cos 2φ̂|α〉 = cos 2ϕ − cos 2ϕ − 1/2

2n
+ · · · (3.149)
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It is easy to find similar expressions for 〈α| sin 2φ̂|α〉. Thus, the fluctuations of the
phase in the coherent state for n � 1 have the form

σcos φ̂
� sin2 ϕ

4n
(3.150)

which tends to zero when n → ∞ (observe that σ2
sin φ̂

� cos2 ϕ/4n due to Equation

3.134). This means that the phase in highly excited coherent states is quite well
defined:

e±iφ̂|α〉 = e±iϕ|α〉 + O

(
1√
n

)
(3.151)

Eigenstates for the phase operator are introduced as

|θ〉 = 1√
2π

∞∑
n=0

einθ|n〉 (3.152)

and a†a|θ〉 = ∑
n einθn|n〉 = −i∂θ|θ〉.

One can easily verify the resolution of the identity∫ θ0+2π

θ0

dθ|θ〉〈θ| = I (3.153)

so that

e±iφ̂ =
∫ θ0+2π

θ0

dθ|θ〉〈θ|e±iθ

where θ0 defines the integration window.
The states (3.152) are normalized according to [29]

〈θ|θ′〉 = 1

2π

∞∑
n=0

ein(θ′−θ) = 1

2
δ(θ − θ′) + 1

4π

[
1 + i cot

(θ′ − θ)

2

]
(3.154)

Note that in the infinite-dimensional space the basis elements (number states) are
represented as vectors

|0〉 =


1
0
0
...

 , |1〉 =


0
1
0
...

 , . . . (3.155)

and the phase operators defined in by Equations 3.126 and 3.127 are matrices

e−iφ̂ =


0 ∗ ∗ · · ·
1 0 0 · · ·
0 1 0 · · ·
...

...
...

...

 , eiφ̂ =


0 1 0 · · ·
∗ 0 1 · · ·
∗ 0 0 · · ·
...

...
...

...

 (3.156)
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where the elements marked as (∗) of the first column or the first row ((eiφ̂)† = e−iφ̂)
are not determined. These matrix elements are often set to 0.

The matrices eiφ̂ and e−iφ̂ do not commute:
[
eiφ̂, e−iφ̂

] = |0〉〈0|, according to
Equation 3.129. Another definition of states |θ〉 is discussed in the following
section using regularization in finite-dimensional space.

As a final remark, we believe that the most natural way of dealing with quantum
phases would be to use positive operator-valued measures (POVM), ∆̂(ϕ). They are
defined to produce measurable probabilities p(ϕ) for a given field state with the

density matrix ρ: p(ϕ) = Tr
(
∆̂(ϕ)ρ

)
. Such POVM must also satisfy the following

relations:

∆̂(ϕ) = ∆̂†(ϕ),
∫ ϕ0+2π

ϕ0

dϕ∆̂(ϕ) = I

The physical condition of complementarity between the phase and the photon
number n̂ impose that the argument of ∆̂(ϕ) should be displaced under the action
of an unitary operator generated by n̂:

eiϕ′ n̂∆̂(ϕ)e−iϕ′ n̂ = ∆̂(ϕ + ϕ′)

Nevertheless, in this book we do not use the POVM techniques and we refer the
reader to specialized articles devoted to this interesting question [30].

3.8
Regularized Phase Operator

The Hilbert space of a single field mode is isomorphic to that of the harmonic
oscillator and thus is infinite dimensional. The definition of phase operators is
plagued by problems associated with the action of phase operators on vacuum.
To bypass these, it was proposed [31] to first define phase operators in a finite-
dimensional space of dimension s + 1, keeping s as a parameter and expressing
all calculations in terms of s, and then taking the limit s → ∞. Following this
procedure, we start with a reference state |θ0〉

|θ0〉 = 1√
s + 1

s∑
n=0

einθ0 |n〉 (3.157)

and construct a basis in the s-dimensional space according to

|θm〉 = exp
[

2πim
s + 1

n̂

]
|θ0〉, m = 0, 1, 2, . . . , s (3.158)

Thus, in the number state basis (in the finite-dimensional space) the states |θm〉 are
represented as

|θm〉 = 1√
s + 1

s∑
n=0

exp
[

in
(

θ0 + 2mπ

s + 1

)]
|n〉 (3.159)
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or

|θm〉 = 1√
s + 1

s∑
n=0

exp(inθm)|n〉 (3.160)

where the parameter θm is

θm = θ0 + 2mπ

s + 1
, θ0 ≤ θm ≤ θ0 + 2sπ

s + 1
(3.161)

The regularization method is based on the following result, well known in the
theory of the finite Fourier transform:

1

s + 1

s∑
m=0

exp
[

2πi(n − k)m

(s + 1)

]
= δn,k (3.162)

Using this relation, one obtains

〈θk|θn〉 = δk,n,
s∑

m=0

|θm〉〈θm| = 1 (3.163)

which means that the states |θm〉 form a complete orthogonal basis in finite-
dimensional space. Note that the projector |θm〉〈θm|, expressed in terms of the
states |n〉 has the form

|θm〉〈θm| = 1

s + 1

s∑
n′,n

eiθm(n′−n)|n′〉〈n| (3.164)

For example, a number state can be represented as

|n〉 = 1√
s + 1

s∑
k=0

e−inθk |θk〉 (3.165)

Now, the Hermitian phase operator φ̂ is defined as

φ̂θ =
s∑

m=0

θm|θm〉〈θm| = θ0I + 2π

s + 1

s∑
m=0

m|θm〉〈θm| (3.166)

and depends on the reference phase θ0. Using Equation 3.163 we immediately
obtain

eiφ̂θ = exp

[
i
∑

m

θm|θm〉〈θm|
]

=
∑

m

eiθm |θm〉〈θm| (3.167)

so that

e±iφ̂θ |θm〉 = e±iθm |θm〉 (3.168)

Thus, in view of Equation 3.165 we find

eiφ̂θ |n〉 = 1√
s + 1

s∑
m=0

e−iθm(n−1)|θm〉 (3.169)
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or

eiφ̂θ |n〉 =


|n − 1〉, n > 0,

1√
s + 1

s∑
m=0

eiθm |θm〉, n = 0
(3.170)

However, one can rewrite eiθm in the following form:

eiθm = ei(s+1)θ0 exp
[

i
(

2mπ − sθ0 − 2πms

s + 1

)]
= ei(s+1)θ0 e−isθm (3.171)

which implies that

1√
s + 1

s∑
m=0

eiθm |θm〉 = ei(s+1)θ0

√
s + 1

∑
m

e−isθm |θm〉 = ei(s+1)θ0 |s〉 (3.172)

Finally, the action of the phase operator on the vacuum state is given by

eiφ̂θ |0〉 = ei(s+1)θ0 |s〉 (3.173)

In the same way, it can be shown that

e−iφ̂θ |n〉 = |n + 1〉, n ≤ s, e−iφ̂θ |s〉 = e−i(s+1)θ0 |0〉 (3.174)

and, thus

eiφ̂θ e−iφ̂θ = e−iφ̂θeiφ̂θ = 1 (3.175)

in the entire (s + 1)-dimensional space. This implies that the operators exp(±iφ̂θ)
are unitary in the finite-dimensional space.

The matrix form of the regularized phase operators is thus,

e−iφ̂θ =


0 0 · · · e−i(s+1)θ0

1 0 · · · 0
...

. . . · · · 0
0 0 1 0

 , eiφ̂θ =


0 1 · · · 0
0 0 · · · 0
...

. . . · · · 1
ei(s+1)θ0 0 0 0


(3.176)

(compare with the corresponding formulae for the operators exp(±iφ̂) in the
previous section).

3.9
Phase Distribution

We assume that the field is in an arbitrary state |ψ〉, which we represent as an
expansion over the number states:

|ψ〉 =
s∑

n=0

Cn|n〉 (3.177)
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Using Equation 3.165, we can expand this state over the eigenstates of the phase
operator |θm〉:

|ψ〉 =
s∑

m=0

|θm〉〈θm|ψ〉, 〈θm|ψ〉 = 1√
s + 1

s∑
n=0

Cne−inθm (3.178)

The distribution function is determined as

Wθm = |〈θm|ψ〉|2 = 1

s + 1

∣∣∣∣∣
s∑

n=0

Cne−inθm

∣∣∣∣∣
2

(3.179)

and is interpreted as the probability of finding the state |ψ〉 with the well-defined
phase θm. Note that, in the finite-dimensional space, the possible values of phases
form a discrete set.

The distribution function Wθm allows us to calculate any average, for example,

〈ψ|φ̂θ|ψ〉 =
∑

m

θmWθm , 〈ψ| cos φ̂θ|ψ〉 =
∑

m

cos θmWθm (3.180)

We represent the expansion coefficients in the polar form

Cn = einβ|Cn| (3.181)

The reference phase θ0 is selected to be

θ0 = − sπ

s + 1
(3.182)

Introducing a new index κ = m − s/2, which runs from −s/2 to s/2, Equation 3.179
is rewritten as

Wθm = 1

s + 1

∣∣∣∣∣∑
n

Cne−inκ(2π/s+1)

∣∣∣∣∣
2

(3.183)

When the space dimension tends to infinity, s → ∞, this sum becomes a continu-
ous function of the angle, so that

θm −→ θ = κ
2π

s + 1
,

2π

s + 1
= dθ (3.184)

Thus the distribution function of the discrete angle Wθm becomes the probability
density Wθ so that

Wθ dθ = 1
2π

∣∣∣∣∣∑
n

Cne−inθ

∣∣∣∣∣
2

dθ = |〈θ|ψ〉|2 dθ (3.185)

This density is normalized as∫ π

−π

Wθdθ = 1
2π

∫ π

−π

∣∣∣∣∣∑
n

Cne−inθ

∣∣∣∣∣
2

dθ = 1 (3.186)
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Thus any average related to the phase operator is calculated in the following way:

〈ψ|f (φ̂)|ψ〉 =
∫ π

−π

f (θ) Wθ dθ (3.187)

Let us find Wθ for the coherent states |α〉, α = √
neiϕ, for the case in which n � 1.

From Equation 3.185, we have

Wθ = 1
2π

∣∣∣∣∣∑
n

e−n/2 nn/2

√
n!

ein(ϕ−θ)

∣∣∣∣∣
2

(3.188)

We use the following formula to evaluate the above sum:∣∣∣∑ ak

∣∣∣2 = 2Re
∞∑

n=0

∞∑
j=0

′anα
∗
n+j (3.189)

where (´) means that the term with j = 0 is taken with coefficient 1/2. Thus,
Equation 3.188 can be brought to the form

Wθ = 1
2π

2 Re
∞∑

n=0

∞∑
j=0

′pnpn+jeij(θ−ϕ), (3.190)

where pn is the square root of the Poisson distribution: pn = e−n/2nn/2/
√

n!. It
follows from the properties of the Poisson distribution that the value of j in
the term pn+j in the sum (3.190) is of the order of the width of the Poisson
distribution: j ∼ √

n. For n ∼ n � 1, we can approximate the Poisson distribution
by the Gaussian distribution:

pn ≈ (2πn)−(1/4) exp

[
− (n − n)2

4n

]
(3.191)

Thus, pn+j can be approximated as follows:

pn+j ≈ pn exp
[
− j2

4n
− j (n − n)

2n

]
(3.192)

Substituting this approximation in Equation 3.190, we obtain

Wθ = 1
2π

2 Re
∞∑

j=0

′eij(θ−ϕ)e−j2/4nej/2
∞∑

n=0

p2
n exp

[
− jn

2n

]
(3.193)

= 1

π
Re

∞∑
j=0

′eij(θ−ϕ)e−j2/4nej/2 exp
[
n
(

e−j/2n − 1
)]

(3.194)

Since j ∼ √
n 
 n, we can approximate

e−j/2n − 1 � − j

2n
+ j2

8n2 (3.195)
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and, it follows that

Wθ � 1
π

Re
∞∑

j=0

′eij(θ−ϕ) exp
[
− j2

8n

]
= 1

2π

∞∑
j=−∞

eij(θ−ϕ) exp
[
− j2

8n

]
(3.196)

It can easily be seen that Wθ is normalized,∫ π

−π

Wθdθ = 1 (3.197)

The expression (3.196) can be rewritten in terms of the Jacobi theta functions
�3(z|µ),

�3(z|µ) =
∞∑

n=−∞
e−2izne−µn2

(3.198)

as

Wθ � 1

2π
�3(z|µ), z = ϕ − θ

2
, µ = 1

8n
(3.199)

Applying the Poisson summation formula,

∞∑
m=−∞

fm =
∞∑

k=−∞

∫ ∞

−∞
dxe2πikxf (x) (3.200)

we obtain from Equation 3.196 [32]

Wθ = 1

2π

∞∑
−∞

∫ ∞

−∞
dxei2kxπ+ix(θ−ϕ)−x2/8n = 1

2π

√
8πn

∞∑
−∞

e−2n(θ−ϕ−2πk)
2

(3.201)
or, finally,

Wθ = 1√
2πσ

∞∑
−∞

exp

[
−
(
θ − ϕ − 2πk

)2

2σ2

]
(3.202)

where the dispersion is σ2 = 1/4n. The above sum contains Gaussians displaced
by 2πk, which guarantees the periodicity of Wθ in the angle θ.

Let us calculate the average and the operator fluctuation cos φ̂ using the form
(3.196) for the distribution function.

〈cos φ̂〉 =
∫ π

−π

dθ cos θ Wθ = 1

2π

∞∑
−∞

e−j2/8ne−ijϕ
∫ π

−π

dθ eijθ cos θ (3.203)

The integral is easily calculated and yields

〈cos φ̂〉 = 1

2

∞∑
−∞

e−j2/8ne−ijϕ [δj,1 + δj,−1
] = e−1/8n cos ϕ (3.204)
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Likewise, we can evaluate
〈
cos 2φ̂

〉
:

〈cos 2φ̂〉 = 1

2π

∞∑
−∞

e−j2/8ne−ijϕ
∫ π

−π

dθ eijθ cos 2θ (3.205)

= 1

4

∞∑
−∞

e−j2/8ne−ijϕ [δj,2 + δj,−2 + 2
] = 1

2
e−1/2n cos 2ϕ + 1

2
(3.206)

Finally, for the fluctuation σcos φ =
〈
cos2 φ̂

〉
−
〈
cos φ̂

〉2
we have

σcos φ = 1 − e−1/4n

2
+ cos 2ϕ

2
e−1/4n

(
e−1/4n − 1

)
� 1

8n
− cos 2ϕ

8n
= sin 2ϕ

4n

(3.207)

which coincides with the result obtained in Equation 3.150.
On the contrary to the coherent states the phase distribution of a number state

|N〉 is uniform,

Wθ = 1

2π
|〈θ|N〉|2 = 1

2π

3.10
Problems

3.1 The density matrix of a quantum system is given by

ρ = a†e−λa†aa (3.208)

Determine what state describes this density matrix in the limits: (a) λ → 0,
(b) λ → ∞.

3.2 Prove that the state

|ψ〉 = N (|α + δ〉 + |α − δ〉) (3.209)

where α and β are real, δ 
 α, and N is the normalization constant, such that
〈ψ|ψ〉 = 1, is a squeezed state.
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3.3 Find the phase fluctuation for the state

|ψ〉 = N (|α + δ〉 + |α − δ〉) (3.210)

where α and β are real, δ 
 α, and N is the normalization constant, such that
〈ψ|ψ〉 = 1.

3.4 Find the expansion of the squeezed state (3.96) in the number state basis

|α, η〉 =
∑

n

bn|n〉 (3.211)

Hint. Make use of the relation (3.97) and obtain the following difference
equation for an = bn/

√
n! :

uan+1 + vnan−1 = βan (3.212)

where β is defined in Equation 3.98, which immediately allows us to connect
bn with the Hermite polynomials.
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4
Field Dynamics

In this chapter, we discuss, for completeness, the evolution of a quantized field
under action of some typical Hamiltonians. A good deal of attention is paid to the
algebraic tools used for studying field dynamics.

4.1
Evolution of a Field with Classical Pumping

The Hamiltonian describing the evolution of a single quantized field mode under
the influence of an external force (classical pumping) has the form (� = 1)

H = ωa†a + f (t)a + f (t)∗a† (4.1)

where f (t) represents the pumping field. Because the operators {a†a, a, a†, I} close
an oscillator algebra (see Appendix 11.1), the evolution operator can be written in
the form

U (t) = C(t)eα(t) a†aeβ(t)a†
eγ(t)a (4.2)

where the time-dependent parameters are the solution of a system of ordinary dif-
ferential equations, obtained after substitution of Equation 4.2 into the Schrödinger
equation iU̇ = HU, in accordance with the general procedure described in Ap-
pendix 11.3. Since the operators {a†a, a, a†, I} are linearly independent, we obtain
the coupled equations

Ċ/C = γ̇β, iα̇ = ω, iβ̇eα = f (t)∗, iγ̇e−α = f (t) (4.3)

satisfying the initial conditions

C(0) = 1, α(0) = β(0) = γ(0) = 0 (4.4)

These initial conditions guarantee that U(0) = I. This system is easily solved with

C(t) = exp [−δ] , α(t) = −iωt (4.5)

β(t) = −i
∫ t

0
dτeiωτf ∗(τ), γ(t) = −i

∫ t

0
dτe−iωτf (τ) (4.6)

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5



72 4 Field Dynamics

where

δ(t) =
∫ t

0
dτe−iωτf (τ)

∫ τ

0
dτ1eiωτ1 f ∗(τ1), 2Re δ = |β|2 (4.7)

Let us consider the case where the quantized field is initially in the vacuum state
|0〉. Applying the evolution operator (4.2) to this state, we obtain

|ψ(t)〉 = U(t)|0〉 = e−δ(t)
∑

n

(
β(t)e−iωt

)n

√
n!

|n〉 = e−iIm δ(t)|β(t)e−iωt〉 (4.8)

which means that classical pumping generates a coherent state |β(t)e−iωt〉 from the
vacuum. Since, in the coherent state, |β〉,

〈p̂〉 =
√

2ω Im β(t), 〈q̂〉 =
√

2

ω
Re β(t) (4.9)

we obtain

Ecl = 〈p〉2

2
+ ω2〈q〉2

2
= ω|β(t)|2 (4.10)

which has the interpretation of the ‘classical’ energy transferred to the quantized
field from the pumping field. It is interesting to note that the probability for the
field to remain in the vacuum state at time t is expressed in terms of the classical
energy Ecl as [33]

|〈0|ψ(t)〉|2 = exp
[−|β(t)|2] = exp

[−Ecl(t)
]

(4.11)

4.2
Linear Parametric Amplifier

In the previous section, we studied the excitation of a single quantum field
mode by a classical force. In this section, we analyze what happens when the
classical pumping field excites two different modes of the quantum field, having
frequencies ω1 and ω2, respectively, inside a cavity filled with a nonlinear medium,
thus allowing frequency conversion to occur. We suppose, for simplicity, that the
interaction between the modes is described by the following effective Hamiltonian:

H = ω1a†a + ω2b†b + g
(
a†b†e−iωt + abeiωt) (4.12)

where the frequency of the pumping field satisfies the resonance condition ω =
ω1 + ω2. It is worth noting that the Hamiltonian (4.12) is the classical limit, in the
sense that 〈c†c〉 → ∞, of the following three-photon Hamiltonian

H = ω1a†a + ω2b†b + ωc†c + g
(
a†b†c + abc†) (4.13)

A specific case of the above Hamiltonian is discussed in Chapter 6.
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First, we note that the Hamiltonian (4.12) admits the following integral of motion:

N = a†a − b†b, [H, N] = 0 (4.14)

Clearly, this is just the difference between the number of excitations in the modes
‘‘a’’ and ‘‘b’’. The Hamiltonian (4.12) can be rewritten in terms of generators of the
su(1, 1) algebra (see Appendix 11.3),

K0 = 1
2

(
a†a + b†b + 1

)
, K+ = a†b†, K− = ab (4.15)

in the following way:

H = ωK0 + f (t)K+ + f ∗(t)K− + c (4.16)

where

ω = ω1 + ω2, f (t) = ge−iωt, c = 1
2

(ω1 − ω2) N − ω

2
(4.17)

Here, the term c commutes with the generators of the su(1, 1) algebra and can be
neglected as it leads only to a global phase in the evolution. The Hilbert space for
this model is spanned by basis states of the form

|na, mb〉 = |n〉a ⊗ |m〉b, na − mb = N = const (4.18)

where |n〉a and |m〉b are the number states corresponding to the ‘‘a’’ and ‘‘b’’
modes. It can be shown that the value of the Casimir operator for the su(1, 1)
algebra,

C2 = K2
0 − 1

2
(K+K− + K−K+) , [C2, K±,0] = 0 (4.19)

in this space, is equal to C2 = k
(
k − 1

)
, where k = 1/2 (1 + |N|). We look

for the evolution operator in the disentangled form (Gauss decomposition),

U(t) = eα(t)K+eβ(t)K0 eγ(t)K− (4.20)

To determine the parameters in this expansion, we substitute Equation 4.20 into
the Schrödinger equation, iU̇ = HU, and make use of the transformations

eαK+K0e−αK+ = K0 − αK+ (4.21)

eβK0 K−e−βK0 = K−e−β

eγK+K−e−γK+ = K− − 2γK0 + γ2K+

to obtain the following equality:

α̇K+ + β̇ (K0 − αK+) + γ̇e−β
(
K− − 2αK0 + α2K+

)
= −i

(
ωK0 + f (t)K+ + f ∗(t)K−

)
(4.22)
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As the generators are linearly independent, we can equate their respective coeffi-
cients and arrive at the system of ordinary differential equations:

α̇ − αβ̇ + α2e−βγ̇ = −if , β̇ + 2αe−βγ̇ = −iω, e−βγ̇ = −if ∗ (4.23)

subject to the initial conditions α(0) = β(0) = γ(0) = 0. The solution to this system
is given by

α(t) = −ie−iωt tanh gt, β(t) = −iωt − 2 ln(cosh gt), γ(t) = −i tanh gt

(4.24)
Using the form (4.20), we observe that the initial vacuum state of both modes
|0a, 0b〉 = |0a〉|0b〉 evolves into a completely correlated state,

U(t)|0a, 0b〉 = (
cosh gt

)−1
e−iωt/2

∑
n

(−i)n e−iωnt (tanh gt
)n |n〉a|n〉b (4.25)

In other words, the photons in the modes ‘‘a’’ and ‘‘b’’ are created in pairs.
Using the evolution operator in the form (4.20), we can find the photon-number

operators in each mode in the Heisenberg representation,

n̂a(t) = U†(t)a†aU(t), n̂b(t) = U†(t)b†bU(t) (4.26)

Indeed, the operators a†a and b†b can be expressed in terms of generators of the
su(1, 1) algebra,

a†a = K0 + 1

2
(N − 1) , b†b = K0 − 1

2
(N + 1) (4.27)

Considering the formulae (4.21), we obtain

n̂a,b(t) = K0 cosh 2gt − i

2
sinh 2gt (K+ − K−) − 1

2
(1 ∓ N) (4.28)

so that,

n̂a(t) = n̂a(0) cosh 2gt + (1 − N) sinh2 gt − i

2
(a†b† − ab) sinh 2gt

n̂b(t) = n̂b(0) cosh 2gt + (1 + N) sinh2 gt − i

2
(a†b† − ab) sinh 2gt

This implies that, for example, starting from the vacuum state of both modes|0a, 0b〉,
the number of excitations in each mode increases exponentially,

〈0a, 0b|n̂a,b(t)|0a, 0b〉 = sinh2 gt (4.29)

The algebraic structure of the solution is preserved also in the case of the degenerate
parametric amplifier, which describes an excitation of a single quantum field mode
of frequency ω in a nonlinear medium under pumping by a classical field with the
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frequency 2ω. The Hamiltonian (4.12) of this model is written as follows:

H = ωa†a + g

2

(
a†2e−2iωt + a2e2iωt) (4.30)

It can also be represented in terms of the generators of the su(1, 1) algebra:

H = 2ωK0 + f (t)K+ + f ∗(t)K− − 1
2
ωI, f (t) = ge−2iωt (4.31)

where

K0 = 1
2

(
a†a + 1

2

)
, K+ = 1

2
a†2, K− = 1

2
a2 (4.32)

The evolution operator for the Hamiltonian (4.31) has the same form (4.20),
with the parameters α(t), β(t), γ(t) defined by Equation 4.21, provided one makes
the replacement ω → 2ω. However, the representation space for this model is
different from the case of the nondegenerate amplifier. The whole representation
space, which in this case is the space of a single harmonic oscillator, is divided into
two invariant subspaces, the first including the even states, {|2n〉, n = 0, 1 . . .} and
the second, the odd states, {|2n + 1〉, n = 0, 1 . . .}. The Casimir operator takes the
value C2 = −3/16 = k(k − 1), where k = 1/4 in the subspace with an even number
of photons and k = 3/4 in the subspace with an odd number of photons.

It can easily be seen that an initial coherent state of the quantum field evolves
into a squeezed state. In particular, the vacuum state evolves to the ‘squeezed
vacuum’ (3.115)

|0, η〉 = (
cosh r

)−1/2
∞∑

n=0

[
−1

2
eiθ tanh r

]n
√

(2n)!

n!
|2n〉 (4.33)

where r = gt and θ = −2ωt + π/2. The photon-number operator, which also grows
exponentially with time, can be found from Equation 4.28

n̂(t) = n̂(0) cosh 2gt + sinh2 gt − i
2

(a†2 − a2) sinh 2gt (4.34)

4.3
Evolution in the Kerr Medium

Let us consider here a simple model of a ‘self-interacting’ quantum field that
describes the electromagnetic field propagation in an optical medium with a
refraction index depending on the field intensity (Kerr medium) [34, 35]. In the
case of a single field mode, the Hamiltonian has the form

H = ωn̂ + χn̂2 (4.35)

First, we find the field operators in the Heisenberg representation. Using the
commutation relation f (n̂)a† = a†f (n̂ + 1), we obtain,

eiτn̂2
a†e−iτn̂2 = eiτ[(n̂+1)2−n̂2]a† = eiτ(2n̂+1)a† (4.36)
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Thus, the operator a†(t) = exp(itH)a† exp(−itH) has the form

a†(t) = ei(ω+χ)tei2χtn̂a†, and a(t) = ae−i2χtn̂e−i(ω+χ)t (4.37)

This example of evolution in the Kerr medium demonstrates the difference between
quantum and classical dynamics in a spectacular way [35]. We suppose that the
initial state of the classical system is given by a Gaussian probability distribution
(in the sense of classical statistical mechanics) in the phase space. The classical
evolution deforms the initial distribution (a round hump) into a sort of spiral.
(The distribution parts that are farthest away from the origin correspond to
the highest intensities and move faster.) Quantum evolution corresponds to the
classical evolution only for very short times. For longer times (χt ∼ 1/

√
n), the

phase fluctuations exceed 2π and quantum evolution leads to self-interference
in the phase space, while classical evolution leads only to a simple intensity
redistribution. To be more exact, in the case of quantum evolution, at certain
times, well-pronounced standing waves are created in the phase space; known as
Schrödinger cats these are superpositions of the macroscopically distinguishable
quantum states [36, 37].

Indeed, one can show that the evolution operator

U(t) = exp
[−it

(
ωn̂ + χn̂2)] (4.38)

leads to the creation of M copies of the initial state (with different phases) at times
χt = Lπ/M (where L and M are integers). In particular, if M = 1 (or χt = Lπ), the
initial state is reconstructed.

To quantitatively describe this phenomenon, we apply the finite Fourier trans-
form to the evolution operator (4.38) at χt = πL/M. For simplicity, we consider the
case L = 1; thus, for even and odd values of M, we obtain

UM(n̂) = e−iπn̂2/M =
M−1∑
q=0

f M
q e−2iπqn̂/M, M even (4.39)

UM(n̂) = e−iπn̂(n̂−1)/M =
M−1∑
q=0

f M
q e−2iπqn̂/M, M odd (4.40)

The amplitudes of different components of the ‘‘cat’’ states are found using the
inverse Fourier transform:

f M
q = 1

M

M−1∑
n=0

e2iπqn/MUM(n) (4.41)

These coefficients are given as [38]

f M
q = 1√

M
exp

[
iπq2

M

]
exp

[−iπ

4

]
, M even

f M
q = 1√

M
exp

[
iπ(q − 1/2)2

M

]
exp

[−iπ

4

]
, M odd (4.42)
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Applying the evolution operator in the form of Equations 4.39 and 4.40 to the
coherent initial state |α〉 we find the wave function for the cat state can be expressed
as a superposition of coherent states along a circle of radius |α| in the phase space
of the field:

UM(n̂)|α〉 =
M−1∑
q=0

f M
q e−2iπqn̂/M|α〉 =

M−1∑
q=0

f M
q |αe−2iπq/M〉 (4.43)

In particular, for χt = π/2, the density matrix becomes ρa(π/2λ) = |ψc〉a a〈ψc|,
where |ψc〉a is a superposition of two coherent states with opposite phases:

|ψc〉a = 1√
2

[
eiπ/4|α〉a + e−iπ/4| − α〉a

]
(4.44)

4.4
Second Harmonic Generation in the Dispersive Limit

Second harmonic generation is usually described by the following model
Hamiltonian

H = H0 + Hint = ωaa†a + ωbb†b + g(a2b† + a†2
b) (4.45)

where a (a†) and b (b†) are the annihilation (creation) operators of the fundamental
mode (of frequency ωa) and of the second harmonic mode (of frequency ωb),
respectively. When perfect matching conditions are satisfied, we have the relation
ωb = 2ωa. The constant g describes phenomenologically the coupling between the
modes. It can always be chosen as real.
If we note that the Hamiltonian (4.45) admits the constant of motion

N = a†a + 2b†b (4.46)

then the Hamiltonian can be rewritten in the following form:

H0 = ωb + ωa

3
N (4.47)

Hint = ∆

3
(b†b − a†a) + g(a2b† + a†2

b)

where ∆ = ωb − 2ωa is the detuning.
Since H0 determines the total energy stored in both modes, which is conserved,

[H0, Hint] = 0, we can factor out exp(−iH0t) from the evolution operator and drop
it altogether.

The corresponding classical problem admits an exact solution, demonstrating
the possibility of the complete energy transfer into the second harmonic mode [39].
Unfortunately, the description of corresponding quantum dynamics is a compli-
cated problem, though different algebraic, semiclassical, and numerical approaches
have been developed [40–42]. In particular, it was numerically observed [43] that,



78 4 Field Dynamics

in the exact resonance case with the fundamental mode initially in a highly excited
coherent state, the Schrödinger cat type states (superpositions of macroscopically
distinguishable states) are formed (and later destroyed) for long times.

In this section, we are interested in the dispersive limit of this model, when

|∆| � g(na + 1)(nb + 1) (4.48)

where na and nb denote the average photon numbers in the modes a and b,
respectively. Then, using the Lie transformation method (see Appendix 11.4), we
apply a unitary transformation to the interaction Hamiltonian (4.45)

Heff = UHintU
† (4.49)

where

U = exp
[
λ(a2b† − a†2

b)
]

(4.50)

with λ = g2/∆ 
 1. By expanding Equation 4.49 in a power series and keeping
terms up to the order (g/∆)2, we get

Heff = ∆

3
(b†b − a†a) − λ

[
4b†ba†a − (a†a)2] (4.51)

The effective Hamiltonian (4.51) describes the dispersive evolution of the fields, but
the essential point is that it is diagonal, which implies that there is no population
transfer between the modes (as expected in the far-off resonant limit). The first term
in Equation 4.51 does not affect the dynamics and just leads to rapid oscillations of
the wave function.

Now, it is easy to find the evolution of the density matrix of the fundamental
mode. When the second harmonic mode is initially in the vacuum state, the
two terms containing b†b in Equation 4.51 do not contribute in the evolution. In
addition, the linear term in a†a leads just to a c-number phase shift and can be
omitted. Then, the effective Hamiltonian reduces to

HK = λ(a†a)2 (4.52)

which is nothing but the interaction Hamiltonian that governs the state evolution
of a single-mode field a in a Kerr medium (see Section 3, Chapter 4).

When the initial state of the second harmonic mode is a superposition of number
states, the dynamics of the fundamental mode is drastically affected. For simplicity,
we suppose that both modes are initially coherent states, namely, |α〉a ⊗ |β〉b. Then,
we obtain the following expression for the density matrix of the fundamental mode:

ρa(t) = e−|α|2
∞∑

n,m

e−itλ(n2−m2) exp
{|β|2 [1 − e−4iλt(n−m)]} αnα∗m

√
n!m!

|n〉aa〈m|

(4.53)
Clearly, due to the presence of the term b†ba†a in Equation 4.51, the modes a and
b get entangled in the course of evolution. However, when λt = π/2, they become
decoupled and two copies of the initial coherent state in the fundamental mode are
created. Indeed, the density matrix of the total system at this instant of time is
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ρ(π/2λ) = |β〉bb〈β| ⊗ |ψc〉aa〈ψc| (4.54)

and a two-component cat state can be produced in this case. In contrast to this, the
initial coherent state reappears when λt = π, i.e. it gets reconstructed.

The effective Hamiltonian (4.51) has the virtue of simplifying calculations that
otherwise would be rather involved. For example, the squeezing properties of the
fundamental mode are also affected by the initial state of the second harmonic
mode. For initial coherent states in both modes |α〉a ⊗ |β〉b, and, assuming, for
simplicity, that α and β are real, we easily get the fluctuations σq = 〈q2〉 − 〈q〉2 of
the quadrature q = (a + a†)/

√
2.

σq(t) = 1

2
+ α2

(
e−8z2T2 − e−4z2T2

)
cos �T

−2α2T2
(

4e−8z2T2 − e−4z2T2
)

cos �T

−2α2T
(

2e−8z2T2 − e−4z2T2
)

sin �T + α2
(

1 − e−4z2T2
)

where T = λt 
 1, z2 = α2 + 4β2, and � = 4α2 − 8β2. Then, for sufficiently large
values of β2, squeezing in the fundamental mode disappears.

4.5
Raman Dispersion

Now let us consider the pairwise interactions of three separate field modes. The
Hamiltonian of the system has the form

H = ωaa†a + ωbb†b + ωcc
†c + g1

(
c†a + a†c

)+ g2
(
c†b + b†c

)
(4.55)

with the interaction constants g1 and g2. With the observation that this Hamiltonian
admits two integrals of motions,

Na = a†a + c†c, Nb = b†b + c†c (4.56)

we can rewrite Equation 4.55 in the following form:

H = ωaNa + ωbNb + Hint (4.57)

Hint = δc†c + g1
(
c†a + a†c

)+ g2
(
c†b + b†c

)
where δ = ωc − ωa − ωb. It is convenient to express this Hamiltonian as

Hint = δ c†c +
√

g2
1 + g2

2

(
c†d + cd†) (4.58)

where the operators

d = g1√
g2

1 + g2
2

a + g2√
g2

1 + g2
2

b, d† = g1√
g2

1 + g2
2

a† + g2√
g2

1 + g2
2

b†
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satisfy the H(1) commutation relations,
[
d, d†

] = I. The Hamiltonian (4.58) is a
linear form on the su(2) algebra generators,

Hint = δ

2
N + δ

2
Sz + 2

√
g2

1 + g2
2 Sx, [N, Hint] = 0

where N = d†d + c†c, Sz = (c†c − d†d)/2 and Sx = (c†d + cd†)/2, so that both spec-
trum and the evolution operator can be easily found (see Appendix 11.3).

Nevertheless, we focus on the case when the mode c is far from resonance with
the modes a and b, so that δ � g1

√
(na + 1) (nc + 1) and δ � g2

√
(nb + 1) (nc + 1),

when the mode c can be adiabatically eliminated.
Following, once more, the prescriptions of Lie transformation methods, (see

Appendix 11.4) we are able to remove the terms that describe photon exchange
between the modes a ↔ c and b ↔ c through the application of small rotations.

First, we apply the unitary transformation U1 given by

U1 = exp
[
ε1
(
a†c − c†a

)]
(4.59)

where ε1 = g1/δ 
 1, obtaining

H1 = U1HintU
†
1 ≈ δc†c + g2

1

δ

(
c†c − a†a

)+ (4.60)

+g2
(
c†b + b†c

)− g1g2

δ

(
b†a + a†b

)+ O
(
δ−2)

In the Hamiltonian (4.60), we still have interaction terms between the modes
b ↔ c. To eliminate this term, we apply a second rotation U2

U2 = exp
[
ε1
(
b†c − c†b

)]
, ε2 = g2

δ

 1 (4.61)

Finally, arriving at the following effective Hamiltonian:

Heff = U†
2 H1U2 ≈ δc†c + g2

1

δ

(
c†c − a†a

)
(4.62)

+ g2
2

δ

(
c†c − b†b

)− 2g1g2

δ

(
b†a + a†b

)+ O
(
δ−2)

The Hamiltonian (4.62) describes effective transitions between the modes a and b
and contains no terms that allow the exchange of photons with the mode c. Thus,
the operator c†c is approximately conserved,[

Heff , c†c
] ≈ 0 (4.63)

and, if, initially, there were no photons in the mode c, this mode never gets excited;
in this case, the effective Hamiltonian takes the form

Heff ≈ g2
1

δ
a†a + g2

2

δ
b†b + 2g1g2

δ

(
b†a + a†b

)
(4.64)

where we have changed the overall sign of the Hamiltonian. This means that the
three-mode system (4.55) can be treated as an effective two-mode system with linear
interaction among the modes and with the effective coupling constant 2g1g2/δ. The
two modes are in resonance if g1 = g2.
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4.6
Problems

4.1 Prove that during the evolution in the Kerr medium, H = χ(a†a)2, a coherent
initial state |α〉 is transformed into a squeezed state. Find the maximum
squeezing direction and the degree of squeezing if the initial state is highly
excited, α � 1.

4.2 Prove the following expression for the average value for the initial coherent
state

〈ψ(t)|a†nan+m|ψ(t)〉 = αmnne−n(1−cos 2mχt)

× exp
[−iχt

(
m2 + 2mn

)− in sin 2mχt
]

(4.65)

where |ψ(t)〉 = U(t)|α〉, and U(t) is the evolution operator in the Kerr medium,
Equation 4.38.

4.3 The Hamiltonian that describes the interaction between two modes of the
quantum field has a form, H = ωa†a + g(ab† + ba†). Determine the evolution
of the initial state |ψ(0)〉 = |α〉a|0〉b. Hint: write the evolution operator in the
form:

U(t) = e−iωt/2(a†a+b†b) exp
(
χ(t)ab†) exp

(
ν(t)

(
a†a − b†b

))
× exp

(
µ(t)ba†) (4.66)

Discuss the possibility of generating squeezed states in one of the modes.

4.4 Prove that the effective Hamiltonian describing the three-wave mixing process,

H = ω1a†
1a1 + ω2a†

2a2 + ω3a†
3a3 + g(a1a2a†

3 + a†
1a†

2a3) (4.67)

in the dispersive limit, |∆| � g
√

(n1 + 1)(n2 + 1)(n3 + 1), where ∆ = ω1 +
ω2 − ω3 and n1,2,3 are the average number of photons in the corresponding
modes, has the form

Heff = ∆a†
1a1 − g2

∆

[
a†

1a1(a†
3a3 − a†

2a2) + a2a†
2a†

3a3

]
(4.68)

Hint. Take into account that the Hamiltonian (4.67) admits two integrals of
motion, N1 = a†

1a1 + a†
2a2 + 2a†

3a3, and N2 = a†
1a1 − a†

2a2.
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4.5 Prove that the effective Hamiltonian describing kth harmonic generation,

H = ω1a†
1a1 + ω2a†

2a2 + g(ak
1a†n

2 + a†k
1 an

2) (4.69)

in the dispersive limit, ∆ � g(n1 + 1)k/2(n2 + 1)n/2, where ∆ = nω2 − kω1

and n1,2 denote the average photon numbers in modes 1 and 2, has the form

Heff = nω2 − kω1

n + k
(a†

2a2 − a†
1a1)

+ g2

∆

[
φn(a†

2a2) ψk−1(a†
1 a1) − φk(a†

1 a1) ψn−1(a†
2 a2)

]
(4.70)

where φk(m) = m(k) = m(m − 1) · · · (m − k + 1) and ψk−1(m) = φk(m + k) −
φk(m).

Hint: Take into account that the Hamiltonian (4.69) admits the integral of
motion N = (ka†

1 a1 + na†
2a2)/(n + k).
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5
The Jaynes–Cummings Model

5.1
The Interaction Hamiltonian

We recall (see Section 3.1) that the operator of a free electromagnetic field in a
perfect cavity (in the Coulomb gauge) has the form

E = i
∑

k

εk

√
2π�ωk

V

(
ak eikr − a†

k e−ikr
)

where ak, a
†
k are the annihilation and creation operators of photons with the

wave vector k, frequency ωk, and polarization εk. They satisfy the common boson
commutation relations [ak, a†

l ] = δkl; V stands for the cavity volume. The free field
Hamiltonian has the form

Hf =
∑

k

�ωk

(
a†

k ak + 1

2

)
Let us consider a collection of identical two-level atoms with the upper energy level
|1〉 and the lower energy level |0〉, so that the free atomic Hamiltonian has the form
(see Section 1.1)

Ha = �ωa

2

∑
j

σzj

where σzj = |1j〉〈1j| − |0j〉〈0j| and �ωa is the energy separation between two levels.
The electric dipole interaction of the cavity field with the atomic system is described
by the Hamiltonian

Vfa = −
∑

j

(
dj · E j

)
where E j is the electric field at the point rj that corresponds to the position of the
jth atom and dj is the electric dipole operator of this atom, given by Equation 1.6,
which can now conveniently be rewritten in the following form:

dj = djσ+j + d∗
j σ−j

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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Here σ+j = |1j〉〈0j| and σ−j = |0j〉〈1j| are the atomic transition operators and
dj = e〈1j|r |0j〉 is the matrix element of the electric dipole momentum (which are
assumed to be the same for all atoms).

If the dimensions of the atomic system are small in comparison with the wave-
length of the field (but the wave functions of different atoms do not overlap, to avoid
the dipole–dipole interaction), one can apply the so-called dipole approximation:
eikrj ≈ 1. Then the interaction Hamiltonian can be rewritten in the following form:

Vfa =
∑

k

(
gkS+ak + g∗

k S−a†
k − gkS+a†

k − g∗
k S−ak

)
(5.1)

Here the interaction constant is given by

gk = −idk

√
π�ωk

2V

where dk = (d · εk) is a projection of the atomic dipole on the polarization direction
of the k-th field mode. The atomic dipole matrix element can be chosen as purely
imaginary without loss of generality; it then corresponds to the positive coupling
constants gk. In Equation 5.1 we have introduced collective atomic operators (see
Section 1.2)

Sz = 1
2

∑
j

σzj, S± =
∑

j

σ±j

Let us assume now that only one cavity mode of frequency ω is important and all
of the other field modes, which can exist inside this cavity, are far from resonance
with the atomic transition under study. We arrive at a single mode Hamiltonian

H = H0 + g
(
S+a + S−a† − S+a† − S−a

)
(5.2)

H0 = �ωaSz + �ω
(

a†a + 1
2

)
The interaction Hamiltonian (5.2) can be naturally divided into two parts:

Vr = g
(
S−a† + aS+

)
, Va = g

(
a†S+ + aS−

)
The term a†S− corresponds to the atomic transition from the excited to the ground
state with the emission of a photon; the term aS+ corresponds to the excitation
of the atom with the absorption of a photon. Hence, the part Vr of the interaction
Hamiltonian conserves the number of excitations in the system. Correspondingly,
the excitation-number operator

N̂ = Sz + a†a

commutes with Vr :[
Vr , N̂

]
= 0
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On the other hand, the part Va of the interaction Hamiltonian does not conserve
the excitation number; the term a†S+ describes the atomic excitation with the
simultaneous creation of a photon, while the term aS− corresponds to the inverse
process. In the interaction picture, the Hamiltonian (5.2) has the form

HI = e(i/�)H0tH e−(i/�)H0 t = g
(
a†S− ei(ω−ωa) t + aS+ e−i(ω−ωa) t)

− g
(
a†S+ ei(ω+ωa) t + aS− e−i(ω+ωa) t)

In the case when ω ∼ ωa, the first part of the above expression is almost independent
of time, while the second part rapidly oscillates and cannot significantly affect the
slow evolution. We may, therefore, neglect the rapidly oscillating terms, making
the rotating wave approximation (RWA). In the Schrödinger picture, we neglect
the term Va (the ‘antirotating part’) and the Hamiltonian takes the form

H = H0 + Vr

This explains the subscript in the notation Vr . It is clear that under the RWA, the
excitation number becomes the integral of motion

i�N̂ =
[
N̂, H

]
=
[
N̂, V

]
= 0

In the case of a single atom, the Hamiltonian (5.2) describes the Jaynes–Cummings
model (JCM) [44] (see also, [45]). The case of many atoms corresponds to the Dicke
model (DM) [13]. The term Va plays an important role in the off-resonance case,
when the atomic transition frequency is different from the field frequency. For
instance, this term leads to multiphoton processes when the multiphoton resonance
conditions are satisfied.

5.2
The Spectrum and Wave Functions

Using the units when � = 1, the Hamiltonian can be rewritten in the form

H = ω

(
N̂ + 1

2

)
+ ∆

2
σz + g

(
a†σ− + aσ+

)
where ∆ = ωa − ω stands for detuning, and the excitation number operator
is N̂ = a†a + σz/2. This Hamiltonian acts in the tensor product of the two-
dimensional atomic Hilbert space and the infinite-dimensional field space with the
basis

|k〉a ⊗ |n〉f (5.3)

where |n〉f is the Fock (number) state of the field, a†a|n〉f = n|n〉f (n = 0, 1, 2 . . .),
and |k〉a is the eigenstate of the operator σz, σz|k〉a = (2k − 1)|k〉a (k = 0, 1).

If the initial state belongs to the subspace with a given excitation number N,
then the evolution is restricted to this subspace (as it follows from the conservation
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of the excitation number). We may introduce a different notation for the basis
vectors (Equation 5.3), stressing the fact that they are eigenvectors of the excitation
operator

|N, k〉 = |k〉a ⊗ |N − k〉f , k = 0, 1,

N̂|N, k〉 =
(

N − 1
2

)
|N, k〉

Subspaces with N excitations are two-dimensional (except for the one dimensional
subspace N = 0). One may use the vector notation

|N, 0〉 =
[

0
1

]
, |N, 1〉 =

[
1
0

]
Inside a single subspace, the Hamiltonian takes the matrix form

H = ωN

[
1 0
0 1

]
+

 ∆

2
g
√

N

g
√

N −∆

2


The eigenvalues of the Hamiltonian read

�N,0 = ωN + �, �N,1 = ωN − �, � =
√

g2N + ∆2

4

and the normalized eigenvectors are

|N, 0〉 =
[

xN

yN

]
, |N, 1〉 =

[ −yN

xN

]
(5.4)

where

xN = g
√

N√(
� − ∆

2

)2

+ g2N

, yN =
� − ∆

2√(
� − ∆

2

)2

+ g2N

To determine the evolution of an arbitrary initial state |ζ〉a ⊗ |φ〉f , we need to
expand it in the dressed basis |N, k〉. For instance, for the initial state

|ψ (0)〉 = |0〉a ⊗ |φ〉f , |φ〉f =
∞∑

n=0

φn|n〉f

we have

|ψ (0)〉 =
∞∑

N=0

φN |N, 0〉
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From Equations 5.4, |N, 0〉 = yN |N, 0〉 + xN |N, 1〉 and

|ψ (0)〉 =
∞∑

N=0

φN
(
yN |N, 0〉 + xN |N, 1〉)

Therefore, the evolution of the initial state |ψ(0)〉 is given by

|ψ (t)〉 =
∞∑

N=0

φN
[
yN e−i�N,0t|N, 0〉 + xN e−i�N,1t|N, 1〉]

Note, that in the case of the exact resonance (∆ = 0), the states |N, k〉(k = 0, 1) do
not depend on the subspace index N:

|N, 0〉 = 1√
2

[
1
1

]
, |N, 1〉 = 1√

2

[ −1
1

]

5.3
Evolution Operator

Since the excitation-number operator commutes with the Hamiltonian, i.e. [H, N̂] =
0, the evolution operator takes the form

U(t) = e−iHt = e
−i
(

N̂+1/2
)

ωt
UI, UI = e−iVt

where the excitation-number operator and interaction Hamiltonian can be written
as a 2 × 2 matrices with respect to the atomic variables (which should not be
confused with matrix notations inside a subspace with a given N that was introduced
in the previous section).

N̂ =

 n̂ + 1

2
0

0 n̂ − 1

2

 , n̂ = a†a, V =


∆

2
ga

ga† −∆

2


To calculate the exponential of the operator V we use the Taylor series expansion:

V2 =

 g2aa† + ∆2

4
0

0 g2a†a + ∆2

4


or

V2 = g2
(

a†a + σz + I

2

)
+ ∆2

4
=
[

g2
(

N̂ + 1
2

)
+ ∆2

4

]
I

Thus

V2n =
[

g2
(

N̂ + 1
2

)
+ ∆2

4

]n

I

V2n+1 =
[

g2
(

N̂ + 1

2

)
+ ∆2

4

]n


∆

2
ga

ga† −∆

2


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finally, we obtain

UI (t) = I cos �Nt − i
sin �Nt

�N


∆

2
ga

ga† −∆

2

 , �N =
√

g2

(
N̂ + 1

2

)
+ ∆2

4

or in the matrix form

UI (t) =

cos �̂n+1t − i
∆

2�̂n+1
sin �̂n+1t −ig

sin �̂n+1t

�n+1
a

−ig
sin �̂nt

�̂n
a† cos �̂nt + i

∆

2�̂n
sin �̂nt

 (5.5)

where

�̂n =
√

g2n̂ + ∆2/4, n̂ = a†a (5.6)

We would like to mention here the following convenient commutation relations:

f (n̂)a = af (n̂ − 1), f (n̂)a† = a†f (n̂ + 1) (5.7)

where f (n̂) is an arbitrary function of the photon-number operator.

In the case of the exact resonance, Equation 5.5 simplifies to

UI (t) =


cos gt

√
n̂ + 1 −i

sin gt
√

n̂ + 1√
n̂ + 1

a

−i
sin gt

√
n̂√

n̂
a† cos gt

√
n̂


We can rewrite this formula in a different way using the phase operator for the
field (see Section 3.7):

UI (t) =
[

cos gt
√

n̂ + 1 −i sin gt
√

n̂ + 1 eiφ̂

−i sin gt
√

n̂ e−iφ̂ cos gt
√

n̂

]
(5.8)

Note that this form coincides with the atomic evolution operator in the external
classical field (Section 3.1), if eiφ̂ and n̂ ≈ n̂ + 1 are replaced by the classical field
phase and amplitude.

When this evolution operator acts on the initial state, we obtain the time
dependent wave function

|ψ (t)〉 = UI (t) |ψ (0)〉
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For instance, for the initial state |ψ (0)〉 = |φ〉f |1〉a, where |φ〉f = ∑
n φn|n〉f is an

arbitrary field state, taking into account that

cos gt
√

n̂ + 1|φ〉f =
∑

n

φn cos gt
√

n + 1|n〉f

sin gt
√

n̂√
n̂

a†|φ〉f =
∑

n

φn sin gt
√

n + 1|n + 1〉f

we obtain

UI (t) |φ〉f |1〉a =
∑

n

φn cos gt
√

n + 1|n〉f |1〉a − i
∑

n

φn−1 sin gt
√

n|n〉|0〉a

The evolution operator enables us to find an arbitrary operator in the Heisenberg
representation. For instance, for the atomic inversion operator σz under exact
resonance, we have σz (t) = U†σzU, where

U† =


cos gt

√
aa† ia

sin gt
√

a†a√
a†a

ia† sin gt
√

aa†
√

aa†
cos gt

√
a†a


Using the commutation relations (5.7) we arrive at

σz (t) =


cos 2gt

√
n̂ + 1 −i

sin 2gt
√

n̂ + 1√
n̂ + 1

a

i
sin 2gt

√
n̂√

n̂
a† − cos 2gt

√
n̂

 (5.9)

To find the atomic inversion evolution, one needs to calculate the average of the
above operator for a given initial state. For instance, if we take the atom initially in
its ground state, we obtain

a〈0|σz (t) |0〉a = − cos 2gt
√

a†a

which is still the field operator. For an arbitrary initial field state, we have
|φ〉f = ∑∞

n=0 φn|n〉f , and we arrive at the result

f 〈φ| a〈0|σz (t) |0〉a |φ〉f = −
∑

n

|φn|2 cos 2gt
√

n

We conclude this section with the discussion of the case of a large detuning
(which is also called the dispersive limit), ∆ � g

√
n, where n is the average number

of photons in the field. Expanding the operator �̂n (5.6) in series with a small
parameter g

√
n/∆

�̂n ≈ ∆

2
+ g2n

∆
+ · · · (5.10)
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we obtain the following approximation for the evolution operator (5.5):

UI (t) ≈ e−iξt/2

[
e−i[∆/2+χ(n̂+1/2)]t 0

0 ei[∆/2+χ(n̂+1/2)]t

]

where χ = g2/∆. Since the evolution operator in the dispersive limit takes the
diagonal form, the effect of the field on the atom reduces to phase shifts, different
for the excited and ground atomic states. An arbitrary initial state

|ψ (0)〉 =
[

b
a

]∑
n

ϕn|n〉f , |a|2 + |b|2 = 1

evolves as follows:

|ψ(t)〉 = UI(t)|in〉at|ϕ〉f = e−iχt/2

[
b e−it(∆+χ)/2 ∑

n ϕn e−iχnt|n〉f

a eit(∆+χ)/2 ∑
n ϕn eiχnt|n〉f

]

In particular, in the case of a coherent initial state of the field, |ϕ〉f = |α〉f , we
obtain

|ψ(t)〉 = e−iχt/2 [b e−it(∆+χ)/2|α e−iχnt〉f |1〉at + a eit(∆+χ)/2|α eiχnt〉f |0〉at
]

The density matrix of the field takes on the form

ρf = Trat
(|ψ(t)〉〈ψ(t)|) = |b|2|α e−iχnt〉f f 〈α e−iχnt| + |a|2|α eiχnt〉f f 〈α eiχnt|

which represents a statistical mixture of two coherent states centered at α e−iχnt

and α eiχnt, respectively.
The effective interaction Hamiltonian for the JCM in the dispersive limit has the

form

V �
[

∆

2
+ χ

(
n̂ + 1

2

)]
σz + χ

2
(5.11)

5.4
The Classical Field Limit

Let us introduce a new operator Q̂ [46] writing in the bare atomic basis

Q̂ =
[

eiφ̂ 0
0 1

]
(5.12)

where eiφ̂ is the phase operator (3.126). It is well known that phase operators defined
in this manner are not unitary, and, therefore, the operator Q̂ is not unitary:[

Q̂ , Q̂†
]

= |0〉f f 〈0| σ+σ−
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However, the operator Q̂ is unitary on the field states |n〉f if n ≥ 1, i.e. if one can
neglect the contribution of the vacuum state. Another representation of Q̂ is

Q̂ = e(1/2)iφ̂(σz+1) =
∑

k=0,1

eiφ̂k|k〉a a〈k| (5.13)

Assuming that the Fock states with small photon numbers do not contribute
significantly to the initial field state, we apply the Q̂ transformation to the JCM
Hamiltonian in the exact resonance case

Q̂†n̂Q̂ = n̂ − σz + 1
2

, Q̂†σzQ̂ = σz

and

H̃0 = Q̂†H0Q̂ = ωn̂

On the other hand,

Q̂†σ±Q̂ = σ± e∓φ̂

and the transformed interaction Hamiltonian takes the following form:

Ṽ = Q̂†VQ̂ =
[

e−iφ̂ 0
0 1

]
g

[
0 a
a† 0

][
eiφ̂ 0
0 1

]
= g

[
0 e−iφ̂a

a† eiφ̂ 0

]

Finally, due to e−iφ̂a = a† eiφ̂ =
√

a†a, we obtain

Ṽ = g

[
0

√
a†a√

a†a 0

]
= g

√
a†a σx

The transformed Hamiltonian is a diagonal operator in the field space. The n̂
operator commutes with all the other ingredients of the transformed Hamiltonian
and may be treated as the c-number when calculating the transformed evolution
operator Ũ(t) = exp

(−iH̃t
)
:

H̃ = H̃0 + Ṽ = ωn̂ + 2g
√

n̂ σx

Ũ(t) = exp(−iωn̂) exp(−2igt
√

n̂ σx)

or, in the matrix form

Ũ(t) = exp
(−iωn̂

) [ cos gt
√

n̂ −i sin gt
√

n̂
−i sin gt

√
n̂ cos gt

√
n̂

]
This coincides with the atomic evolution operator in the classical field of intensity
n̂ and phase equal to zero. Finally, one can recover the quantum field evolution
operator (5.8) by making the inverse transformation,

U (t) = Q̂Ũ(t)Q̂† (5.14)
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We have thus reconstructed the exact evolution operator for a two-level atom
interacting with a quantum field mode, knowing the functional form of the atomic
evolution operator in an external classical field. Surprisingly, this procedure can be
generalized to the case of an arbitrary atomic system interacting with a quantum
cavity field, provided that the field energy is much larger then the energy of the
atomic system. In this general case, the quantum field evolution operator can be
approximately reconstructed knowing the functional form of the corresponding
atomic evolution operator in an external classical field [46]. One may speak, in this
sense, about the ‘‘semiclassical quantization’’ of the atomic evolution operator.

5.5
Collapses and Revivals

Collapses and revivals of oscillations of the atomic inversion 〈σz(t)〉 represent one
of the most important features of the JCM which, in fact, motivated considerable
attention to this model in the 1980s [47, 47a]. Consider the atom initially in one of its
bare states (|k〉a, k = 1 or 0) and the field in a coherent state (CS) with a high average
photon number n � 1 (for instance, n = 100 may be considered as a very ‘‘high’’
photon number in this case). Then the field phase is well defined: ∆φ ∼ 1/2

√
n.

Fluctuations of the photon number grow with n, ∆n =
√〈

n2
〉− n2 ∼ √

n; however,

the relative fluctuations diminish, ∆n/n ∼ 1/
√

n. Thus, one can say that the
amplitude of the field is relatively well defined. Therefore, one can expect that
the interaction with a strong coherent field leads to oscillations of the atomic
inversion with the frequency 2� = 2g

√
n, as it happens in the case of the external

classical field (Rabi oscillations). However, the behavior of the atomic inversion
is much more complicated. 〈σz(t)〉 oscillates with the Rabi frequency only for
very short times; at times gt ∼ 1 oscillations collapse and the atomic inversion
remains constant for a large period of time; however the oscillations revive at the
time gTr ∼ 2π

√
n. This process is repeated several times with successive revivals

becoming less and less pronounced; finally, they are changed into a ‘‘quasi-chaotic
behavior’’. This simple model reveals clearly the difference between classical and
quantum field dynamics.

We now present a qualitative discussion of this phenomenon [47]. Let us consider
the atom initially in its ground state and the field in a coherent state |α〉f with
n = |α|2 � 1. The atomic inversion is determined by the formula

〈σz (t)〉 = 〈ψ(t)|σz(0)|ψ(t)〉
where

|ψ(t)〉 = U(t) |α〉f ⊗ |0〉a

From Equation 5.5, we obtain

〈σz (t)〉 = −
∞∑

n=0

Pn

[
∆2

4�2
n

+
(

1 − ∆2

4�2
n

)
cos 2�nt

]
(5.15)
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where Pn = e−nnn/n! is the Poisson distribution and

�n =
√

∆2

4
+ g2n

The frequencies �n are often called the quantum Rabi frequencies. Recall that the
Poisson distribution has a relatively sharp peak in the vicinity of the point n ∼ n
with the spread ∆n ∼ √

n. Therefore, the frequencies that essentially contribute to
the sum (5.15) correspond to values of n from the interval n − ∆n < n < n − ∆n,
where we may use the expansion of quantum Rabi frequencies around the value of
the classical Rabi frequency � = �(n) = √

∆2/4 + g2n:

�n =
√

∆2

4
+ g2n = � + g2∆n

2�
− (g2∆n)2

8�
3 + · · · (5.16)

Hence, the spread of the frequencies is of the order

∆�n ∼ g2∆n

�
∼ g√

1 + ∆2/4g2n

This means that the cosine functions in the sum (5.15) become out of phase at
time Tc ∼ 1/∆� and oscillations collapse. The collapse time is given by

Tc ∼ 1

∆�
=
√

1 + ∆2/(4g2n)

g

On the other hand, oscillations with neighboring frequencies become in phase
again at time instants when

2πk = 2t [�(n + 1) − �(n)] ≈ g2t

�
, k = 1, 2, . . .

i.e. the system revives at the following instants of time:

Tr ∼ k
2π�

g2

Therefore, there are three different time scales in the JCM: the period of a
single Rabi oscillation TRabi ∼ 1/2� (which is very short if n � 1); the collapse
time gTc ∼ √

1 + ∆2/(4g2n); and the revival time Tr ∼ 2π�/g2. It is clear that
TRabi 
 Tc 
 Tr. These timescales are well seen in Figure 5.1 where the typical
time evolution of the atomic inversion, 〈σz (t)〉, is shown.

Let us turn to the quantitative description of the problem considering separately
two different limits–of a large detuning ∆ � g

√
n (the dispersive limit) and of zero

detuning ∆ = 0.

5.5.1
The Dispersive Limit

In the case of large detuning, ∆ � g
√

n, one can expand the quantum Rabi
frequencies, �n, in a power series with a small parameter g

√
n/∆ (in the same

manner as was done in Equation 5.10). In this case, we restrict ourselves to the
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Figure 5.1 Collapses and revivals of the atomic inversion,
〈σz(t)〉in the JCM. The atom is initially excited and the field
is taken in the initial coherent state with n = 16.

linear approximation for the frequencies:

�n ≈ ∆

2
+ ξn + · · · , ξ = g2

∆

Then the sum in Equation 5.15 is transformed to the form

〈
σz(t)

〉 = −1 + 4ξ

∆

[
n −

∞∑
n=0

Pnn cos (∆ + 2ξn) t

]

where the terms of order O
(
(ξn/∆)2

)
have been neglected. This sum contains

harmonic frequencies and can be easily calculated. One finds

∑
n

Pnn ei2ξnt = n e−n ∂

∂n

∑
n

[
n exp (i2ξt)

]n

n!

= n en(cos 2ξt−1) ei(n sin 2ξt+2ξt)

Here, the envelope of the Rabi oscillations exp
(−2n sin2 ξt

)
diminishes when

2n sin2 ξt ∼ 2n(ξt)2 ∼ 1, which determines the collapse time

Tc ∼ 1√
2nξ

= ∆

g2
√

2n

The function 〈σz (t)〉 does not oscillate when n sin2(ξt) � 1, and then oscillations
revive again at the time instants ξt ∼ πk, k = 1, 2, . . . , which gives the revival
times

kTr = kπ∆

g2
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The phase of the oscillations ≈ ∆ + n sin 2ξt, in the vicinities of the revival times
kTr − Tc < t < kTr + Tc can be approximated as 2�t − 2πkn, which leads us to the
expression

〈σz (t)〉 ≈ −1 + 4ξn

∆

[
1 − e−2n sin2 ξt cos

(
2�t − 2πkn

)]
� = ∆

2
+ ξn

In this case, the behavior of the atomic inversion is regular. Rabi oscillations (of a
very small amplitude) revive periodically and subsequent revivals are identical to
each other. It is a general property of the harmonic approximation that works well
in the case under study. Note, that the revival times do not depend on the field
intensity in this limit.

5.5.2
Exact Resonance

Replacing ∆ = 0 in Equation 5.15 we obtain

〈σz (t)〉 = −
∞∑

n=0

Pn cos 2gt
√

n (5.17)

This sum is essentially anharmonic, and it is necessary to take into account
the quadratic terms in the expansion for the Rabi frequencies (Equation 5.16).
Different analytic methods were applied to find a closed expression for this sum in
the strong field case, (n � 1), in Refs. [47, 48]. All these methods lead to similar
(though different in small details) expressions for the atomic inversion as a sum of
oscillating packets with Gaussian envelopes. Each packet corresponds to a single
revival of the Rabi oscillations with growing spreads and decreasing maxima of
subsequent revivals. Here we show that the sum (5.17) can be approximately written
in terms of the Jacobi function �3 (see, e.g. [49]). Once this is done, the analytic
expression for the collapses and revivals arises naturally, by using the well-known
properties of the �3 function. In fact, this is a general method of treating sums
with quadratic frequencies.

The sum (5.17) can be rewritten in the form

〈σz (t)〉 = −Re W+, W+ =
∑
n=0

Pn ei2gt
√

n

Let us start with the case of the integer average photon number n. Expanding the
square root in a Taylor series and taking into account the second-order terms,
we get

√
n ≈

√
n + m

2
√

n
− m2

8n3/2 , m = n − n
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where m is integer. For strong fields (n � 1), one may, with a high accuracy,
approximate the Poisson distribution by a Gaussian distribution

Pn ≈ 1√
2πn

e−m2/2n

Then the sum W+ takes the form of the Jacobi �3 function

W+ = eigt2
√

n

√
2πn

�3(z|µ)

where, by definition,

�3(z|µ) =
∞∑

m=−∞
eizm−µm2

and

z = gt√
n

, µ = 1

2n

(
1 + igt

2
√

n

)
, σ = 2nµ = 1 + igt

2
√

n

Using the Poisson summation formula,

∞∑
n=−∞

f (n) =
∞∑

m=−∞

∫ ∞

∞
dx f (x) e2πimx

we obtain another representation for the Jacobi function

�3(z|µ) =
√

π

µ

∑
k

exp
[
− (z − 2πm)2

4µ

]
The sum W+ can thus be approximated as

W+ = eigt2
√

n

√
σ

∑
k

exp
[
− g2(t − Trk)2

2σ

]
, Tr = 2π

√
n/g

Taking into account that

1
σ

= e−iφ

|σ| , φ = arctan
gt

2
√

n
, |σ|2 =

[
1 + g2t2

4n

]
we obtain

〈σz (t)〉 = −Re W+ = |σ|−1/2
∑

k

e−τ2
k/2|σ|2 cos

[
2g

√
nt + τ2

kgt

4
√

n|σ|2 − φ

2

]

Here we have introduced the local time in the vicinity of the kth revival, τk =
g(t − Trk) . The spread of each revival, ∆τk/g has the same order as the collapse
time Tc. Recalling that the oscillations disappear between different revivals, we can
use the values of the parameters σ(t) and φ(t) at revival times t = Trk (indeed, these
are slowly varying functions, which do not change significantly in the time range
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kTr − Tc < τk < kTr + Tc)

|σ(t = Trk)|2 → 1 + π2k2, φ(t = Trk) → φk = arctan πk

Finally, we obtain

〈σz (t)〉 = −
∑

k

exp

{
− τ2

k

2(1 + π2k2)

}
cos

[
ψk(t)

]
(1 + π2k2)1/4

(5.18)

ψk(t) = 2g
√

nt + τ2
kπk

2(1 + π2k2)
− φk

2
(5.19)

In this sum, the index k corresponds to the revival number, as the kth term is
essentially different from zero only in the vicinity of the revival time Trk. For
instance, within the interval of the initial collapse, τ0 = gt ∼ 1 
 2π

√
n only the

term k = 0 is different from zero in the sum (5.18). In turn, the first revival appears
when t ∼ Tr and τ1 ∼ 1 
 2π

√
n. Revivals have Gaussian envelopes with a spread

|σ(kTr)|2 = 1 + π2k2 and a decreasing maximum (1 + π2k2)−1/4, which means that
every subsequent revival is wider and lower than the preceding one. The Rabi
oscillations of the frequency 2g

√
n inside every revival are modulated by the phase

shift τ2
kπk/2(1 + π2k2) − φk/2.

For noninteger values of the average photon number n, the above formulas must
be modified in such a way that the values of the index m in the definition of the
Jacobi function are integers. To achieve this, we introduce

n = [n] + δ, n = [n] + m = n − δ + m

where [n] is the integer part of n. Thus we have

Pm ≈ 1

2πn
exp

(
− (m − δ)2

2n

)
and

√
n =

√
[n] + m

2
√

n
− m2

8n3/2 + O(1/n)

Correspondingly, the phase ψk(t) in Equation 5.19 must be replaced by the phase

ψk(t) = 2g
√

[n]t + τ2
kπk

2(1 + π2k2)
− φk

2

5.6
The JCM with an Initial Thermal Field

Let us consider now the JCM with the initial field in a thermal state. If the atom
is taken initially in its ground state, the atomic inversion is given by the same
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Figure 5.2 Dynamics of the atomic inversion in the JCM
with the initial thermal field state, n = 25, and the atom
initially in its ground state. The solid line corresponds to
the numerical calculation and the dotted line to the analytic
approximation.

Equation 5.17, and the photon-number distribution for the thermal state has a form

Pn = (1 − q) qn, q = n

n + 1
(5.20)

and n is the average photon number. In this case, the collapse–revival structure
disappears [50] (see, also, [51]). The initial atomic inversion collapses to the midlevel
and does not oscillate for some period of time; this is followed by a quasi-chaotic
behavior (see Figure 5.2).

To evaluate the series (Equation 5.17) we use the Abel–Plana summation formula
(see, [52], Chapter VII, Miscellaneous examples, example 7):

∞∑
n=0

f (n) = 1

2
f (0) +

∫ ∞

0
dx f (x) + i

∫ ∞

0
dx

f (ix) − f (−ix)

exp(2πx) − 1

For atomic inversion, we find

〈σz (t)〉 = −(1 − q)
(

1

2
+ I0(t) + I1(t)

)
(5.21)

where

I0(t) = Re
∫ ∞

0
dx exp

[
x ln q + 2igt

√
x
] =

= 1

| ln q |
[
1 + √

πz e−z2
Im

(
1 − erf(−iz)

)]
(5.22)

I1(t) =
∫ ∞

0
dx

[
χ(t, x) + χ(−t, x)

]
exp(2πx) − 1

, z = 2gt√| ln q |
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and

χ(t, x) = exp
(

gt
√

2x
)

sin
(

gt
√

2x − x ln q
)

The first integral I0 in Equation 5.21 corresponds to the semiclassical limit when
the series is replaced by the integral and describes the initial part of the curve (initial
collapse) [50]. In the strong field case, n � 1 and q = 1 − ε, − ln q ≈ ε ∼ 1/n. Then,
for short times, gt ∼ √

ε, the integral I0 ∼ 1/ε, while for gt >
√

ε it rapidly tends to
zero (∼ (gt)−2). Note that the average photon number n appears only in the scale
factors in Equation 5.22, which determines the scales of time and of I0 itself.

The second integral I1 gives quantum corrections that are responsible for quasi-
chaotic behavior. The principal contribution to the integral is given by the vicinity
of the point x0 = (gt)2/(8π2) (of the width ∆x ∼ gtπ−3/2/2). If x0ε 
 1, which
means that gt 
 π

√
8n, the integral I1 is almost independent of the average photon

number and is approximated as follows:

I1(t) = 2
∫ ∞

0
dx

sinh
(

gt
√

2x
)

sin
(

gt
√

2x
)

exp(2πx) − 1
+ O(ε) (5.23)

In Figure 5.2 we show the results of both the exact (numerical) and analytical
calculations, Equations 5.21–5.23.

To conclude, the quantum corrections to the semiclassical dynamics of the
atomic inversion in the strong thermal field do not depend on the intensity of
the field in the large time range gt 
 π

√
8n [53]. This range corresponds to the

beginning of the ‘‘quasi-chaotic’’ behavior.

5.7
Trapping States

As has been seen, the behavior of the atom interacting with a quantum field is
different from that in a classical field. However, there exist special initial states
of the atom for which the quantum nature of the field almost does not affect the
atomic dynamics [54].

In the classical field limit, the photon creation and annihilation operators in the
JCM Hamiltonian should be replaced by complex numbers (field amplitudes)

â → α ≡
√

n eiϕ, â† → α ≡
√

n e−iϕ (5.24)

where n is the classical field intensity in units of the photon number and ϕ is the
classical field phase. The resulting Hamiltonian describes the atom in an external
classical field of amplitude

√
n and phase ϕ:

Hcl = g
√

n
(
e−iϕσ− + eiϕσ+

) = g

[
0 α

α 0

]
(5.25)

The atomic evolution operator in the external classical field takes the form

Ucl (t) =
[

cos (�t) −i sin (�t) eiϕ

−i sin (�t) e−iϕ cos (�t)

]



100 5 The Jaynes–Cummings Model

where � = g
√

n is the classical Rabi frequency. Let us denote the eigenvalues and
eigenstates of Hcl as λp

√
n and |p, ϕ〉a :

Hcl|p, ϕ〉a = λp

√
n|p, ϕ〉a, p = 0, 1 (5.26)

where the argument ϕ indicates the dependence of the eigenvectors of the semi-
classical Hamiltonian of the phase of this classical field. Hcl can be rewritten in the
form

Hcl =
√

n ei(1/2)ϕσz (σ− + σ+) e−i(1/2)ϕσz

and hence

|p, ϕ〉a = ei(1/2)ϕσz |p〉a (5.27)

where |p〉a = |p, 0〉a are eigenvectors of the operator σx = σ− + σ+

σx|p〉a = λp|p〉a, λp = 2p − 1, p = 0, 1 (5.28)

In the standard representation, the normalized eigenvectors |p〉a are

|0〉a = 1√
2

[
1

−1

]
, |1〉a = 1√

2

[
1
1

]
and the vectors |p, ϕ〉a have the form

|0, ϕ〉a = 1√
2

[
eiϕ/2

−e−iϕ/2

]
, |1, ϕ〉a = 1√

2

[
eiϕ/2

e−iϕ/2

]
We call the vectors |p, ϕ〉a semiclassical states. Their evolution under the classical
field Hamiltonian is reduced to the global phase factor

exp (−itHcl) |p, ϕ〉a = e−iλp
√

nt|p, ϕ〉a

This means that atomic inversion will be always zero in these states, since the
operator σz has an off-diagonal form in the basis of eigenvectors of the operator σx:
〈p|σz|p〉 = 0.

Let us return now to the quantum field case and calculate the average value of
the atomic inversion

〈σz (t)〉 = 〈ψ(t)|σz (0) |ψ(t)〉
when the initial field is in a coherent state |α〉f , α = √

n eiφ with high photon
number, n � 1 and the atom is initially taken to be in its semiclassical state, |p, ϕ〉a,
for instance |1, ϕ〉a:

|in〉 = |α〉f ⊗ 1√
2

[
eiϕ/2

e−iϕ/2

]
(5.29)

The evolution of this state for the exact resonance case can be found applying the
evolution operator (5.8) to the state (5.29):
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|ψ(t)〉 = 1√
2

 cos gt
√

n̂ + 1 ei(1/2)ϕ − i sin gt
√

n̂ + 1 e
i
(
φ̂−(1/2)ϕ

)
cos gt

√
n̂ e−i(1/2)ϕ − i sin gt

√
n̂ e

−i
(
φ̂−(1/2)ϕ

)
 |α〉

Recall that e±iφ̂ are the field phase operators. In the coherent state, the phase
fluctuations are ∼ 1/2|α| and the phase is well defined when n = |α|2 � 1. In other
words,

e±i(1/2)φ̂|α〉 = e±i(1/2)ϕ|α〉 + O

(
1√
n

)
Hence we have

|ψ(t)〉 ≈ 1√
2

[
e−igt

√
n̂+1 ei(1/2)ϕ

e−igt
√

n̂ e−i(1/2)ϕ

]
|α〉 + O(n−1/2) (5.30)

and the atomic inversion is approximately equal to zero.

〈σz (t)〉 = 〈ψ(t)|σz (0) |ψ(t)〉 = O
(
n−1/2) → 0, n → ∞

This means that the states |p, ϕ〉a are ‘‘trapping states’’; there is no energy exchange

between the atom and the field within an accuracy of O
(

1/
√

n
)

). In this sense, the

initial states (5.29) evolve as in the case of an external classical field. That is why
the states

|p, ϕ〉a|α〉f = ei1/2ϕσz |p〉a|α〉f (5.31)

are called semiclassical states of the whole system.

5.8
Factorization of the Wave Function

The semiclassical states are, in fact, more than trapping states. To see this, let us
further transform the wave function (5.30). Expanding the square root

√
n̂ + 1 in a

power series with a small parameter 1/n 
 1:√
n̂ + 1 ≈

√
n̂ + 1

2
√

n̂
+ O(n−3/2)

we rewrite Equation 5.30 in the form

|ψ(t)〉 ≈ 1√
2

e−igt
√

n̂

[
e−igt/(2

√
n) ei(1/2)ϕ

e−i(1/2)ϕ

]
|α〉

where we have substituted 1/
√

n̂ → 1/
√

n. This leads to an error in the frequencies
of the order O(1/n). Indeed,

1√
n̂

= 1√
n + ∆n̂

≈ 1√
n

− ∆n̂

2n3/2 , ∆n̂ = n̂ − n ∼
√

n
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Therefore, our approximation is valid for times gt < n. Now, taking into account
that

exp
[
−i

ω1t

2
(σz + 1)

]
|1〉a = 1√

2

[
e−iω1t

1

]
, ω1 = g

2
√

n

we conclude that the wave function of the system for the initial state (5.29) is
approximately written in the following form [55]:

|ψ(t)〉 ≈ |A(t)〉a|�(t)〉f = 1√
2

[
e−iω1t

1

]
⊗ e−igt

√
n̂|α〉

In general, for the initial atomic state |p, ϕ〉(p = 0, 1), the result reads

|ψ(t)〉 ≈ |Ap(t)〉a|�p(t)〉f (5.32)

|Ap(t)〉a = exp
[−iωpt (σz + 1) /2

] |p, ϕ〉a (5.33)

|�(t)〉f = e−iλp gt
√

n̂|α〉 (5.34)

where

ωp = λpg

2
√

n
(5.35)

and λp is an eigenvalue of the semiclassical Hamiltonian (5.26) and (5.28).
Equation 5.32 implies that if the system is initially prepared in its semiclassical

state (5.31), then the total wave function remains approximately factorized into
the product of the atomic and field wave functions [55]. Usually, the factorization
means that the subsystems do not interact. This is not our case, however, since
the evolution of the atomic part of the wave function depends on the initial field
intensity n and the field part depends on the initial atomic parameter λp. Moreover,
the evolution of every subsystem (field or atom) alone is not unitary: the states
|1, ϕ〉a, |0, ϕ〉a evolve in such a manner that they coincide (up to the phase factor)

at a specific instant of time t0 = π/ω1 = π
√

n/g = Tr/2.

|A1(t0)〉a = 1√
2

[ −i ei(1/2)ϕ

e−i(1/2)ϕ

]
= −|A0(t0)〉a

However, the states |0, ϕ〉a and |1, ϕ〉a are orthogonal, and thus must remain
orthogonal in the course of a unitary evolution.

Let us analyze the evolution of the field part of the factorized wave function (5.34).
This evolution is nonlinear and is governed by the effective field Hamiltonian,

Heff = λpg
√

n̂

To better understand it, one may expand the square root
√

n̂ = √
n + ∆n̂ in powers

of the operator ∆n̂/n ∼ 1/
√

n:

Heff = λpg
√

n̂ ≈ λpg

(√
n + ∆n̂

2
√

n
− (∆n̂)2

8n3/2

)
(5.36)
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Applying the linearized operator to the initial coherent state and neglecting the
quadratic term ∼ 1/

√
n for times gt 
 √

n, we have

|�(t)〉f = e−iλp gt
√

n̂|α〉 ≈ e−iλp gt
√

n/2|e−iωptα〉 (5.37)

Here we have used the fact that e−iωptn̂|α〉 = |e−iωptα〉. This means that for short
times (before the first revival), the initial coherent state simply rotates with the
frequency ωp in the phase plane of the field. For larger times, one has to take into
account the anharmonic terms in Equation 5.36, which deform the shape of the
initial coherent state.

It is important that the evolution of an arbitrary initial atomic state can be
described in terms of the factorized states. To see this, we recall that the states
|p, ϕ〉a form a complete basis in the atomic Hilbert space, and the arbitrary initial
atomic state can be written in this basis as

|ψ(0)〉a =
1∑

p=0

Cp|p, ϕ〉a, Cp = a〈p, ϕ|ψ(0)〉a

and thus, the evolution of this state in the presence of the initially coherent
quantum field is given as a superposition of the factorized states

|ψ(t)〉 =
1∑

p=0

Cp|Ap(t)〉a|�p(t)〉f (5.38)

Let us take, for example, the atom in the initial ground state, |ψ(0)〉a = |0〉a, and
the field in the coherent state with zero phase, α2 = n, and calculate the atomic
inversion evolution using the factorized wave functions (5.32). We have

〈ψ(t)|σz|ψ(t)〉 ≈
1∑

p,q=0

CpC∗
q a〈Aq(t)|σz|Ap(t)〉a f 〈�q(t)|�p(t)〉f (5.39)

where C1 = −C0 = 1/
√

2. Using the definition of the atomic states (5.33), one can
easily find the atomic matrix element

a〈Aq(t)|σz|Ap(t)〉a = a〈q|σz exp
[
−i

ωp − ωq

2
(σz + 1) t

]
|p〉a (5.40)

In turn, the overlap integral between the field states

f 〈�q(t)|�p(t)〉f =
∑

n

Pn e−i(λp−λq) gt
√

n (5.41)

has the form of an anharmonic series. To get a qualitative image, one may use the
linear approximation (Equation 5.37) for short times

f 〈�q(t)|�p(t)〉f ≈ e−i(λp−λq) gt
√

n/2〈e−iωqtα|e−iωptα〉 (5.42)
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The rapidly oscillating factor e−i(λp−λq) gt
√

n/2 represents here the Rabi oscillations.
Their slowly varying amplitude takes the form

|〈e−iωqtα|e−iωptα〉| = exp
[
−

√
n|e−iωqt − e−iωpt|2/2

]
(5.43)

The amplitude has its maximum at time t = 0 and the oscillations collapse when
√

n|e−iωqt − e−iωpt| ∼ 1

Since ωp ∼ 1/
√

n (and we are interested here in short times), we can expand the
exponents in series and obtain the collapse time

Tc = 1(
ωp − ωq

)√
n

On the other hand, it is seen from Equation 5.43 that the amplitude of the
oscillations is once again ∼1 when(

ωp − ωq
)

Tr = 2πk, k = 1, 2, . . .

which gives us the times of possible revivals. For these time instants, the atomic
matrix element (Equation 5.40) is almost independent of time, since

exp
[
−i

ωp − ωq

2
(σz + 1) Tr

]
= exp [−iπ (σz + 1)] = 1

and therefore,

a〈Aq(t)|σz|Ap(t)〉a ≈ a〈q|σz|p〉a = δp, q±1 (5.44)

Finally, from Equation 5.39 using Equations 5.41 and 5.44 we find

〈ψ(t)|σz|ψ(t)〉 = −
∑

n

Pn cos(2 gt
√

n)

We thus recover the former expression for the atomic inversion.

5.9
Evolution in Field Phase Space

The factorized wave functions (5.32) lead to a very transparent dynamic picture
in the field phase plane. To visualize the evolution of the field one may use, for
example, the Q function, i.e. the matrix element of the field density matrix between
the coherent states:

Q(β) = 〈β|ρf |β〉 (5.45)

Here, the coherent state parameter β takes arbitrary complex values and the complex
β plane represents a classical phase space of the field. The field density matrix is
obtained from the total density matrix taking the trace over the atomic variables,
ρf = Tra

(|ψ(t)〉〈ψ(t)|). In the case of the semiclassical initial state, which leads to
the factorized wave function, we have ρf ≈ |�p(t)〉f f 〈�p(t)|. Hence the Q function
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for a single semiclassical state is given by

Q(β) = |〈β|�p(t)〉f |2

For short times t < Tr, when the linear approximation is valid, the Gaussian hump
corresponding to the initial coherent state rotates around an origin of the phase
plane along a circle of radius

√
n with the frequency ωp. For larger times one

cannot neglect the anharmonic terms in Equation 5.36. They deform the shape of
the initial coherent state. The hump that corresponds to the state |�(t)〉f acquires
a typical crescent shape. The Q-function evolution at this stage can be described
analytically [56, 57] taking into account the quadratic term in the expansion (5.36).
The crescent shape leads to squeezing of the field quadrature components [57, 58].
Further on, the phase spread exceeds 2π, which leads to self-interference in the
phase plane. This, in turn, leads to a kind of standing waves at some time instants,
which are called fractional revivals [59]. This phenomena for the JCM can also be
explained at the level of quadratic approximation to the frequencies. Note here that
the field Hamiltonian

H = ωn̂ + χn̂2 (5.46)

has an independent physical sense and describes the optical Kerr medium (see
Section 4.3) [34,35]. This is the simplest model that reveals the phase spread due to
the nonlinear evolution. It demonstrates, to some extent, dynamic features similar
to those of the JCM [56]. For instance, the standing waves in the phase space are
very well pronounced for a Kerr medium (it is the consequence of the integer
spectrum of the nonlinear term n̂2). They are usually called the ‘‘Schrödinger cat
states’’ [36].

For an arbitrary initial atomic state, the situation is more complicated. The initial
coherent state is split into two humps, which correspond to the two different
semiclassical states in the decomposition (5.38). These humps rotate with the
frequencies ω0 = −ω1 = g/2

√
n (i.e. clockwise and counterclockwise) along the

circle of radius
√

n. When the humps are away from each other, there are no Rabi
oscillations, since the overlap integral between the semiclassical states is zero, in
accordance with Equations 5.39 and 5.42; this corresponds to the collapse region.
From this, one can estimate once again the collapse time. Indeed, the Q function of
a single semiclassical state is represented by a round hump of the radius ∼1. The
humps start their motion from the same point in opposite directions with linear
velocities |ω0|

√
n and become well separated after a time t ∼ 2ω0

√
n = 1/g = Tc.

The Rabi oscillations revive when the humps meet each other in the phase plane.
This happens at the times t = kπ/ω0 = kTr. It is the interference of different
semiclassical state that produces revivals of the Rabi oscillations.

5.10
The JCM without RWA

In this section, we consider the JCM without the RWA. Let us recall that the
Hamiltonian has the form



106 5 The Jaynes–Cummings Model

H = H0 + H1 + H2, H0 = 1

2
ωaσz + ωf a†a (5.47)

H1 = g
(
aσ+ + a†σ−

)
, H2 = g

(
a†σ+ + aσ−

)
where H0 + H1 is the JCM Hamiltonian under the RWA and H2 represents the
counter-rotating terms. (Note, that the counter-rotating terms in Equation 5.2 have
a different sign; it can be changed by the appropriate unitary transformation.)
In the classical field limit, these terms cause a small shift of the resonance
frequency [22,60], δcl = g2n/(ωf + ωa), where n is the field intensity in the units of
the photon number.

We show now that the perturbation theory developed for the classical field (see
Section 2.5) can be directly generalized to the quantum field, leading to a simple
effective Hamiltonian that takes into account the influence of counter-rotating
terms. In the quantum domain, the Bloch–Siegert shift depends on the photon
number; the corresponding term in the effective Hamiltonian appears to be [61]

g2

2ω
n̂σz, n̂ ≡ a†a, ω ≡ (ωa + ωf )

2

Terms of this kind are usually called dynamical Stark shifts [62]. The eigenvectors
and eigenvalues of the effective Hamiltonian can be easily found. We finally apply
this approach to find the atomic inversion evolution. It leads to a modification of
the shape of the JCM collapses and revivals in the RWA.

5.10.1
Diagonalization of the Hamiltonian

We approximately transform the Hamiltonian (5.47) to one that commutes with
the excitation- number operator N̂, applying a sequence of small unitary transfor-
mations according to the general scheme described in Appendix 11.4. At the first
step, we apply the following transformation to the Hamiltonian (5.47):

V = exp [εA] , A = a†σ+ − aσ−

Assuming ε to be small, we neglect the terms of order εk, k ≥ 3, writing

VHV† ≈ H + ε[A, H] + ε2

2
[A, [A, H]]

The parts of the Hamiltonian are transformed as follows:

VH0V† ≈ H0 − 2εω(a†σ+ + aσ−)

− ε2ω[σz(2n̂ + 1) − 1] (5.48)

VH1V† ≈ H1 + εg(a†2 + a2)σz − ε2g[(σ+a†3 + σ−a3)

+ (σ+an̂ + n̂a†σ−)] (5.49)

VH2V† ≈ H2 + εg[σz(2n̂ + 1) − 1]

− 2ε2g(σ−an̂ + n̂a†σ+) (5.50)
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The second term in Equation 5.48 cancels the antirotating term H2 provided we
choose the parameter as follows:

ε = g

2ω

Now, the zeroth order transformed Hamiltonian commutes with N̂, and conserves
the number of excitations. Let us note that the parameter ε is indeed small for a
standard experimental setup. The third term in Equation 5.48 and the second one
in Equation 5.50 are of the first order and give the quantum Bloch–Siegert shift.

In order to diagonalize the Hamiltonian up to the second order in ε in the basis
of eigenstates of N̂, we apply the second transformation

V1 = exp [φB] , B = (
a†2 − a2) σz, φ = εg

2ωf
∼ ε2

Then, the second term in the transformed H0 Hamiltonian

V1H0V†
1 ≈ H0 − φ 2ω(a†2 + a2)σz − 8φ2 ω

(
n̂ + 1

2

)
cancels the second term in Equation 5.49, whereas the last term in the above
equation is of order ε3. The whole Hamiltonian after the transformations V and V1

takes the following form:

V1VHV†V
†
1 ≈ H0 + H̃1 + εg

[
σz

(
n̂ + 1

2

)
− 1

2

]
− 2ε2 ω

ωf
g
[
a3σ+ + a†3σ−

]
+ ε2g

[
ωa

ωf

(
a†3σ+ + a3σ−

)+ ωa − ωf

ωf

(
σ+n̂a† + an̂σ−

)]
(5.51)

where H̃1 is the RWA interaction Hamiltonian with intensity-dependent coupling
constant

H̃1 = g(n̂)a†σ− + σ+ag(n̂), g(n̂) = g(1 − ε2n̂)

We notice that the last two terms in Equation 5.51 can be easily eliminated
applying the corresponding transformations with rotation parameters proportional
to ε3 which, of course, does not affect the terms of the order of ε2. To get rid of
the term ∼ ε2g(a3σ+ + a†3σ−) describing the three-photon transitions, one should
apply the transformation

V3 = exp
[
γ
(
a3σ+ − a†3σ−

)]
(5.52)

with

γ = 2ε2 ω

ωf

g

ωa − 3ωf
(5.53)

If the atomic transition is far from the three-photon resonance, we get γ ∼ ε3,
and the term ε2g(a3σ+ + a†3σ−) can be eliminated. But in the resonant case, when
ωa � 3ωf , the parameter γ is great and the transformation (5.52) cannot be applied
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anymore. From Equation 5.53, it is easy to find the width of the three-photon
resonance: ωa − 3ωf ∼ gε2, which is much smaller then the width of the first
resonance, ωa − ωf ∼ g. Let us note that in the three-photon resonance case the
term describing the one-photon transitions, g(aσ+ + a†σ−), can be removed by the
appropriate small transformation.

To conclude, the effective Hamiltonian in the region close to the one-photon
resonance takes the form

Heff = ωa

2
σz + ωf a†a + g2

2ω

[
σz

(
n̂ + 1

2

)
− 1

2

]
+ g(n̂)a†σ− + σ+ag(n̂) (5.54)

where g(n̂) = g(1 − ε2n̂). It is clear that [Heff , N̂] = 0 and the dynamics with Heff can
be found exactly, as for the common JCM. Corrections produced by the counter-
rotating terms appear in the first order as the intensity-dependent detuning
(‘‘dynamical Stark shift’’) and, in the second order, as the intensity-dependent
coupling. One can rewrite the Stark shift term in Equation 5.54 as follows:

εg

[
σz

(
n̂ + 1

2

)
− 1

2

]
= εgσz

(
N̂ + 1

2

)
− εg

This means that the atomic transition frequency acquires a different shift in each
invariant subspace.

Let us denote the bare basis by |N, k〉 = |N − k〉f |k〉a (where k = 0, 1 is the atomic
excitation number) and the dressed basis by |N, k〉, so that the eigenvectors and
eigenvalues of the initial Hamiltonian are

H|N, k〉 = λN,k|N, k〉

The exact eigenvalues are approximated by those of the effective Hamiltonian
(5.54), which are given by

λN,k=0,1 = ωN − εg + (−1)k�N , �N =
√

∆2
N

4
+ g2

N (5.55)

where

∆N = ∆ + 2Nεg, gN = g
√

N(1 − ε2N), ε = g

2ω

Here the term 2Nεg represents the dynamical Stark shift corresponding to the
semiclassical Bloch–Siegert shift. The eigenvectors (dressed vectors) in the first
order in ε take the following form:

|N, k〉 = ak
N |N, 0〉 + bk

N |N, 1〉

+ ε

[√
N − 1 bk

N |N − 2, 0〉 − √
N + 1 ak

N |N + 2, 1〉
]

(5.56)
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where

a0
N = b1

N =
√

1

2
− ∆N

4�N
, a1

N = −b0
N = −

√
1

2
+ ∆N

4�N

In the zeroth order approximation, the two eigenvectors |N, k〉, k = 0, 1 are localized
in the subspace with N excitations, and in our notation, k = 0 corresponds to the
higher eigenvalue (for a given N). Small contributions of the subspaces N ± 2
appear in the first order.

5.10.2
Atomic Inversion

Let us assume that initially the field is taken in the coherent state with zero phase
and the atom is prepared in its ground state

|in〉 =
∑

Pn|n〉f |0〉a, Pn =
√

e−nnn

n!

The wave function evolution is given by

|�(t)〉 =
∑
N,k

exp(−itλNk)CNk|N, k〉

where CNk are coefficients of the expansion of the initial state in the dressed basis

CNk = 〈N, k|in〉 = PNak
N + ε

√
N − 1PN−2bk

N

In the first order approximation, we have

|�(t)〉 ≈ |�(t)〉0 + ε|�(t)〉1 (5.57)

|�(t)〉0 =
∑

N

e−iωNtPN

{(
cos �Nt + i∆N

2�N
sin �Nt

)
|N, 0〉

− igN

�N
sin �Nt|N, 1〉

}

|�(t)〉1 =
∑

N

e−iωNt
{[

−i e−i2ωt sin �N+2
√

N + 1PN+2
gN+2

�N+2

− i sin �Nt
√

N − 1PN−2
gN

�N

]
|N, 0〉

+ √
N − 1PN−2

[
ei2ωt

(
− cos �N−2t − i∆N−2

2�N−2
sin �N−2t

)
+ cos �Nt − i∆N

2�N
sin �Nt

]
|N, 1〉

}
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Figure 5.3 Dynamics of atomic inversion in the JCM without
RWA for the initial coherent state of the field, n = 30, and
the ground state of the atom; g = 1, ω = ωa = 50.

The atomic inversion 〈�(t)|σz|�(t)〉 versus the time (g = 1) is shown in Figure 5.3
for the values ωa = ωf = 50 and n = 30. This picture shows the results of exact
numerical diagonalization of the Hamiltonian (5.47); the calculation with the wave
function (5.57) is in an excellent agreement with the exact results. The small
parameter ε = g/(ωa + ωf ) = 0.01. The graph differs significantly form the atomic
inversion picture for the JCM under RWA, Figure 5.1. For instance, the rapid
oscillations with the frequency ∼ ω are still present when the Rabi oscillations
(frequency ∼ �n) are collapsed.

5.10.3
Classical Field Limit

In the rotating frame (making the transformation exp(iωf n̂t)), the Hamiltonian
(5.47) takes the form

H(t) = 1
2

ωaσz + gσx

(
a e−iωf t + a† eiωf t

)
(5.58)

Usually, the classical field limit is obtained by replacing here the field operators by
c-numbers: a → α. Then

Hcl(t) = 1

2
ωaσz + gσx

(
α e−iωf t + α∗eiωf t

)
which is the Hamiltonian studied by Shirley [22]. However, the quasi-classical limit
can be obtained in a different way. Let us take the field initially in a coherent state.
Then the relative fluctuations of the field intensity become small ∆n 
 n, and one
may substitute a → √

n exp(iφ̂) in the initial Hamiltonian (5.47), where n is the
field intensity and exp(iφ̂) is the phase operator (exp iφ̂|n〉 = |n − 1〉). (Note, that
[exp(iφ̂), exp(−iφ̂)] = 0, if the contribution of the vacuum state is neglected.) Then
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the Hamiltonian (5.47) takes the form

Hcl = ωf n̂ + 1

2
ωaσz + g

√
nσx

(
eiφ̂ + e−iφ̂

)
+ O(1) (5.59)

which coincides with the Hamiltonian (2.19) used in Section 2.5. Correspond-
ingly, its approximate eigenvalues and eigenvectors have the forms (5.55) and
(5.56), where N is replaced by n. In particular, the dynamical Stark shift 2Nεg is
transformed into the Bloch–Siegert shift.

In the rotating frame, the Hamiltonian (5.59) can be rewritten as

Hcl(t) = 1

2
ωaσz + g

√
nσx

(
ei(φ̂−ωf t) + e−i(φ̂−ωf t)

)
It is clear now that the field operators exp

(
±iφ̂

)
commute with the above

Hamiltonian. In this approximation, the field variables are still considered as
operators; however, the atomic dynamics does not affect the field and the total
wave function is factorized into the atomic and field parts. The semiclassical
Hamiltonian (5.59) describes well only the short-time region gt < 1, which covers
times before the first collapse.

5.11
Problems

5.1 Find how the atomic purity P = Tr(ρ2
at) evolves in the resonance JCM for

the following initial states: (a) the field is in the vacuum state and the atom
is excited; (b) the field is in a strong coherent state and the atom is in the
ground state.

5.2 Find the evolution of the average values of the Heisenberg operators that
describe the atomic dipole momentum, σx(t), σy(t) and their fluctuations in
the JCM for the initial state with the field in a strong coherent state and the
atom in a semiclassical state.

5.3 Find the Heisenberg operators σx(t), σz(t), and a(t) in the JCM using the
evolution operator in the form (5.14).

5.4 Write the system of Heisenberg equations for the operators X+ = aσ+,
X− = a†σ−, σz. Reduce this system to a single equation for σz and solve it.

5.5 Prove that the operators

L+ = 1√
N

aσ+, L− = 1√
N

a†σ−, Lz = σz
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where

N = a†a + 1
2
σz + 1

2

form a representation of the su(2) algebra in a space with a fixed number of
excitations.

5.6 Write the Heisenberg equations for the operators σ−, σz, a. Reduce this
system of differential equations for the operators to a system of equations for
average values by uncoupling correlators: 〈f̂ ĝ〉 → 〈f̂ 〉〈ĝ〉. Using the change
of variables,

〈a〉 = α eiϕ, 〈σ−〉 = s sin θ ei(ϕ−χ), 〈σz〉 = 2s cos θ

find integrals of motion for this system of equations. (In the above equations
s is one of the integrals of motion.) Reduce the system to two equations for
θ and χ, and solve them in a strong field limit: α(t) � s. Show that such a
solution works well only in the case of initial semiclassical states (5.31).

5.7 Find the spectrum and the evolution operator for the Hamiltonian that
describes the JCM with k photon transitions:

H = ωa†a + 1

2
ω0σz + g

(
a†kσ− + akσ+

)
Analyze the existence of trapping states.

5.8 For factorized states in the JCM analyze the effect of field squeezing.

5.9 Find the evolution of the field phase and phase fluctuations for the JCM
if the atom is initially taken in a semiclassical state |p〉a and the field in a
number state |N〉f , N � 1.

5.10 Find the spectrum of the Hamiltonian that describes the interaction of a
two-level atom with a single mode of the quantized field in the presence of
the Kerr medium,

H = ωa†a + 1

2
ω0σz + g

(
a†σ− + aσ+

)+ χ
(
a†a

)2

What is the principal difference from the standard JCM?
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6
Collective Interactions

6.1
The Dicke Model (Exactly Solvable Examples)

Here we consider a collection of A identical, but, in principle, distinguishable
two-level atoms placed in an ideal cavity and interacting with an electromagnetic
field cavity mode with a frequency ωf nearly at resonance with the atomic transition
frequency ωa. The following standard approximations are applied:

1. All the atoms are assumed to be localized within a volume that is small compared
to the field-mode wavelength λ; this means that all the atoms ‘‘feel’’ the same
electromagnetic field, and the coupling constant g (which is expressed in terms
of the matrix element of the atomic dipole momentum operator between the
corresponding states) is the same for all the atoms.

2. The wave functions of different atoms do not overlap, which means that the
dipole–dipole interactions between the atoms are neglected.

3. The atoms are assumed to be immobile, i.e. the Doppler effect and the conse-
quences of interatomic collisions are not taken into account.

4. The interaction with the field is described in the framework of the rotating
wave approximation, which consists of discarding terms which violate the
energy-conservation law in first-order perturbation theory.

A system of this kind was considered for the first time in 1954, in the well-
known paper by Dicke [13], and we call it the Dicke model (though the term ‘‘the
Tavis–Cummings model’’ is also used) [63]. The Hamiltonian has the form (� = 1)

H = ωf a†a + ωa

2

A∑
j=1

σ
j
3 + g

A∑
j=1

(
a†σ

( j)
− + aσ

( j)
+
)

(6.1)

where a† and a are the field creation and annihilation operators ([a, a†] = 1); σ
( j)
± ,

σ
( j)
3 are Pauli matrices describing transitions between resonance levels of the jth

atom and the effective Hamiltonian of the isolated jth atom. The important property
of the Hamiltonian (6.1) is its symmetry with respect to permutations of atoms.
As a result, the symmetry properties of the initial state with respect to atomic

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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permutations is preserved during the entire evolution. In particular, if the initial
state is fully symmetric, the motion takes place only over symmetric states, a fact
connected with the well-known superradiance effect [13].

Another essential property of the Hamiltonian (6.1) is the existence of the integral
of motion that commutes with the Hamiltonian:

N̂ = a†a + 1

2

A∑
j=1

σ
j
3 + A

2
(6.2)

N has a sense of a number of excitations in the system. Owing to the existence of
the integral of motion, this problem belongs to the class of ‘‘exactly solvable’’, in
the sense that the Hamiltonian has a block diagonal structure where all the blocks
(invariant subspaces) are finite dimensional. Under certain initial conditions, the
invariant subspaces have low dimensions and the dynamic problem can be solved
exactly without the use of perturbation theory or other approximate methods.

We start by considering some particular cases of initial states, when there is
only one excitation in the system, which means that the evolution takes place in a
subspace corresponding to the eigenvalue N = 1 of the excitation-number operator.
For these cases, one can easily find exact solutions, which demonstrate that the
dynamics is strongly affected by the symmetry properties of the initial state.

If one excited atom and no photons exist in the initial state, then the wave
function of the whole system has the form

∣∣�(t)
〉 = C(1)(t) |1〉 +

A∑
l=1

C
(2)
l (t) |2l〉 (6.3)

where |1〉 = |01, 02, . . . , 0N〉a ⊗ |1〉f denotes a state where all the atoms are not
excited and one photon is present. The vectors |2l〉 = |01, 02, . . . , 1l, . . . 0N〉a ⊗ |0〉f

correspond to states where the lth atom is excited, the remaining atoms are in the
ground state, and there are no photons; C(1) and C

(2)
l are the probability amplitudes

of the states |1〉 and |2l〉. In examples 1–4 that follow we assume exact resonance:
ωf = ωa.

1. Symmetric initial conditions. We suppose that initial state of the atoms in the
cavity was prepared by exciting the atoms by a single photon, so that

∣∣�(t = 0)
〉 = 1√

A

A∑
j=1

∣∣2j
〉

i.e. the initial state is a superposition that includes all states in which one of
the A atoms is excited. The probability that lth atom is excited is equal to A−1.
In this case, both the Hamiltonian (6.1) and the initial state are symmetric with
respect to permutations of the atoms, and this symmetry is conserved for all
times: C

(2)
1 (t) = · · · = C

(2)
A (t) ≡ C(2)(t). The nonstationary Schrödinger equation

reduces to a system of two equations

iĊ(1) = gAC(2), iĊ(2) = gC(1) (6.4)
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with the initial conditions

C(1)(t = 0) = 0, C(2)(t = 0) = 1√
A

which can be solved directly. The exact probability amplitudes are given by

C(1)(t) = −i sin �0t, C(2)(t) = 1√
A

cos �0t, �0 = g
√

A

The probability that all the atoms are in their ground states is equal to

P1(t) = |C(1)(t)|2 = sin2(g
√

At)

while the probability that one of the atoms gets excited is given by

P2(t) = A|C(2)(t)|2 = cos2(g
√

At), P1(t) + P2(t) = 1

2. Asymmetric initial excitation. Assume that the excited atom enters the cavity at
the time instant t = 0, while the cavity contains A − 1 unexcited atoms of the
same type. From the symmetry with respect to permutation of A − 1 unexcited
atoms, we have C

(2)
2 = C

(2)
3 = · · · = C

(2)
A . The Schrödinger equation for the wave

function (6.3) reduces now to a system of three equations for the amplitudes
C(1), C

(2)
1 and C

(A)
l , 2 ≤ l ≤ A:

iĊ(1) = gC
(2)
1 + g(A − 1)C(2)

l , C(1)(t = 0) = 0

iĊ(2)
1 = gC1, C

(2)
1 (t = 0) = 1

iĊ(2)
l = gC1, C

(2)
l (t = 0) = 0

The solution is of the form

C(1)(t) = − i√
A

sin �0t

C
(2)
1 (t) = 1 + (cos �0t − 1)

A

C
(2)
l (t) = (cos �0t − 1)

A
, �0 = g

√
A (6.5)

where the Rabi frequency �0 is the same as for the symmetric case. The
probability that the first atom remains excited is

P
(2)
1 (t) = |C(2)

1 (t)|2 =
[

1 + (cos �0t − 1)

A

]2

the probability that one among the rest of the atoms will be excited is

P
(2)
l (t) = |C(2)

l (t)|2(A − 1) = A − 1

A2
(cos �0t − 1)2
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the probability P0 that there are no photons in the cavity, and the probability P1

that one photon is present are equal to

P0 = P
(2)
1 + P

(2)
l = 1 − 1

A
sin2(g

√
At)

P1 = |C(1)(t)|2 = 1

A
sin2(g

√
At)

If A becomes very large, we have

P
(2)
1 → 1, P

(2)
l ∼ 1

A
→ 0 (l �= 1), P1 ∼ 1

A
→ 0

This means that the initially excited atom will never emit photons. The presence
of A − 1 unexcited atoms in the cavity prevents emission by the injected excited
atom. This phenomenon is named ‘‘radiation trapping’’ [64].

3. One photon and A unexcited atoms at the initial instant of time. The evolution is
over the symmetric states with respect to atomic permutations, in analogy with
case 1. Solving the equation of motion (6.4) with initial conditions C(1)(0) = 1,
C(2)(0) = 0, we obtain

C(1) = cos �0t, C(2) = −i sin �0t√
A

, �0 = g
√

A

For the probabilities P1 that one photon is present and P0 that there are no
photons, we have

P1(t) = |C(1)|2 = cos2 g
√

At, P1(t) = A|C(2)|2 = sin2 g
√

At

The evolution thus differs from the case 1 only by a time shift.

4. Asymmetric initial condition without the “small-volume approximation’’. Now we
consider the case when the coupling constant g depends on the position of the
atom; this occurs if the sample dimensions are comparable with the wavelength.
We will see that the radiation trapping is still present for the asymmetric initial
condition. The interaction Hamiltonian (in the exact resonance case) takes the
form

H =
A∑

j=1

gj(aσ
( j)
+ + a†σ

( j)
− ) (6.6)

The evolution of the asymmetric initial state
∣∣�(t = 0)

〉 = |21〉 with the first atom
excited again takes place inside a subspace corresponding to the eigenvalue
N = 1 of the excitation-number operator (6.2). The Hamiltonian (6.6) acts in the
basis (6.3) as follows:

H |1〉 =
A∑

j=1

gj

∣∣2j
〉
, H

∣∣2j
〉 = gj |1〉
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so that

H2 |1〉 =
A∑

j=1

g2
j |1〉 , H2

∣∣2j
〉 = gj

A∑
l=1

gl |2l〉

and thus,

H3 |1〉 = �2H |1〉 , H3
∣∣2j
〉 = �2H

∣∣2j
〉

where �2 = ∑A
l=1 g2

l . This allows us to find the evolution operator in the given
subspace in a simple form

exp(−iHt) = 1 + H2
(

cos �t − 1
�2

)
− iH

sin �t

�

The wave function has the form,

∣∣�(t)
〉 = exp(−iHt) |21〉 = C(1)(t) |1〉 +

A∑
l=1

C
(2)
l |2l〉

where the amplitudes C(1) and C
(2)
l are now given by the expressions

C(1)(t) = −ig1
sin �t

�
, C

(2)
1 (t) = 1 + g2

1
cos �t − 1

�2
(6.7)

C
(2)
l (t) = g1gl

cos �t − 1

�2
, 2 ≤ l ≤ A

Note that in the case g1 = g2 = · · · = gA = g, we have � = g
√

A = �0 and
recover the result of the example 2. In a general case, we can introduce an
effective coupling constant

g2
ef = �2

A
= 1

A

A∑
j=1

g2
j

If gef remains finite as A → ∞, we obtain from Equation 6.7 in the limit of a
large number of atoms

C(1)(t) = −i
g1

gef

sin �t√
A

∼ 1√
A

→ 0

C
(2)
1 (t) = 1 +

(
g1

gef

)2 cos �t − 1
A

→ 1

C
(2)
l (t) = g1gl

g2
ef

cos �t − 1
A

∼ 1√
A

→ 0

Thus, for a large numbers of atoms A → ∞, the probabilities of the states
are similar to those in the asymmetric case (6.5), so that radiation trapping is
observed here, too.
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6.2
The Dicke Model (Symmetry Properties)

The above-mentioned symmetry under atomic permutations leads to a very specific
structure of the Hilbert space for the Dicke model. We start with the analysis of the
Hilbert space of the system of A two-level atoms [65]. We denote by p̂ an arbitrary
permutation of atoms. As we understand, the collective atomic operators commute
with p̂:

Sz = 1

2

∑
j

σzj, S± =
∑

j

σ±j, [S±,z, p̂] = 0

In this section, we also use the standard notations from the angular momentum
theory, where the state of angular momentum j = A/2 with k = A/2 − m excitations
is denoted by

∣∣ j, m
〉
, Sz

∣∣ j, m
〉 = m

∣∣ j, m
〉
, −A

2
≤ m ≤ A

2

S±
∣∣ j, m

〉 = √
( j ∓ m)( j ± m + 1)

∣∣ j, m ± 1
〉

The ground state

|0〉at = |01, 02, . . . , 0A〉 =
∣∣∣∣A2 , −A

2

〉
is nondegenerate. It is annihilated by the atomic lowering operator S−:

S−

∣∣∣∣A2 , −A

2

〉
= 0

and thus it is the lowest state (‘‘vacuum vector’’ ) of the (A + 1)-dimensional
irreducible representation of the su(2) algebra. The basis of this representation is
defined as follows:∣∣∣∣A2 , −A

2
+ k

〉
= AkSk

+

∣∣∣∣A2 , −A

2

〉
, k = 0, 1, . . . , A

where Ak are the normalization coefficients and SA+1
+ | A

2 , − A
2 〉 = 0.

The first excited state is A-fold degenerate: we have a single fully symmetric state

|1, 0〉at =
∣∣∣∣A2 , −A

2
+ 1

〉
= A1S+

∣∣∣∣A2 , −A

2

〉
= |11, 02, . . . , 0A〉 + |01, 12, . . . , 0A〉 + · · · + |01, 02, . . . , 1A〉√

A

and A − 1 nonsymmetric states that correspond to the same number of atomic
excitations. They can be chosen in different ways; for instance, as eigenstates of a
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cyclic atomic permutation

p̂c =
(

1 2 3 · · · A − 1 A
2 3 4 · · · A 1

)
(6.8)

|1, α〉at = 1√
A

A∑
k=1

wkα|01, . . . , 1k, . . . 0A〉, α = 1, 2, . . . , A − 1

where w = ei2π/A. The states |1, α〉at, α = 0, 1, . . . , A − 1 form an orthonormal
basis in the subspace with one atomic excitation. One can check that these states
(for α > 0) are annihilated by the lowering operator S−:

S−|1, α〉at = 0, α = 1, 2, . . . , A − 1

and that they are vacuum vectors of different (A − 1)-dimensional irreducible
representations of the su(2) algebra. Using the angular momentum notation,

|1, α〉at =
∣∣∣∣A2 − 1, −A

2
+ 1, α

〉
we write the basis of these representations as∣∣∣∣A2 − 1,

A

2
+ 1 + k, α

〉
= AkSk

+

∣∣∣∣A2 − 1, −A

2
+ 1, α

〉
,

k = 0, 1, . . . , A − 2

Note, that the symmetry properties of all the basis vectors of the representation
with given α are the same, due to the fact that [S+, p̂] = 0.

The second excited state is A(A − 1)/2-fold degenerate: we have one state from the
fully symmetric representation,∣∣∣∣A2 , −A

2
+ 2

〉
=
√

2

A(A − 1)

∑
j<k

| . . . , 1j, . . . , 1k, . . .〉

A − 1 states from the (A − 1)-dimensional representations,∣∣∣∣A2 − 1, −A

2
+ 2, α

〉
= A1S+

∣∣∣∣A2 − 1, −A

2
+ 1, α

〉
α = 1, 2, . . . , A − 1

and d2 = A(A − 1)/2 − A more states, which can be chosen to be orthogonal. They
are the vacuum states of the (A − 3)-dimensional irreducible su(2) representations:

S−

∣∣∣∣A2 − 2, −A

2
+ 2, α

〉
= 0, α = 1, 2, . . . , d2

where the index α enumerates these new representations.
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The k−th excited state (k ≤ A/2) has A!/k!(A − k)!-fold degeneracy. Of these,
A!/(k − 1)!(A − k + 1)! states belong to the su(2) representations that have appeared
before, and there are

dk = A!
(k − 1)!(A − k + 1)!

− A!
k!(A − k)!

(6.9)

new states, which can be chosen to be orthogonal,∣∣∣∣A2 − k, −A

2
+ k, α

〉
, α = 1, 2, . . . dk (6.10)

They are the lowest states of the (A + 1 − 2k) dimensional irreducible su(2) rep-
resentations. Therefore, the Hilbert space of the atomic system is a direct sum
of the irreducible representations of the su(2) algebra, in which the (A + 1 − 2k)
dimensional representation appears dk times (Equation 6.9).

Now we can better understand the phenomenon of radiation trapping, which
appeared in the previous section. In accordance with the discussion above, the state
| j, −j, α〉 has A/2 − j atomic excitations, while the state

∣∣ j, −j + k, α
〉

corresponds
to A/2 − j + k atomic excitations. The initial atomic state with N excitations can be
written as a sum of the states belonging to different su(2) representations:

|in〉at =
A/2∑

j=A/2−N

∑
α

Cjα

∣∣∣∣ j, N − A

2
, α

〉
(6.11)

Due to conservation of symmetry of the initial state, transitions are possible only
between states of the same irreducible su(2) representations. In turn, among
the different representations that appear in the expansion (6.11), only the fully
symmetric representation j = A/2 permits transitions to the ground state. All the
other representations lead to radiation trapping [67].

We consider the nonsymmetric initial atomic state with the first N atoms in the
excited state and the rest in their nonexcited states:

|11, 12, . . . , 1N , 0N+1, . . . , 0A〉 , K ≡ A − N

We assume that A � N. To estimate the probability of the absence of transitions
from this state to the lower states (trapping), we note that this state has a special
symmetry under permutations of the first N atoms and under permutations of the
last K atoms. As a result, the expansion (6.11) is simplified. One can write

|11, 12, . . . , 1N , 0N+1, . . . , 0A〉 =
∣∣∣∣N2 ,

N

2

〉
⊗
∣∣∣∣K2 , −K

2

〉
where

|11, 12, . . . , 1N〉 =
∣∣∣∣N2 ,

N

2

〉
, |0N+1, 0N+2, . . . , 0A〉 =

∣∣∣∣K2 , −K

2

〉
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Therefore, the initial states belong to the tensor product of two irreducible su(2)
representations, of dimensions (N + 1) and (K + 1). This tensor product can be
decomposed into irreducible components as follows (l > j):

∣∣ j, m
〉⊗ ∣∣l, n

〉 = l+j∑
J=l−j

C J,m+n
jm,ln

∣∣ J, m + n
〉

where C
J,m+n

jm,ln are the Clebsch–Gordan coefficients. For our initial condition, the
Clebsch–Gordan coefficients have a very simple form (see, e.g. [68]):

∣∣∣∣N2 ,
N

2

〉
⊗
∣∣∣∣K2 , −K

2

〉
=

(K+N)/2∑
J=(K−N)/2

C
J, (N−K)/2

(N/2N)/(2), (K/2−K/2)

∣∣∣∣ J,
N + K

2

〉

Cc,a−b
aa,b−b =

[
(2c + 1)(2a)!(2b)!

(a + b + c + 1)!(a + b − c)!

]1/2

We see that the contribution of the representation with J = (K − N)/2 is the
greatest:

C
(K−N)/2,(N−K)/2
(N/2)(N/2),(K/2−K/2) ∼

√
K − N + 1

K + 1

The probability that with the initial state, the system finds itself in this representa-
tion is given by

P

(
J = (K − N)

2

)
=
∣∣∣C(K−N)/2,(N−K)/2

(N/2) (N/2), (K/2−K/2)

∣∣∣2 ∼ K − N

K

The probability of the next representation, J = (K − N)/2 + 1 is suppressed by the
factor N/K. On the other hand, the lowest state in the representation J = (K − N)/2
corresponds to N excitations. Thus transitions to lower excitation numbers are
impossible in this representation and we are faced with radiation trapping.

6.3
The Dicke Model (Symmetric Case)

Now, we turn to the fully symmetric case when the initial atomic state is invariant
under all permutation of atoms. The interaction Hamiltonian (6.1) can be written
in terms of collective atomic operators (1.11) as follows:

H = H0 + V , H0 = ωa†a + ωaSz (6.12)

V = g
[
a†S− + aS+

]
(6.13)
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Recall that the operators S±,z generate the (A + 1)-dimensional representation of
the su(2) algebra obeying the standard commutation relations, [Sz, S±] = ±S±, [S+,
S−] = 2Sz, so that their action in the basis of the Dicke states |A, k〉a, k = 0, 1, . . . A,
where k is the number of symmetric atomic excitations, is defined by Equations
1.12. It is convenient to use the Schwinger realization for the atomic operators in
terms of two fictitious boson modes, [bi, b†

j ] = δij, i, j = 1, 2,

Sz = (b†
2b2 − b

†
1b1)

2
, S+ = b1b†

2 , S− = b†
1b2

The Dicke states are then written in terms of Fock states of the modes |k〉1,2 as

|k〉a = |A − k〉1|k〉2

The interaction Hamiltonian (6.13) takes a trilinear form

V = a b1b†
2 + a†b†

1b2 (6.14)

The number of atoms A and the excitation number N are written as

A = b
†
1b1 + b

†
2b2, N̂ = a†a + b

†
2b2

and they are integrals of motion for the Hamiltonian (6.14). The three-photon
Hamiltonian (6.14) is interesting by itself, describing such optical processes as
frequency conversion, and Raman and Brillouin scattering [69]). The operators
a, b1, and b2 are usually called signal, idler and pump modes. From the mathematical
point of view the Hamiltonians (6.13) and (6.14) are fully equivalent.

For simplicity, we restrict ourselves to the exact resonance case ωa = ω. Then the
integral of motion corresponding to the excitation-number operator N̂ = n̂ + Sz is
proportional to the bare Hamiltonian H0.

6.4
The Zeroth-Order Approximation

6.4.1
The Weak Field Case

The two cases A > N and A < N are essentially different and are treated separately.
First, we assume that the number of photons in the cavity is small comparing
with the number of atoms, and the atoms are initially in their ground states; thus
A > N. The initial excitation number is conserved, and only the states

|N, n〉 ≡ |A, N − n〉a|n〉f = |A − N + n〉1|N − n〉2|n〉f (6.15)

0 ≤ n ≤ N, N < A

participate in the dynamics; the dimension of this subspace is N + 1. When A > N,
there are many photons in the “idler’’ mode, |k〉1. In the subspace (6.15), the
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operators b1 and b†
1 have the matrix elements

√
k, where A − N + 1 ≤ k ≤ A. We

may replace these operators by a fictitious classical field with the intensity equal to
the ‘‘average’’ photon number in the above interval:√

A − N

2
+ 1

2
= �N/g, N < A (6.16)

�N plays the role of the Rabi frequency. The zeroth-order approximation for the
interaction Hamiltonian may be written in the form

V0 = �N (a b
†
2 + a†b2) (6.17)

Another justification for this choice of the zeroth-order approximation is given
below. In the subspace (6.15), the operators

L+ = a b†
2 = L†

−, Lz = (b†
2b2 − a†a)

2
(6.18)

Lx = (L+ + L−)

2
, Ly = (L+ − L−)

2i

determine the (N + 1)-dimensional representation of a new ‘‘dynamic’’ algebra
su(2). The zeroth-order Hamiltonian (6.17) can be also written as

V0 = 2�NLx

In other words, the zeroth-order dynamics is connected with the rotation of the
fictitious spin N/2 around the x axis with the frequency 2�N . Now, in every
subspace with a given N, we may construct a perturbation theory, treating the
operator V − V0 as a perturbation.

6.4.2
The Strong Field Case

If the photon number is larger than the number of atoms, A < N, then the states

|N, n〉 = |A, N − n〉a|n〉f , N − A ≤ n ≤ N (6.19)

are involved in the evolution, and the dimension of the subspace with N excitations
is A + 1. If A 
 N, the number of real photons is large and the zeroth-order
approximation corresponds to a classical field with the intensity equal to the
‘‘average’’ number of photons in the interval [N − A + 1, N]:√

N − A

2
+ 1

2
= �N/g, A < N (6.20)

which gives us the carrying Rabi frequency in this case. Note, that the strength of
the effective classic field depends on the index of the subspace N. The dynamic
algebra operators L±,z, in this case, coincide with the atomic operators (1.12). The
frequencies given by Equations 6.16 and 6.20 coincide when A = N.
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It is easy to find the eigenvectors and eigenvalues in the zeroth-order
approximation:

V0|N, p〉 = �
(0)
Np|N, p〉

The zeroth-order Hamiltonian V0 in the weak (strong) field limit is proportional
to 2Lx from the (N + 1)-dimensional (correspondingly, (A + 1)-dimensional) rep-
resentation of the su(2) algebra. It can be diagonalized by the rotation around the y
axis through an angle π/2:

exp
(

i
π

2
Ly

)
Lx exp

(
−i

π

2
Ly

)
= Lz

The operators Lx and Lz have the same equidistant spectrum, N/2 − p, p =
0, 1, . . . , N. (Here we write the formulae for the weak field case; those for the strong
field case can be obtained by interchanging N and A.) The zeroth-order eigenvalues
of the Hamiltonian are

�
(0)
Np = �N (N − 2p), p = 0, 1, . . . , N

where the collective Rabi frequency is defined as follows:

�N =


g

√
N − A

2
+ 1

2
, A ≤ N

g

√
A − N

2
+ 1

2
, A ≥ N

(6.21)

The eigenvectors in the zeroth-order approximation are

|N, p〉 = exp
(

i
π

2
Ly

)
|N, p〉 (6.22)

and the components in the bare basis are given by the Wigner d functions of
argument π/2 (e.g. [70]):

αN
np = 〈N, n|N, p〉 =

(
n!p!

2N(N − n)!(N − p)!

)1/2

×
min(p,n)∑

j=0

(−2) j(N − j)!

j!(n − j)!(p − j)!

(6.23)

Note that αN
np do not depend on the atomic number A. Recall that this formula is

written for the weak field case. In the strong field case, it is necessary to replace
N by A.

6.5
Perturbation Theory

We describe here how to find corrections to the equidistant spectrum of the zeroth-
order approximation [71–73]. The interaction Hamiltonian (6.13) in the basis (6.15)
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or (6.19) is reduced to the three-diagonal matrix with nonvanishing matrix elements

〈N, n − 1|V |N, n〉 = 〈N, n|V |N, n − 1〉 (6.24)

= √
n(N − n + 1)(A − N + n)

When A � N and 0 ≤ n ≤ N, the factor A − N + n is large and the square root can
be expanded in series with the small parameter

ε = 1

A − N/2 + 1/2
= g2

�2
N

, A > N (6.25)

In turn, in the strong field case, N � A and N − A ≤ n ≤ N, the factor n is large
and one may expand the square root using the small parameter

ε = 1

N − A/2 + 1/2
= g2

�2
N

, N > A (6.26)

The interaction Hamiltonian is then written as

V = 2�N(V0 + εV1 + ε2V2 + · · ·) (6.27)

In the Weak field case, N ≤ A, the nonvanishing matrix elements of the operators
in Equation 6.27 are

〈N, n|V0|N, n − 1〉 = √
n(N − n + 1)

〈N, n|V1|N, n − 1〉 = 1
2

(
n − N

2
− 1

2

)√
n(N − n + 1)

〈N, n|V2|N, n − 1〉 = −1

8

(
n − N

2
− 1

2

)2 √
n(N − n + 1)

This expansion can be rewritten in the operator form. To do so, we consider the
(N + 1)-dimensional representation of the dynamic su(2) algebra whose generators
L±,z (compare with Equation 6.18) have the following form in the basis |N, n〉 :

L+|N, n〉 = √
(n + 1)(N − n)|N, n + 1〉 (6.28)

L−|N, n〉 = √
n(N − n + 1)|N, n − 1〉 (6.29)

Lz|N, n〉 =
(

n − N

2

)
|N, n〉 (6.30)

Taking into account the matrix elements in Equation 6.24, the interaction Hamil-
tonian (6.13) is written in terms of the operators (6.28) to (6.30) as

V = g
[
a†S− + aS+

]
a†S− = ε−1/2L+

√
1 + ε

(
Lz + 1

2

)

a†S− = ε−1/2

√
1 + ε

(
Lz + 1

2

)
L−
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Expanding the square roots in Taylor series and taking into account that

L+
(

Lz + 1
2

)
+
(

Lz + 1
2

)
L− = {Lz, Lx}

L+
(

Lz + 1

2

)2

+
(

Lz + 1

2

)2

L− = 1

2
{Lz, {Lz, Lx}}

we can rewrite Equation 6.27 as

V = 2�N

[
Lx + ε

4
{Lz, Lx} − ε2

32
{Lz, {Lz, Lx}} + O(ε3)

]
(6.31)

which corresponds to the perturbative form (6.27).
We use �N,p and |�N,p〉 to denote the eigenvalues and eigenvectors of the

interaction Hamiltonian

V |�N,p〉 = �N,p|�N,p〉

and Anp to denote the matrix elements of the transition from the basis |N, n〉 to
the basis |�N,p〉, Anp = 〈N, n|�N,p〉. The Hamiltonian in the zeroth-order approxi-
mation is proportional to Lx. The eigenvalues and eigenvectors in the zeroth-order
approximation are given by Equation 6.22.

It is easy to see that the first-order corrections to the eigenvalues vanish, due to
the form of the zeroth-order approximation:

〈N, p|V1|N, p〉 = 〈N, p|{Lz, Lx}|N, p〉 = 0

This is a consequence of our choice of �N in Equation 6.17 and of the small
parameter Equation 6.25. In fact, this cancellation of the first-order corrections is
the reason of our choice of small parameters (6.25) and (6.26).

Using the standard perturbation theory, we find eigenvalues in the second order

�
(2)
N,p = �N (N − 2p)

{
1 − ε2

32

[
10p(N − p) − (N − 1)(N − 2)

]}
where 0 ≤ p ≤ N; �N and ε have the form (6.21) and (6.25), respectively.

For the cases N = 1 and N = 2, the second-order corrections (and corrections of
all higher orders) vanish and the spectrum is equidistant for any A. For N ≥ 3 the
spectrum is not equidistant due to the nonlinear dependence on the index p. The
components of the first-order eigenvector are given by

A
(1)
np = αN

np + ε

8

{
(N − 2p + 1)

√
p(N − p + 1)αN

np−1

−(N − 2p − 1)
√

(p + 1)(N − p)αN
np+1

}
(6.32)

where the zeroth-order components αN
np are defined by Equation 6.23.
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In the strong field case, A ≤ N. It is convenient to change the notation for the
basis (6.19) as

n = n − N + A

|N, n〉 → |N, n〉 = |A − n〉a|n + N − A〉f (6.33)

where n denotes the number of atoms in the ground state and varies in the interval
0 ≤ n ≤ A. Thus, the matrix elements of the interaction Hamiltonian for the case
of the strong field in the basis (6.33) are

〈N, n − 1|V |N, n〉 = √
(n + N − A) (A − n + 1) n

This equation can be obtained directly from (6.24) on replacing n by n and
interchanging A and N. The appropriate formulae for the case of the strong field
(we use the basis (6.33) instead of (6.19)) can be obtained from the formulae for the
weak field, exchanging A and N. The operators of the dynamic algebra in the case
of the strong field coincide with the atomic operators (1.12), S±,z. Thus in Equation
6.31, we have to replace L±,z by S±,z. Once again, the first-order corrections to the
eigenvalues vanish:

〈N, p|V1|p, N〉 = 0 (6.34)

and, in the second order, we have

�
(2)
N,p = 2�N

(
A

2
− p

){
1 − ε2

32

[
10p(A − p) − (A − 1)(A − 2)

]}
0 ≤ p ≤ A (6.35)

The nonlinear frequencies given by Equations 6.32 and 6.35 are called the Dicke
frequencies to highlight the difference between these and the Rabi frequencies �N .

The components of the eigenvectors in the first-order approximation are

A
(1)
np = αA

np + ε

8

{
(A − 2p + 1)

√
p(A − p + 1)αA

np−1

−(A − 2p − 1)
√

(p + 1)(A − p)αA
np+1

}
(6.36)

where the components of the zeroth-order eigenvectors αA
np are given by the formula

(6.23) replacing n by n and N by A.
As already mentioned, the zeroth-order approximation reproduces the exact

solution for the JCM (A = 1) and yields the exact spectrum for A = 2; on the other
hand, the zeroth-order eigenvectors for A ≥ 2 differ from the exact ones in the
terms of order 1/N.
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6.6
Revivals of the First and Second Orders

We first make some general remarks about revivals that are not restricted to the
Dicke model. Let the evolution of some observable be given by an anharmonic
series with frequencies of oscillations 2�n. (Here, we include the factor 2 to
retain the correspondence with the JCM notations.) Relative contributions (‘‘the
distribution’’) of these frequencies are determined by the initial conditions. Assume
that this distribution has its maximum at the point n = n and the spread is ∆n. If
the frequency �n is a smooth function of n, we may expand it around the point n:

�n = �n + (n − n)�(1)
n + (n − n)2�

(2)
n + · · ·

�
(r)
n = 1

r!

d r�n

dnr

∣∣∣∣
n=n

(6.37)

The first term here leads to rapid oscillations, while the remaining terms determine
their envelope. If |�(1)

n | � |�(k)
n |, k = 2, 3, . . ., then the linear term is responsible

for collapses and revivals of the oscillations. We can find the revival time by the
same arguments as for the JCM with a coherent field. At the revival time, the most
heavily weighted oscillations are in phase:

2|�n+1 − �n|TR ≈ 2|�1
n|TR = 2π (6.38)

It is easy to see that the terms with frequencies 2�n+k and 2�n are also in phase
at that time instant, provided that k 
 ∆n. This leads to an amplification of the
oscillations. Therefore, the revival time is determined by the first derivative of the
frequency �n (which plays the role of a dispersion curve) at the point n. For this
reason, we refer to this process as revivals of the first order [74]. JCM revivals are of
the first order, as it follows from Chapter 5. In the linear (harmonic) approximation
revivals are perfectly periodic. The higher-order terms in Equation 6.37 lead to
the growing spread and decreasing amplitudes of subsequent revivals. For some
special initial distributions, the higher-order terms can significantly modify the
shape of revivals, as for ringing revivals in the JCM with the initial field in a strongly
squeezed state [75].

We now apply these arguments to the dynamics of the Dicke model in the
weak field limit, A � N, so that we may restrict ourselves to the zeroth-order
approximation. Assume that all the atoms are initially in their ground states. Then
the photon number distribution P(n) in the initial state is transformed to the
excitation-number distribution P(N), which determines the weights of different
Rabi frequencies that contribute to the evolution. We show the zeroth-order Rabi
frequencies �n (6.21) in Figure 6.1 for the case A = 100, 0 ≤ n ≤ 200, which covers
different dynamic regions. Interference of different frequencies 2�n may lead to
collapses and revivals of oscillations in this system. We now find the conditions
when this happens. We can rewrite the linear terms in the expansion (6.37) for the
Rabi frequency (6.21) in a slightly different form:

�N ≈ �n + (n − n)�(1)
n ≈ �0 − n�

(1)
n (6.39)
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Figure 6.1 Rabi frequency, 2�N as a function of the excita-
tion number, N for A = 100 atoms (g = 0.1); Rabi frequency
for the JCM (A = 1); Poisson distributions for 〈n〉 = 50 and
〈n〉 = 150.

where now,

�0 = �n=0 = g

√
A + 1

2

while

�
(1)
n =

∣∣∣∣d�

dn

∣∣∣∣
n=n

= g

4

√
A − n

2
+ 1

2

From Equation 6.38, it follows that the revival time depends only on the number of
atoms

T
(w)
R = π

�
(1)
n

≈ 4π
√

A

g

We show the Poissonian distribution with n = 50 in Figure 6.1 as an example of
the weak field limit. Note, that in this limit of the Dicke model, n 
 A, collapses
and revivals also appear for an initial thermal state of the field (in contrast to the
JCM see Section 5.6).

In the strong field limit, n � A, from Equations 6.21 and 6.38, we obtain the
revival time

T
(s)
R = π

�
(1)
n

≈ 2π
√

n

g

The Poissonian distribution with n = 150 is shown in Figure 6.1 as an example of
the strong field regime.

For a single atom case, A = 1, we obtain from Equation 6.21, the JCM Rabi
frequency, 2�n = 2g

√
n, which is also shown in Figure 6.1. The JCM is a particular
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case of the Dicke model in the strong field regime. It is well known that for the
on-resonant JCM with an initially coherent field, collapses and revivals disappear
for small photon numbers. The reason is that in this case, the sum over the photon
numbers includes the region of the greatest nonlinearity of the Rabi frequency. In
fact, the derivative of �n at the point n = 0 is singular and the linear approximation
fails. This is also the reason for the absence of collapses and revivals in the JCM
with the initial thermal field, [50] and squeezed vacuum field [76] for any value of
n. In turn, collapses and revivals occur in the Dicke model with initial thermal field
if it belongs to the weak field region [77].

It is important to stress that the formula (6.38) is valid for various field states
to which both odd and even photon numbers contribute. For an initial squeezed
vacuum field (to which only even photon number states contribute), the revival
time in the Dicke model is half the time in Equation 6.38 [78]. In this case, the
nearest-neighbor term to n is not n + 1 but n + 2 and Equation 6.38 must be
modified, correspondingly.

The behavior is completely different if the first derivative of the frequency �n

vanishes: �(n)
1 = 0. In general, one can speak of revivals of the kth order if all of the

derivatives �
(n)
r , r = 1, 2, . . . , k − 1 are zeros, and the first nonvanishing derivative

is �
(n)
k . In particular, if �

(n)
2 �= 0 (and �

(n)
1 = 0), we are faced with revivals of the

second order. The shape of these revivals is different and the formula (6.38) is no
longer valid.

6.6.1
Revivals of the Second Order

As an example of second-order revivals, we consider the case when the field is taken
initially in a Fock state |n〉f , and the atomic system is prepared in its ground state,
|A, 0〉. We consider the weak field case, n 
 A. Thus, the initial state of the total
system is |in〉 = |n, n〉 and N = n. The evolution of the average photon number is
given in terms of eigenvalues (6.32) and eigenvectors (6.32) as follows:

〈n̂(t)〉 =
n∑

p, q=0

(
n∑

m=0

mAmpAmq

)
AnpAnqei(�n, q−�n,p)t

We keep the second-order accuracy in eigenvalues, restricting ourselves to the first-
order accuracy in eigenvectors (as indicated by a subindex 21). From Equations 6.32
and 6.32, we have

〈n(t)〉21 = n

2
− εn(n − 1)

16
+

n∑
p=1

Cnp cos 2�(p)t

+ ε

8

n∑
p=1

Cnp
{[

(n − 2p)2 − 2p + 1
]

cos 2�(p)t

+ 2(p − 1) cos 2�̃(p)t
}

(6.40)
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Here the principal term (of the zeroth-order in eigenvectors) contains the second-
order Dicke frequencies

2�(p) = �
(2)
n, p−1 − �

(2)
n, p

= 2�n

{
1 + 3ε2

16
[5(p − 1)(p − n) + (n − 1)(n − 2)]

}
(6.41)

weighted with the coefficients

Cnp = n!

2n(n − 1)!(p − 1)!

which are the binomial distribution multiplied by the factor n/2n. In the first-order
approximation in eigenvectors, new frequencies appear

2�̃(p) = �
(2)
n,p−2 − �

(2)
n,p (6.42)

The oscillation amplitudes depend on the atomic number only through the small
parameter ε.

It is clear from Equation 6.40–6.42 that the most important role in the evolution
is played by the terms with p ∼ n/2. The Dicke frequency (6.41), considered as a
continuous function of p, takes its maximum value at the point pm = (n + 1)/2.
The distribution Cnp takes its maximum value at the same point (see Figure 6.2).

Therefore, revivals, which occur (see Figure 6.3), are of the second order. The
shape of these revivals is very different from that of the first order. The discussion
of their properties can be found in [74, 79]. (These phenomena were termed
‘‘superstructures’’ in [79].) We mention here that the revival time depends on the
parity of the initial photon number n. Namely, the revival time for the same atomic
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Figure 6.2 Collective Dicke frequency, 2�(p), Equation 6.26,
for A = 200, N = 100 and g = 10−2 and the binomial distri-
bution of frequencies.
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Figure 6.3 Revivals of the second order in the Dicke model:
photon number evolution for the initial Fock field state with
100 photons and 200 atoms initially taken in their ground
states.

number A and odd n is twice the revival time for the neighboring even n:

TR odd n = 16π

15g

(
A − n

2
+ 1

2

)3/2

(6.43)

TR even n = 8π

15

(
A − n

2
+ 1

2

)3/2

(6.44)

Collapses and revivals occur periodically in the approximation discussed.
The second-order revivals appear also in the JCM with a Kerr medium for special

values of the parameters [79]. Then initially coherent field states lead to different
revival times depending on whether the mean photon numbers in the initial
coherent state is an integer or a fraction.

We note that the Rabi frequency is not a smooth function at the point N = A,
as it is seen in Figure 6.1. Thus, the vicinity of this point is beyond the scope of
the perturbation method under discussion. In this case, it is necessary to use other
approaches (see, for instance, [80–82]).

6.7
Atom-Field Dynamics for Different Initial Conditions

6.7.1
Initial Number States

For the same case as in the end of the previous section, when, initially, all the
atoms are in their ground states and the field is in the number state with n photons,
we discuss the photon statistics. We start with the weak field regime. The expected
value of the square of the operator of the number of photons, in the second-order
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approximation for the eigenvalues and in the zeroth-order approximation for the
eigenvectors (subindex 20), is

〈n2(t)〉20 = n(3n + 1)
8

+
n∑

p=1

Cn
p

{
n cos

[
(�(2)

n,p−1 − �
(2)
n,p)t

]
(6.45)

+ p − 1

2
× cos

[(
�

(2)
n,p−2 − �

(2)
n,p

)
t
]}

For a sufficiently small n compared to A, the zeroth-order approximation (subindex
00) is sufficient:

〈n(t)〉00 = n

2
(1 + cos �nt) (6.46)

〈n2(t)〉00 = n

8

[
1 + 3n + 4n cos �nt + (n − 1) cos 2�nt

]
For n = 1, the formula above yields the exact solution.

In terms of the second-order correlation function G(2)(t) = 〈n2(t)〉 − 〈n(t)〉, the
second-order coherence function g(2) is of the form

g(2)(t) = G(2)(t)

〈n(t)〉2
= 1 + V(t)

〈n(t)〉2

where V is the variance of the normally ordered number of photons, V(t) =
G(2)(t) − 〈n(t)〉2. The negative values of the variance V, in this case g(2) < 1,
indicates the sub-Poissonian distribution of the field. Fields of this type have no
classical analog.

Note that at least two photons are necessary for the correlation function G(2)(t)
to be different from zero. For n = 2, the variance V cannot be positive and the field
is sub-Poissonian. However, for n = 3, the statistics for the number of photons
oscillates between the sub-Poissonian and super-Poissonian.

We now consider the strong field regime. From here on, we skip the underlining
n in the sums for the strong field case. The formulae for the average number
of photons in the case of the strong initial field in the number state are ob-
tained basically from the case of the weak field, by interchanging n and A. We
obtain,

〈n(t)〉21 = n − A

2
− εA(A − 1)

16

+
A∑

p=1

CA
p

{(
1 + ε

8
[(A − 2p)2 − 2p + 1]

)
cos

[(
�

(2)
n,p − �

(2)
n,p−1

)
t
]

+ ε(p − 1)

4
cos

[(
�

(2)
n,p − �

(2)
n,p−2

)
t
]}
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The frequencies �
(2)
n,p are defined by Equation 6.35. In this regime, the oscillation

amplitudes of the average number of photons depend only on n, through the small
parameter ε. In general, the time behavior of 〈n(t)〉21 is similar to the case of the
weak initial field in the number state. In particular, the second-order revivals take
place (like in the case of the weak field).

Note that the revival time of the principal term cos[(�(2)
n,p − �

(2)
n,p−1)t] is also related

with the parity, but now of the number of atoms A. The revival time for the odd
number of atoms is

TR odd A = 16π

15g

(
n − A

2
+ 1

2

)3/2

while for the even number of atoms, it is

TR pair A = 8π

15g

(
n − A

2
+ 1

2

)3/2

The collective effects appear for the numbers of atoms A ≥ 3.
As in the case of the weak field, one can find the normalized variance of the

number of photons in the field. In the zeroth-order approximation we have

V00(t) = −n + A

8
(5 − 4 cos �nt − cos 2�nt)

which implies that the field remains sub-Poissonian always.

6.7.2
Coherent and Thermal Fields

To calculate the average number of photons for the cases when the field is initially
prepared in the coherent or thermal states, we have to sum up the mean values
obtained for the number state with the initial photon distribution Pn:

〈n(t)〉 =
∑

〈n(t)〉nPn

Here 〈n(t)〉n is the average over the number state, and the photon number
distributions are given by

Pn = exp(−n)
nn

n!
or Pn = nn

(1 + n)n+1

In Figure 6.4a,b the oscillations are drawn for the cases of the initial state of the
thermal and coherent fields with the average number of photons n = 4 and the
number of atoms A = 100 (regime of the weak field).

In the zeroth-order approximation we have

〈n(t)〉(d)
00 = 1

2

(
n +

n
A∑
n=1

nPn cos 2�nt

)
(6.47)
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Figure 6.4 (a) Photon number oscillations for initial
coherent state of the field with n = 4 and A = 100.
(b) Photon number oscillations for initial thermal state of
the field with n = 4 and A = 100.

where the Rabi frequencies �n are defined in (6.21). This formula does not include
the collective effects and is valid for times of order gt�ε2 ∼ gtA−3/2 < 1. For longer
times, the collective effects appear due to the second-order corrections in the Dicke
frequencies given by Equation 6.32. In the weak field limit, when the average number
of photons in the field is very small in comparison to the number of atoms, then,
for fields in the thermal and coherent state, a very regular structure of collapses
and revivals can be observed. To find an analytic approximation for Equation 6.47
for the case A � n, we linearize the Rabi frequency (6.39). For the initial coherent
state of the field, we obtain for the evolution of the mean number of photons

〈n(t)〉(d)
coh ≈ n

2

(
1 + e−n(1−cos τ) cos(T − τ − n sin τ)

)
where T ≡ 2�0t and τ ≡ 2�Rt naturally determine two time scales. Here, �0 =
g
√

A + 1/2, �R = g/4
√

A − n/2 + 1/2. The envelope of the oscillations is of the
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form

〈n(t)〉(d)
env coh = n

2

{
1 ± exp[−n(1 − cos τ)]

}
It revives periodically at times gt = kT

(d)
R , (k = 1, 2, . . .), where TR = π/�R. For the

initial thermal field, we obtain a different expression

〈n(t)〉(d)
env tf = n

2

{
1 ± [1 + 2n(n + 1)(1 − cos τ)]−1}

In the strong field regime, the evolution of the average number of photons in the
zeroth-order approximation is given as follows:

〈n(t)〉( f )
00 = n − A

2

(
1 −

∞∑
n�A

Pn cos 2�nt

)
(6.48)

Making the linear approximation in the frequencies given by Equation 6.37, we
obtain from Equation 6.48, for a coherent initial state of the field

〈n(t)〉( f )
cf = n − A

2

[
1 − e−n(1−cos τ) cos(T − nτ + n sin τ)

]
where T = 2�nt, τ = g2t/�n and the frequency �n = g(n − A/2 + 1/2)1/2.

6.8
Three-Level Atoms Interacting with Two Quantum Field Modes

The perturbation theory developed in this chapter can be generalized to more
complicated atomic systems interacting with quantum fields. As an example, we
consider a collection of identical three-level atoms in the V-configuration (with
allowed transitions 1 ↔ 2 and 1 ↔ 3) interacting with two modes of the quantum
field. We restrict ourselves to the strong field case (when number of photons in
the field modes are much greater than the number of atoms, n1, n2 � A) under
the exact resonance condition, when the atomic transition frequencies are exactly
equal to the field frequencies: ω1 = E2 − E1, and ω2 = E3 − E1 (� = 1).

The Hamiltonian governing the system dynamics has the form

H = ω1

(
a†

1a1 + S12
z

)
+ ω2

(
a†

2a2 + S13
z

)
+ Hint (6.49)

Hint = g1

(
S12

+ a1 + S12
− a

†
1

)
+ g2

(
S13

+ a2 + S13
− a

†
2

)
(6.50)

where we choose the coupling constants g1,2 to be real, for simplicity. Here, S12±,z,
S13±,z are the collective operators (1.48) describing the collection of A three-level
atoms (see Section 1.5.2). They obey the commutation relations of the su(3) algebra.
The su(3) algebra has eight generators and, correspondingly, 28 commutators. The
operators S12

z , S13
z form a commutative subalgebra (the so-called Cartan subalgebra),[

S12
z , S13

z

] = 0. The operators S12±,z and S13±,z form two su(2) subalgebras[
S12

z , S12
±
] = ±S12

± ,
[
S12

+ , S12
−
] = 2S12

z[
S13

z , S13
±
] = ±S13

± ,
[
S13

+ , S13
−
] = 2S13

z (6.51)
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and

[
S12

z , S13
±
] = ±1

2
S13

± ,
[
S13

z , S12
±
] = ±1

2
S12

± (6.52)

Two more generators are required to write the commutation relations in the closed
form: [

S12
+ , S13

−
] = S23

− ,
[
S13

+ , S12
−
] = S23

+ (6.53)

The rest of commutation relations are

[
S12

z , S23
±
] = ∓1

2
S23

± ,
[
S13

z , S23
±
] = ±1

2
S23

± ,

× [
S23

+ , S23
−
] = 2

(
S13

z − S12
z

)
[
S12

+ , S23
+
] = −S13

+ ,
[
S12

− , S23
−
] = S13

− ,
[
S13

+ , S23
−
] = −S12

+ ,

× [
S13

− , S23
+
] = S12

−[
S12

+ , S23
−
] = [

S12
+ , S13

+
] = [

S12
− , S13

−
] = [

S12
− , S23

+
] = [

S23
+ ,

× S13
+
] = [

S23
− , S13

−
] = 0

The case of a single atom corresponds to the three-dimensional representation of
the su(3) algebra, given by

S12
z =

 0 0 0
0 1 0
0 0 −1

 , S12
+ =

 0 0 0
0 0 1
0 0 0

 , S12
− =

 0 0 0
0 0 0
0 1 0



S13
z =

 1 0 0
0 0 0
0 0 −1

 , S13
+ =

 0 0 1
0 0 0
0 0 0

 , S13
− =

 0 0 0
0 0 0
1 0 0


(6.54)

S23
+ =

 0 1 0
0 0 0
0 0 0

 , S23
− =

 0 0 0
1 0 0
0 0 0


For a system of A identical three-level atoms, when only the symmetrical

states with respect to permutations of atoms are considered, the collective atomic
operators form the (A + 1)(A + 2)/2-dimensional irreducible representation of
su(3). The matrix elements of the generators in this representation can be found,
for instance, by using Schwinger realization of the su(3)(Equation 1.50),



138 6 Collective Interactions

S12
+ |m1, m2, m3〉 = √

m1(m2 + 1) |m1 − 1, m2 + 1, m3〉
S13

+ |m1, m2, m3〉 = √
m1(m3 + 1) |m1 − 1, m2, m3 + 1〉

S12
− |m1, m2, m3〉 = √

m2(m1 + 1) |m1 + 1, m2 − 1, m3〉
S13

− |m1, m2, m3〉 = √
m3(m1 + 1) |m1 + 1, m2, m3 − 1〉

S12
z |m1, m2, m3〉 = m2 − m1

2
|m1, m2, m3〉

S13
z |m1, m2, m3〉 = m3 − m1

2
|m1, m2, m3〉 (6.55)

where mk is the number of atoms at the k−th level, so that m1 + m2 + m3 = A.
The Hamiltonian Equation 6.49 admits two integrals of motion, which can be
interpreted as the excitation-number operators in each mode:

N1 = a†
1a1 + S12

z + A

2
, N2 = a†

2a2 + S13
z + A

2
, [N1, H] = [N2, H] = 0

which means that: m2 + n1 = const and m3 + n2 = const, where n1 and n2 are
numbers of photons in the field modes.

We start considering three-level atoms in the resonant classical fields (in the
rotating frame with respect to each field, after application of the RWA), so that, in
Equation 6.50, we treat a, a† as c-numbers

Hcl = g1
(
S12

+ + S12
−
)+ g2

(
S13

+ + S13
−
)

(6.56)

In this case, the Hamiltonian can easily be diagonalized by an appropriate uni-
tary transformation from the su(3) group. It is convenient to look for such a
transformation in the normal form (Gauss decomposition)

w = eζS23− eχS13− eξS12− eln δ12S12
z eln δ22S13

z eαS12+ eβS13+ eγS23+ (6.57)

The coefficients in the above decomposition can be found using the smallest
faithful representation of su(3), since the transformation rules depend only on
the commutation relations of the algebra and not on the matrix elements of
the operators in a particular representation. Thus, using the fundamental three-
dimensional representation, we obtain the Hamiltonian

Hcl =
 0 0 g2

0 0 g1

g2 g1 0

 = w

 � 0 0
0 0 0
0 0 −�

w†

which is diagonalized by the operator

w = 1√
2�

 g2
√

2g1 g2

g1 −√
2g2 g1

� 0 −�

 , � =
√

g2
1 + g2

2 (6.58)



6.8 Three-Level Atoms Interacting with Two Quantum Field Modes 139

Using explicit 3 × 3 matrix expression for each piece of the Gauss decomposition
(6.57), we obtain w in the form

w =
 1 0 0

ζ 1 0
χ ξ 1

 δ2 0 0
0 δ2 0
0 0 δ−1

1 δ−1
2

 1 γ β

0 1 α

0 0 1

 (6.59)

Direct comparison of Equations 6.58 and 6.59 gives the following solution for the
Gaussian parameters:

δ1 = g2√
2�

, δ2 = −�

g2
, α = 0, β = 1; γ =

√
2g1

g2

ζ = g1

g2
, χ = �

g2
, ξ = g1

�

Since Equation 6.57 is valid in any representation, one may compute matrix
elements of the transformation 〈m1, m2, m3|w|m1, m2, m3〉. Note, that ln δ1,2

actually do not appear in the final expression, and the diagonal factors in Equation
6.57 have the following form,

〈m1, m2, m3|eln δ12S12
z eln δ22S13

z |m1, m2, m3〉 = δ
m2−m1
1 δ

m3−m1
2

Using the parameterization (6.57) it is easy to find, e.g. the eigenvectors of the
Hamiltonian (6.56),∣∣m1, m2, m3

〉 = w |m1, m2, m3〉 (6.60)

We recall that |m1, m2, m3〉, is a bare state of the atomic system (the same basis as
in Equation 6.55).

On the other hand, using three-dimensional realization of the atomic operators
(6.54) and the explicit form of the rotation matrix (6.58), one can immediately find
the transformation of an arbitrary operator from the su(3) algebra under the su(3)
rotation w. For instance, we have

w†S12
x w = g1

�
S13

z + g2√
2�

(
S12

x − S23
x

)
w†S13

x w = g2

�
S13

z − g1√
2�

(
S12

x − S23
x

)
where S

ij
x = (Sij

+ + S
ij
−)/2. Therefore, the Hamiltonian is transformed as follows:

w†Hclw = w† (g12S12
x + g22S13

x

)
w = 2�S13

z (6.61)

which is obviously independent of the representation. It follows from Equation 6.56
that

1. the spectrum of (6.56) is equidistant; the Hamiltonian acts on the eigenvectors
(6.60), as

Hcl

∣∣m1, m2, m3
〉 = �(m3 − m2)

∣∣m1, m2, m3
〉
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2. the Hamiltonian (6.56) is an element of the su(2) subalgebra of the su(3) algebra.
The irreducible representation of the full su(3) algebra is reducible under the
action of the su(2) subalgebra, so that the spectrum is degenerate. Considering
the action of the su(2) subalgebra S13

z , S13± in the basis (6.55), we notice that
this subalgebra does not change the index m2. Therefore, the irreducible blocks
(under action of the su(2) subalgebra) correspond to different values of m2:
m2 = 0, 1, 2, . . ., A, and for a given value of m2, the block is A − m2 + 1-
dimensional. The total dimension of the su(3) algebra representation is then

(A + 1) + (A) + (A − 1) + · · · + 1 = (A + 2)(A + 1)

2

as it should be. Note that even the simplest three-dimensional representation of
su(3) is reducible under the action of the su(2) subalgebra: the three-dimensional
representation decomposes into a direct sum of a two-dimensional and a
one-dimensional representations.

Finally, we briefly describe how to develop the perturbation theory for the
quantum field case. We denote by |nj〉fj the state of j th field mode with nj photons.
The interaction Hamiltonian (6.50) in the basis of the total system space

|m2, m3〉 = |A − m2 − m3, m2, m3〉a |N1 − m2〉f 1|N2 − m3〉f 2

m2 = 0, 1, 2, . . . , A; m3 = 0, 1, . . . , A − m2

has the following nonvanishing matrix elements:

〈m2 + 1, m3|H|m2, m3〉 = g1
√

(m2 + 1)(A − m2 − m3)(N1 − m2)

〈m2 − 1, m3|H|m2, m3〉 = g1
√

m2(A − m2 − m3 + 1)(N1 − m2 + 1)

〈m2, m3 + 1|H|m2, m3〉 = g2
√

(m3 + 1)(A − m2 − m3)(N2 − m3)

〈m2, m3 − 1|H|m2, m3〉 = g2
√

m3(A − m2 − m3 + 1)(N2 − m3 + 1) (6.62)

By analogy with the su(2) case, we define the zeroth-order approximation as follows;

H0 = g1

√
N1 − A

2
+ 1

2

(
S12

+ + S12
−
)+ g2

√
N2 − A

2
+ 1

2

(
S13

+ + S13
−
)

Introducing the small parameters

εj = 1(
Nj − A

2
+ 1

2

) , j = 1, 2

and expanding the last factors in every square root in Equation 6.62, we have

H = H0 + H1 + H2 + · · ·
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where nonvanishing matrix elements of the Hamiltonians H1 (in a subspace with
given numbers of excitations) are

〈m2 + 1, m3|H1|m2, m3〉 =
√

ε1g1

2

√
(m2 + 1)(A − m2 − m3)

(
m2 − A + 1

2

)
〈m2, m3 + 1|H1|m2, m3〉 =

√
ε2g2

2

√
(m3 + 1)(A − m2 − m3)

(
m3 − A + 1

2

)
〈m2, m3|H1|m2 + 1, m3〉 = 〈m2 + 1, m3|H1|m2, m3〉∗

〈m2, m3|H1|m2, m3 + 1〉 = 〈m2, m3 + 1|H1|m2, m3〉∗

Note, that the zeroth-order approximation is determined by the transformations
(6.57) and (6.58), where we need to replace

g1 by g̃1 = g1

√
N1 − A

2
+ 1

2
, g2 by g̃2 = g2

√
N2 − A

2
+ 1

2

6.9
Problems

6.1 For a system of A two-level atoms, the Hilbert space is a direct sum of
the subspaces corresponding to the irreducible representations of the su(2)
algebra. For the case of four atoms, A = 4, find the vacuum vectors of all
irreducible representations, under the additional conditions that these vectors
are the eigenvectors of the cyclic permutation of the atoms, Equation 6.8. Find
the basis of all these representations.

Answer: One five-dimensional representation, with the vacuum vector

|0〉 = |0000〉 (6.63)

three three-dimensional representations, with the vacuum vectors

|1, 1〉 = 1

2
(|1000〉 + i|0100〉 − |0010〉 − i|0001〉) (6.64)

|1, 2〉 = 1

2
(|1000〉 − |0100〉 + |0010〉 − |0001〉) (6.65)

|1, 3〉 = 1

2
(|1000〉 − i|0100〉 − |0010〉 + i|0001〉) (6.66)

(6.67)
and two one-dimensional representations

|2, 1〉 = 1√
12

(|1100〉 + |0011〉 + |1001〉

+ |0110〉 − 2|0101〉 − 2|1010〉) (6.68)

|2, 2〉 = 1

2
(|1100〉 + |0011〉 − |1001〉 − |0110〉) (6.69)
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6.2 Find the exact eigenvalues and eigenvectors for the Dicke model Hamiltonians
(6.12), (6.13) under the exact resonance condition for the case of two atoms,
A = 2. Compare with the results in the first order of the perturbation theory
(6.27), (6.31).

6.3 Prove that the components of the zeroth-order eigenvectors (6.23) have the
following symmetry properties:

(a) αA
kp = αA

pk,

(b) αA
pk = (−1)pαA

p,A−k,

(c) αA
pk = (−1)kαA

A−p,k,

(d) αA
pk = (−1)k+p−AαA

A−p,A−k.

6.4 Analyze the evolution of the initial squeezed atomic state (1.29) in the Dicke
model (6.12), (6.13) if the initial state of the field is

(a) a number state |N〉 with N 
 A;

(b) a coherent state |α〉 with n = |α|2 
 A.

6.5 For the Dicke model with the case of finite detuning, ∆ = ωf − ωa, develop
the perturbation theory analogous to (6.27), (6.31). Find the eigenvalues in
the second order and the eigenvectors in the first order. Hint: first, apply to
the Hamiltonian

H = ωN̂ + ∆Sz + g
(
aS+ + S−a†)

the transformation, eiφSy .

6.6 Consider A identical three-level atoms with V-configuration of the levels.

(a) For two and three atoms, A = 2, 3 find explicitly the decomposition of
the atomic Hilbert space into a direct sum of irreducible representations
of su(3). For each irreducible representation, find the basis and the matrix
elements of all of the operators. Hint: the lowest states of the irreducible
representations are annihilated by the lowering operators, Skm− |0〉 = 0;
the highest states are annihilated by the rising operators, Skm+ |h〉 = 0;
in each irreducible representation, look for basis vectors in the form∏

S
jk
+ |0〉.

(b) Find the basis and the matrix elements for the fully symmetrical
representation for arbitrary A.

(c) Consider A three-level atoms of V-configuration and transition frequen-
cies ω12, ω13, interacting with the two modes of quantized field with
frequencies ωf 1, ωf 2, under the exact resonance conditions: ω12 = ωf 1,
ω13 = ωf 2, so that the Hamiltonian has a form (6.50). For the case of
weak field, A � N, develop the perturbation theory analogous to the one
of Sections 6.4 and 6.5 and find the eigenvalues of the Hamiltonian in
the second order.
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7
Atomic Systems in a Strong Quantum Field

The results of Chapter 5 for a single atom interacting with a strong quantum field
can be generalized to the case of an arbitrary atomic system provided that the
number of excitations in the atomic system is much smaller than the number
of photons in the field mode. The method we are going to use is a perturbation
theory over the inverse field intensity developed in Chapter 6. As in Chapter 5, we
introduce the semiclassical atomic Hamiltonian. Its eigenstates play a special role;
being taken as initial atomic states they lead to the approximate factorization of the
total wave function into the field and atomic parts. Evolution of an arbitrary initial
atomic state is described by a superposition of the factorized states.

7.1
Dicke Model in a Strong Field

We start with the generalization of the operator Q̂ introduced in Chapter 5 for a
single atom case (Equations 5.12 and 5.13), to the case of A two-level atoms [46].
We consider the following transformation:

Q̂ = exp
[

iφ̂
(

Sz + A

2

)]
(7.1)

Here eiφ̂ is the field phase operator (3.126) and (3.127). Since the operator Sz + A/2
has an integer spectrum, the operator Q̂ is a direct sum of powers of the phase
operator

Q̂ =
A∑

k=0

eikφ̂|k〉at at〈k|

The action of operator Q̂ on the vectors of the basis (6.19) (where |k〉at is an atomic
state with k atoms excited and |n〉f is a field state with n photons) is given by

Q̂|N, k〉 = Q̂|k〉at ⊗ |n = N − k〉f = eiφ̂k |k〉at ⊗ |n〉f

= |k〉a ⊗ |n − k〉f = |n, k〉

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5



144 7 Atomic Systems in a Strong Quantum Field

We stress that the operator Q̂ satisfies the commutation relation [Q̂ , Q̂†] = 0 and
is unitary only on the states |n, k〉 with n > A ≥ k. However, this is sufficient for
our goals.

The following commutation relations for the operator Q̂ can be found from the
properties of the phase operator:

f ( n̂ )Q̂† = Q̂†f

(
n̂ + Sz + A

2

)
, Q̂ f ( n̂ ) = f

(
n̂ + Sz + A

2

)
Q̂ (7.2)

From Equation 7.2 we conclude that Q̂ transforms the photon number into the
excitation number (up to the constant term): N̂ = Q̂

(
n̂ − A/2

)
Q̂†. Applying the

transformation Q̂ to the atomic and field operators, we obtain

Q̂S+Q̂† = exp(iφ̂)S+, Q̂S−Q̂† = exp(−iφ̂)S− (7.3)

Q̂†aQ̂ =
√

n̂ − Sz − A

2
+ 1 eiφ̂ =

√√√√ n̂ − Sz − A

2
+ 1

n̂ + 1
a (7.4)

Now let us apply the Q̂ transformation to the Hamiltonian of the Dicke model (6.12)

H = ωN̂ + ∆Sz + V , N̂ = n̂ + Sz, V = g
(
aS+ + a†S−

)
(7.5)

Using Equations 7.2– 7.4 we find that Q̂ transformation diagonalizes the Hamil-
tonian in the field space

Hat
(
n̂
) = Q̂†HQ̂

where

Hat
(
n̂
) ≡ ων̂ + ∆Sz + g

(√
ν̂ − Sz + 1S+ + S−

√
ν̂ − Sz + 1

)
(7.6)

ν̂ = n̂ − A

2

The price that we have to pay for eliminating the nondiagonal field operators is the
nonlinearity of the atomic Hamiltonian Hat.

This approach is useful if we can express the Hamiltonian Hat as a linear function
of the generators of some representation of a certain finite-dimensional Lie algebra.
This is approximately the case when the initial field is strong, that is, when the
number of excitations is much larger than the maximum number of atomic
excitations (N̂ ∼ n̂ � Sz). In this case, it is possible to develop a perturbation
theory, with the inverse of the field intensity as a small parameter. To achieve
this goal, we expand the square roots in Equation 7.6 as a power series taking
(ν̂ + 1/2)−1/2 as a small parameter. This yields

Hat = H0 + 1√
ν̂ + 1/2

H1 + O
(
ν̂−3/2) (7.7)
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where

H0 = ων̂ + ∆Sz + g

√
ν̂ + 1

2
(S+ + S−) (7.8)

H1 = −1
4

g {Sz, S+ + S−}+ (7.9)

{, }+ is the anticommutator. Choosing of the expansion parameter in the form (ν̂ +
1/2)−1/2 allows us to eliminate the first-order corrections to the eigenfrequencies
in the resonant case. Indeed, if ∆ = 0, one can show that the average of H1

over the eigenstates of H0 is zero. The Hamiltonian Q̂H0Q̂† has a transparent
physical sense: in each subspace with a given excitation number N, the dynamics is
approximately linear and corresponds to a rotation of the Bloch vector around the
x axis. The rotation frequency depends in a nonlinear way on the subspace index
N, which reflects the nonlinearity of the model. (For instance, in the case ∆ = 0,
the rotation frequency is �N = g

√
N − A/2 + 1/2.) We call H0 the quasi-linear

approximation. The zeroth-order evolution operator U0(t)

U0(t) = Q̂U
(at)
0 (t)Q̂†, U

(at)
0 (t) = exp(−itH0) (7.10)

is an element of the su(2) group (since the Hamiltonian Q̂H0Q̂† is an element
of the su(2) algebra) and its matrix elements are easily obtained using the group
representation theory. It is easy to see that in the case of one atom, A = 1,
the evolution operator U0 is reduced to the exact evolution operator for the
Jaynes–Cummings model (JCM) (Equation 5.5).

The first-order correction to the evolution operator (7.10) can also be found using,
for example, the following formula,

e−i(A+εB)t = e−iAt
[

1 − iε
∫ t

0
dτeiAτBe−iAτ + O

(
ε2)]

Defining A = H0, B = H1, in the case of exact resonance, we obtain

U(at)(t) ≈ U
(at)
0 (t)(1 + R1 + R2 + · · ·)

R1 = i

4g2
(
ν̂ + 1/2

) {Sx , Sz sin ϑ̂ − Sy

(
1 − cos ϑ̂

)}
where

ϑ̂ = 2gt

√
ν̂ + 1

2

One can see that R1 does not increase with time and is of the order 1/n. The
second-order corrections increase with time and are of the order

R2 ∼ gt

n3/2

which means that in the resonant case, the evolution operator in the form (7.10)
describes the dynamic behavior of the system quite well (with an error in the
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coefficients of order A2/n, where A is the number of atoms) for the times
gt ≤ n 3/2.

Using the evolution operator in the form (7.10), we can find the evolution for the
system operators in the Heisenberg representation. For example, since [Sz, Q̂ ] = 0,
the Heisenberg operator Sz(t) is given by

Sz(t) = Q̂U
†
atSzUatQ̂

† = Q̂
(

Sz cos ϑ̂ + Sy sin ϑ̂
)

Q̂† (7.11)

or, finally,

Sz(t) = Sz cos ζ̂ + 1
2i

(
S+eiφ̂ sin ζ̂ − sin ζ̂e−iφ̂S−

)
where

ζ̂ = Q̂ϑ̂Q̂† = 2gt

√
n̂ + 1

2
+ Sz

In the case of one atom, the expression (7.11) coincides with the exact result of
Equation 5.9.

7.2
Factorization of the Wave Function

As in the JCM , the Dicke model has the following interesting feature: there are
some initial states for which the wave function of the system is approximately
written as a product of pure states of the field and of the atomic system [83]. In
the case of the JCM, the factorization of the wave function is obtained by using the
exact evolution operator (see Chapter 5). In the case of the Dicke Model, in order
to prove the factorization we use the quasi-linear approximation.

Let us assume that at t = 0 the field is taken in a coherent state |α〉, where
α = √

n eiϕ and the initial number of photons is large, n � A. It is useful to
introduce the atomic system Hamiltonian in a classical field,

Hcl = eiϕS+ + e−iϕS− (7.12)

where the classical field has the same phase ϕ as the initial field coherent state. The
eigenstates of the classical field Hamiltonian (7.12) (‘‘semiclassical eigenstates’’) are

Hcl|p, ϕ〉 = λp|p, ϕ〉
where λp = 2p − A and p = 0, 1, . . . A. It is clear that

|p, ϕ〉 = eiϕ(Sz+A/2)|p〉
where the vectors |p〉 are the eigenvectors of the operator Sx where

2Sx|p〉 = λp|p〉 (7.13)

We take one of the eigenstates of the classical field Hamiltonian 7.12 as the initial
state of the atomic system. Therefore, the initial state of the total system is
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|�p (0)〉 = |α〉 ⊗ |p, ϕ〉 (7.14)

Applying the evolution operator in the form (7.10) to the initial state (7.14) and taking
into account that coherent states are almost the eigenstates for the phase operator

Q̂†|α〉 = e−iφ̂(Sz+A/2)|α〉 = e−iϕ(Sz+A/2)|α〉 + O

(
1√
n

)
(7.15)

we obtain

|� (t)〉 = U0(t)|�p (0)〉 ≈ Q̂e−2itg
√

ν̂+1/2Sx |α〉|p〉
Since the state |p〉 is an eigenstate of the operator Sx, we have

|� (t)〉 ≈ Q̂e−itg
√

ν̂+1/2 λp |α〉|p〉
Using the commutation rule

Q̂e−itg
√

ν̂+1/2 λp = e−itg
√

ν̂+Sz+A/2+1/2 λp Q̂

we obtain

|� (t)〉 ≈ e−itg
√

ν̂+Sz+A/2+1/2 λp |�p (0)〉 (7.16)

Now we expand the frequency in the exponential in Equation 7.16 in a Taylor series,√
ν̂ + Sz + A

2
+ 1

2
�
√

ν̂ + 1

2
+ Sz + A/2

2
√

ν + 1/2
+ O

(
A2

n3/2

)
We obtain

|� (t)〉 = |�p (t)〉f ⊗ |Ap (t)〉at (7.17)

|�p (t)〉f = e−igt
√

ν̂+1/2 λp |α〉 (7.18)

|Ap (t)〉at = exp
(

−igt
Sz + A/2

2
√

ν + 1/2
λp

)
|p, ϕ〉 (7.19)

where ν = n − A/2. It can easily be seen that for the case of one atom, A = 1, the
results obtained for the JCM are reconstructed. The factorization (Equation 7.17)
is valid for the times gt <

√
n (due to the approximation in frequencies) with

an accuracy in the amplitudes of the order O(A/
√

n) (due to the approximation,
Equation 7.15). Note that the photon distribution is always Poissonian. Of course
(as in the case of the JCM), this factorization does not mean that the systems evolve
in an independent way.

From the factorization (7.17), it immediately follows that (as in the JCM) the
states |�p (0)〉 = |α〉 ⊗ |p, ϕ〉; p = 0, 1, . . . , A are trapping states:

〈�p (t) |Sz|�p (t)〉 = 〈�p (0) |U†SzU|�p (0)〉 � 〈� (0) |Sz|� (0)〉
Thus, the atomic inversion practically does not evolve for these initial states. The
evolution of the atomic inversion for the initial atomic trapping state is shown
in Figure 7.1 (the graph was obtained by the exact numerical calculation with
the Dicke model Hamiltonian). Small oscillations seen in the figure represent
corrections to the analytic approximation of this chapter.
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Figure 7.1 Atomic inversion dynamics: the field is taken
initially in its coherent state with n = 49, the atomic system,
A = 3, is initially in the trapping state (the eigenstate of the
classical field Hamiltonian) |p = 0, φ = 0〉a.

7.3
Evolution in Phase Space

It follows from Equation 7.18, that the evolution of the field in the factorized wave
function is described by an effective Hamiltonian Heff [83]

Heff = gλp

√
n̂ − A

2
+ 1

2
(7.20)

Expanding the square root in the equation above in the powers of ∆̂n ≡ n̂ − n ∼ √
n

we obtain

Heff = gλp

[√
nA + ∆̂n

2
√

nA
− (∆̂n)2

8nA
3/2

]
(7.21)

where we have neglected the terms of order t(∆̂n)3/n5/2 ∼ t/n. Each term in
Equation 7.21 has a clear physical sense: the first term leads to the multiplication of
the initial coherent state by a phase factor; the second term moves the state of the
field around a circle in field phase space; finally, the third term describes the phase
dispersion that leads to the deformation of the initial coherent state. This effect
is similar to what happens during evolution in the Kerr medium. However, there
is a substantial difference: the term that describes the dispersion has the opposite
sign in the Dicke model to the one in the Kerr medium; that is, the regions that
correspond to the higher intensities move more slowly. When the phase dispersion
reaches 2π, self-interference effects take place (like in the Kerr medium). These self-
interference effects produce phenomena similar to the ‘‘Schrödinger cats’’ in the
Kerr medium (which in this case are called fractional revivals) [59]. However, since
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the Dicke model spectrum contains noncommensurate frequencies the fractional
revivals are not as pronounced as the cats in the Kerr medium.

For short times gt 
 √
n, the nonlinear term in Equation 7.21 does not contribute

significantly and the field state remains a coherent state so that

|�p(t)〉f ≈ e−igλp t
√

n−A/2+1/2/2|e−iωptα〉 (7.22)

where

ωp = gλp

2
√

n − A/2 + 1/2
(7.23)

using the fact that

e−iωpt n̂|α〉 = |e−iωptα〉
This means that for short times (before the first revival) the initial coherent state
of the field simply rotates in the phase plane with the frequency ωp. To represent
the evolution in the case of an initial semiclassical eigenstate |p〉 in the phase
plane (for simplicity we take the initial phase of the field coherent state to be
equal to zero: ϕ = 0), we use the field quasiprobability distribution Q(α). Under the
approximation of the factorized states (7.17) to (7.19), the Q function is reduced to

Qp (β) = |〈β|�p(t)〉f |2

In the beginning of the evolution, when Equation 7.22 is satisfied, the function Q
has the form of a hump (whose contour lines are circles) with the center moving
with the angular velocity ωp

Q (β) = |〈β|e−iωptα〉f |2 = exp
[−|β − e−iωptα|2]

For longer times, the shape of the function Q is deformed, but its center continues
to move as in the beginning. The function Q corresponding to the state |�p(t)〉 can
be represented in the following form (this expression has been obtained by using
Equation 7.21):

Qp(β = r eiφ) = exp
[−(r − r0)2

]√
rr0µ(t)

+∞∑
k=−∞

exp
[
− (φ + φ0(t) − 2πk)2

µ(t)

]
(7.24)

Each term in the sum is a Gaussian function (in phase) whose center moves with
a constant angular velocity, φ0(t) = tgλp/(2

√
rr0 − A/2 + 1/2), and whose variance

depends on the intensity

µ(t) = 1
rr0

+
(

gλpt

2rr0

)2

, r0 ≡
√

n

that describes a phase diffusion. Each term in the sum (7.24) contributes at
different times. For example, for the times gt ≤ 2π

√
n/λp, only the term with k = 0

contributes effectively in the sum. Thus, the contour lines of the Q function are
given as

(r − r0)2 + (φ − φ0(t))2

µ(t)
= const
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Now, let us consider the evolution of an arbitrary atomic state in a strong coherent
field. Any initial atomic state can be expanded in the semiclassical basis |p〉 (we
choose the initial field phase ϕ = 0) as

|ψ(0)〉at =
A∑

p=0

cp|p〉, cp = 〈p|ψ(0)〉at (7.25)

Thus, the state of the total system is represented as a superposition of the factorized
states

|� (t)〉 =
A∑

p=0

cp|�p (t)〉f ⊗ |Ap (t)〉at (7.26)

This means that a generic atomic state produces A + 1 humps in the phase plane of
the field. Each hump rotates along the circle of radius

√
n with angular velocity ωp

(Equation 7.23), see Figure 7.2. These humps can collide with each other in phase
space. To understand the effect of such a collision, we calculate the atomic inversion
for an arbitrary initial atomic state (7.25) using the factorization approximation
(Equation 7.17). From the expansion (7.26), we have

〈�(t)|Sz|�(t)〉 ≈
A∑

p,q=0

cpc∗
q at〈Aq(t)|Sz|Ap(t)〉at f 〈�q(t)|�p(t)〉f (7.27)
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Figure 7.2 Field Q function for three atoms at the time
instant Tr/4; the field initially prepared in a coherent state
with n = 49, and atoms initially excited.
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It can easily be seen that

at〈Aq(t)|Sz|Ap(t)〉at = 〈q|Sz exp
[
−i(ωp − ωq)

(
Sz + A

2

)
t

]
|p〉 (7.28)

The field overlap integral

f 〈�q(t)|�p(t)〉f =
∑

n

Pne−i gt(λp−λq)
√

n−A/2+1/2 (7.29)

has the form of an anharmonic series. To obtain qualitative information we analyze
it using the short-time approximation (Equation 7.22)

f 〈�q(t)|�p(t)〉f ≈ e−igt(λp−λq)
√

n−A/2+1/2/2〈e−iωqtα|e−iωptα〉 (7.30)

The rapidly oscillating phase factor e−i(λp−λq) gt
√

n/2 in Equation 7.30 represents
Rabi oscillations. The amplitude of these oscillations changes relatively slowly:

|〈e−iωqtα|e−iωptα〉| = exp
[−n|e−iωqt − e−iωpt|2

2

]
In the beginning of the evolution, t = 0, and the oscillation amplitude is maximum.
The oscillations collapse when

√
n |e−iωqt − e−iωpt| ∼ 1

Since ωp ∼ 1/
√

n, we can expand the exponentials in series and obtain the collapse
time

Tc ∼ 1(
ωp − ωq

)√
n

On the other hand, the humps collide when(
ωp − ωq

)
TR = 2π

which determines the time of a possible revival of Rabi oscillations; also, for
these times, we find that the atomic matrix element (Equation 7.28) is almost
independent of t, since

exp
[
−i(ωp − ωq)

(
Sz + A

2

)
TR

]
= exp

[
−i2π

(
Sz + A

2

)]
= I

Thus, for times of the order of the revival time, t ∼ TR

at〈Aq(t)|Sz|Ap(t)〉at ≈ 〈q|Sz|p〉

=
√

(A − p)(p + 1)

2
δp+1,q +

√
(A − p + 1)p

2
δp−1,q

This means that only a series of revivals with the revival time

TR = 2π

g

√
n − A

2
+ 1

2
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Figure 7.3 Collapses and revivals of the atomic inversion;
the field initially in the coherent state with n = 49, atomic
system, A = 3 initially in its unexcited state, |0〉a.

‘‘survives’’ and the collapse time is

Tc = 1

g

√
n − A/2 + 1/2

n

The field overlap integral will be

f 〈�p±1(t)|�p(t)〉f =
∑

n

Pne±2igt
√

n−A/2+1/2

It is interesting to note that the revival time practically does not depend on
the number of atoms (as long as the strong field condition is satisfied:
A 
 n).

Thus, the humps moving with the velocities ωp and ωp±1 collide at time t = TR.
The interference of different semiclassical eigenstates is reflected in the revival
effect, Figure 7.3. For example, in the case of a single atom (JCM), we have two
humps that move with the frequency ω1 = g/

√
n in opposite directions. After each

hump goes half way around, they collide and the revival occurs. In the case of
two atoms, we have three humps, two of which move with the angular velocities
ω0,2 = ±2g/

√
n − 1/2 and the third remains at rest at the starting point, ω1 = 0.

The revival occurs when the moving humps collide with the hump that is at rest
after completing a round. However, since these move twice as fast as in the case of
a single atom, the revival time is practically the same (the small difference is due to
the fact that the frequency � = g

√
n − A/2 + 1/2 depends weakly on the number

of atoms).

7.4
Dicke Model in the Presence of the Kerr Medium

As another example, we consider the evolution of a collection of A two-level atoms
that interact with a quantum field mode (Dicke model) inside a cavity that contains
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the Kerr medium [56]. We initially prepare the field in the coherent state |α〉 with
α = √

neiϕ, n � A, and the atomic system in the semiclassical eigenstate |p, ϕ〉at

with the eigenvalue λp, so that the atomic phase ϕ coincides with the initial phase
of the field (we consider the phase zero case ϕ = 0). Both the Kerr Hamiltonian
(4.35) (∼n̂2) and the effective Hamiltonian for the Dicke model for these initial
states (∼

√
n̂), produce a phase diffusion that leads to the deformation of the initial

state of the field. The Hamiltonian that describes both effects is of the form

H = ωN̂ + χn̂2 + ∆Sz + gV , N̂ = n̂ + Sz, V = aS+ + a†S− (7.31)

The frequency shift ∆ is chosen later on. The Kerr coupling constant χ is
proportional to the third-order nonlinear susceptibility and is usually very small
compared to the field–atom coupling constant. Since the most interesting regime
corresponds to sufficiently large initial field intensities n ∼ (g/χ)2/3, it is convenient
to define a new Kerr coupling constant as χ0 ≡ χn3/2. The term that corresponds
to the Kerr interaction in the Hamiltonian (7.31) is written as

χn̂2 = χ0

n3/2

(
N̂2 − 2N̂Sz + S2

z

)
(7.32)

The last term in the formula above is of order 1/n3/2 and can be neglected.
The principal contribution of the second term cancels out with the term ∆Sz in
Equation 7.31 when

∆ = 2χn

is chosen as the frequency shift value. The contribution of the two terms ∆Sz −
2χN̂Sz together is of order 1/n. Thus, only the first term in Equation 7.32 (which
is of order ∼√

n) should be considered.
Applying the Q̂ transformation and repeating the calculations of Section 7.2 we

obtain the wave function of the system in the factorized form

|�(t)〉 ≈ |�p(t)〉 ⊗ |Ap(t)〉
|�p(t)〉 = e−itHf |α〉f

|Ap(t)〉 = exp
[

it
(

4χ0 + gλp

2
√

n

)
Sz

]
e−itHa |p〉at

where the effective Hamiltonian that describes the evolution of the field has an
additional term compared to Equation 7.20, which describes the contribution of
the Kerr medium:

Heff = χn̂2 + gλp

√
n̂ + 1/2 (7.33)

Now we expand the effective Hamiltonian (7.33) in powers of ∆̂n ≡ n̂ − n ∼
√

n̂ as
we did in the case of the pure Dicke model (7.21):

Heff � gλp

√
nA+χn2 + ∆̂n

(
gλp

2
√

nA
+ 2χn

)
+(∆̂n)2

(
χ − gλp

8nA
3/2

)
(7.34)
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The nonlinear part in the expression above contains two terms that appear with
different signs (which is the consequence of the phase dispersion in the Dicke and
Kerr mediums occurring in opposite directions). This difference in signs yields the
possibility of forming nondispersive wave packets. One can see that the dispersive
terms that are ∼∆̂n

2
in the Hamiltonian (7.34) cancel out between each other when

the following condition is satisfied:

χ = gλp

8n3/2

which determines the field intensity (for given values of the Dicke and Kerr coupling
constants) when the phase dispersion decreases significantly.

7.5
Generation of the Field Squeezed States

Due to the nonlinearity of the effective Hamiltonian for the field (7.20), (7.21), the
initial coherent state of the field (with n � A) can evolve at certain time instants
into a squeezed state. We will see that squeezed states are generated in the Dicke
model at long times (around the revival time [58]) and at short times (close to the
time of the first collapse [57]). These two possibilities are of an essentially different
nature [84].

We start with the case of squeezing at the long times. We assume that the atomic
system is prepared initially in its semiclassical eigenstate |p〉. This initial state leads
to the factorization of the wave function (7.17). Thus, the fluctuation of a canonical
variable q = (

a + a†
)
/
√

2 is given by

〈σq〉p = 〈�p(t)|q2|�p(t)〉 − 〈�p(t)|q|�p(t)〉2 (7.35)

where the wave function of the field |�p(t)〉 is defined in Equation 7.18. Squeezing
of the field state implies that 〈σq〉p < 1/4. Since the expansion (7.21) of the effective
Hamiltonian works well for the times that cover various revivals, we use this
approximation to find the field operators in the Heisenberg representation, which
yields

a(t) = e−iτ exp
[

iλpgt

(
1 + 2∆̂n

8n3/2

)]
a

By calculating the average over the initial coherent state of the field, we obtain

〈â〉p = αe−iτ(1−1/4n) exp
[

n

(
e−iτ/2n − 1 + iτ

2n

)]
≈ αe−iτe−T2/8 (7.36)

where τ = λpgt/2
√

n and T = 2τ/
√

n, which means that the phase of the field is
approximately equal to −τ, while its amplitude decreases as e−T2/8 (phase diffusion).
We also obtain the following approximation for the fluctuations (Equation 7.35):

〈σq〉p ≈ 1
2

+ 2
[

n

2

(
e−T2/8 − e−T2/16

)
+ T2

64

(
e−T2/16 − 4e−T2/8

)]
cos 2τ

− T
√

n

4

(
2e−T2/8 − e−T2/16

)
sin 2τ + n

(
1 − e−T2/16

)
(7.37)
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Which, for a very large number of photons, is simplified to

〈σq〉p ≈ 1

2
+ τ2

4
[1 − cos 2τ] + τ

2
sin 2τ (7.38)

It can be seen from the above expression that the fluctuations are minimized when

τ = kπ − 1
2

arccot
(τ

2

)
≈ kπ − 1

2
arccot

(
kπ

2

)
, k = 1, 2, . . .

This means that the maximum squeezing of the field is reached at the times
close to the revival times: tsq � 0.9TR, 1.95TR, . . . . Thus, squeezing of the field at
long times is generated by each semiclassical eigenstate, due to the deformation
of the initial coherent state evolving under the action of a nonlinear effective
Hamiltonian (7.21).

The nature of squeezing at short times is different. There is no short-time
squeezing if the atomic system is initially prepared in a semiclassical eigenstate,
since for short times the deformation generated by the effective Hamiltonian
(7.20) is negligible. At short times, field squeezing is due to the interference of
the field states corresponding to different semiclassical atomic eigenstates. When
an initial coherent state of the field starts to interact with the atomic system, the
field quasiprobability distribution Q (which at time t = 0 had the form of a single
Gaussian hump) separates into various humps, corresponding to contributions
of various atomic semiclassical eigenstates into the initial atomic state. For times
of the order of the collapse time, gt ∼ 1, the field coherent states corresponding
to different atomic semiclassical states interfere with each other and generate a
squeezed field state. It is easy to see from Equation 7.19, that the factorized atomic
states are approximately orthogonal for short times and, thus, the factorization
approximation (7.17) does not describe the interference between semiclassical
eigenstates. Hence, the interference effects are of the order of A/

√
n, which is

precisely the accuracy of the approximation (7.17) and, thus, the expected squeezing
of the field would be also of the order of A/

√
n. We find the fluctuations of the field

operators by using the evolution operator in the quasi-linear approximation (7.10)
in the same way as we did to find Sz(t) in Equation 7.11:

n̂(t) = n̂ + Sz(1 − cos ζ̂) + 1
2i

(
S+eiφ̂ sin ζ̂ − sin ζ̂e−iφ̂S−

)
≡ n̂ + L̂(n̂) (7.39)

a(t) =
√

1 + n̂(t) exp(iφ̂) =
√

1 + L̂(n̂)
n̂ + 1

a

a2(t) =
√

1 + L̂(n̂)

n̂ + 1

√
1 + L̂(n̂ + 1)

n̂ + 2
a2 (7.40)

where L̂ is defined by Equation 7.39. Let us calculate squeezing for the completely
excited initial atomic state |Aat. Using the SU(2) group representation technique,
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we obtain

at〈A|n̂(t)|A〉at = n̂ + A

2
(1 − cos ζ̂A) (7.41)

at〈A|a(t)|A〉at = cosA
(
ν̂A − ν̂A+1

2

)[
1 + AZ1

4(n̂ + 1)
− AZ1(AZ1 + 1 − Z1)

32(n̂ + 1)2

]
a

at〈A|a2(t)|A〉at = cosA
(
ν̂A − ν̂A+2

2

)[
1 + AZ2

2(n̂ + 1)
− AZ2

4(n̂ + 1)2

]
a2 (7.42)

where

Zj = 1 − cos
[
(ν̂A+j + ν̂A)/2

]
cos

[
(ν̂A+j − ν̂A)/2

]
and

ν̂A+j = 2gt

√
n̂ + j + 1

2
+ A

2

Now we can calculate the fluctuations 〈σq〉. Averaging the operators in Equation 7.42
over the initial coherent state (with zero phase) and using〈

cos ν̂A

n + 1

〉
≈ 1

n

[
〈cos ν̂A〉 + gt√

nA
〈sin ν̂A〉

]
〈
cos ν̂A

〉 = exp
[
− g2t2

2

n

nA

]
cos(2gt

√
nA)

where 〈. . .〉 means the average over the coherent state |α = √
n〉 and nA = n +

1/2 + A/2, we obtain

〈σq〉 = 1

2
+ Agt

2
√

nA
sin(2gt

√
nA) exp

(
− (gt)2

2

n

nA

)
+ A2

16n

[
exp

(
−2(gt)2 n

nA

)
− exp

(
− (gt)2

2
n

nA

)]
cos(4gt

√
nA)

+ A2

16n

(
1 − e−(gt)2n/nA

)
+ O

(
A3

n2

)
(7.43)

From Equation 7.43 we can find the conditions for the best squeezing in terms
of the parameters of the system: number of atoms A and n. The time instant
at which the best squeezing occurs can be obtained considering the second
term in Equation 7.43, which describes the modulated Rabi oscillations. The local
squeezing maxima correspond to the minima of the sine function and occur for
times gt(k) = (k − 1/4)π/

√
nA, k = 1, 2, . . . . The time t∗ of the best squeezing is

t∗ = π

g
√

nA

([
nA

π
√

n

]
− 1

4

)
(7.44)
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The value of squeezing depends, of course, on the number of atoms. By evaluating
the fluctuations 〈σq〉 at time t∗, we find

〈σq〉min � 1

2

(
1 − d

A√
n

+ b
A2

8n

)
(7.45)

where d = e−1/2 ≈ 0.606 and b = 1 + d − d2 − d4 ≈ 1.103. As expected, squeezing
increases with the number of atoms that participate in the interaction. Also, from
the equation above the optimal number of atoms for the coherent state with a given
average number of photons can be evaluated

Aopt ∼ 2.4
√

n (7.46)

which is consistent with the supposition A 
 n if A/n ≈ 2.4/
√

n 
 1 is satisfied.
From Equations 7.44 and 7.46 we can obtain the maximum absolute value of the
squeezing, which is of the order of 66%.

7.6
Coherence Transfer Between Atoms and Field

During the evolution process, the atomic system may transfer part of its initial
coherence to the field [51, 85]. This is shown, for example, by the fact that the
field that was in a phaseless state, that is, whose phase distribution function was
simply PA(ϕ) = 1/2π, acquires a certain phase during the interaction with the
atomic system that has been prepared in a special state. The phase becomes better
defined when the size of the atomic system increases [85]. This effect may be quite
pronounced even in the case of a strong initial field. In this section, we consider
the interaction of a set of A two-level atoms prepared initially in a semiclassical
eigenstate (7.13) with the field in the number state, |N〉, N � A. For simplicity, we
consider the atomic semiclassical eigenstate |p = 0〉,

|in〉 = |0〉at|N〉f (7.47)

and find the evolution of the phase operator exp(ikφ̂), where k is an integer, for
this initial state of the system. By applying the evolution operator in the form
(7.10) to the phase operator and by evaluating the averages over the initial state
(Equation 7.47), we obtain

〈in| exp
(

ikφ̂(t)
)

|in〉 =
A∑

l=0

cl+k c∗
l dA

ll+k (θk) , |k| ≤ A

〈in| exp
(

ikφ̂(t)
)

|in〉 = 0, |k| > A

where cl = 〈l|0〉, matrix elements of finite rotations from (A + 1)-dimensional
representation of the SU(2) group, PA

lk(θ) = 〈l| exp (iθSx) |k〉, are defined in Ap-
pendix 11.5, and
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θk = 2

(√
N + l − A

2
+ 1

2
−
√

N + l − A

2
+ 1

2
+ k

)
(7.48)

Since |k|, l ≤ A, the argument θk can be simplified in the limit of a strong initial
field N � A in the following way:

θk � −2kθ, θ = gt

2
√

NA
, NA = N − A

2
+ 1

2

Taking into account the explicit expression for the coefficients cl,

cl = (−1)l

2A/2

√
A!

l!(A − l)!

and the integral representation for the PA
lk (θ) function (see Appendix 11.5), we

obtain

〈in| exp(ikφ̂(t))|in〉 = (−i)k A!(
A + k

)
!

Pk
A(cos kθ) (7.49)

where Pk
A(x) are associated Legendre polynomials [49]. Using Equation 7.49 we

can reconstruct the phase distribution function as

PA(ϕ) = 1

2π

A∑
k=−A

〈in| exp(ikφ̂(t))|in〉 e−ikϕ (7.50)

= 1

2π
+ 1

π

A∑
k=1

(−1)k A!(
A + k

)
!

Pk
A(cos kθ) cos

(
ϕk − πk

2

)

One can see that the mean value of cos φ̂ is always zero (this implies that the phase
is located at ϕ = 0), while the average of sin φ̂ is of the form

〈sin φ̂〉 = − 1

A + 1
P1

A(cos θ)

and reaches its maximum value close to the times

gt � π
√

NA

A
(7.51)

Also, it is easy to obtain from Equation 7.50 the fluctuations of the operators cos φ̂

and sin φ̂, which are of the form

σcos φ = 1
2

− 1
2(A + 1)(A + 2)

P2
A(cos 2θ) (7.52)

σsin φ = 1
2

+ 1
2(A + 1)(A + 2)

P2
A(cos 2θ) −

[
1

(A + 1)
P1

A(cos θ)
]2

(7.53)
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Considering asymptotic relations for the associated Legendre polynomials [49], we
find that in the limit of a great number of atoms A � 1 (but A 
 N) the fluctuations
(7.52) and (7.53) at times (7.51) tend toward the following values:

σcos φ = 1

2

(
1 − J2(π)

)
σsin φ = 1

2
+ 1

2
J2(π) −

[
J1

(π

2

)]2

In the case of a single atom, A = 1, the mean value and the fluctuation of sin φ̂

have the form

〈sin φ̂〉 = 1

2
sin θ

σsin φ = 1
2

− 1
4

sin2 θ

The average 〈sin φ̂〉 reaches its maximum for gt = π
√

N/2. The variance σ6
sin φ

at the same time reaches the value 1/4, which means that there is a significant
sharpening of the phase distribution function.

7.7
Resonant Fluorescence Spectrum

In this section, we obtain the resonant fluorescence spectrum for the Dicke model
in the limit of the strong field using the methods developed before [86, 87]. The
physical spectrum is defined in the standard form:

S(ν, t) ≡ 2γ

∫ t

0
dt1

∫ t

0
dt2e−(γ−iν)(t−t2)e−(γ+iν)(t−t1)G(t1, t2) (7.54)

where γ and ν are the bandwidth and the peak of the transmission frequency,
respectively, and G(t1, t2) is the two-time correlation function defined by

G(t1, t2) = 〈S+(t2)S−(t1)〉

=
∞∑

n=0

Pn f 〈n| at〈m|U†(t2)S+U(t2)U†(t1)S−U(t1)|m〉at|n〉f (7.55)

where Pn is the initial photon distribution of the field and |m〉at is the initial state
of the atomic system with m atoms excited. The evolution operator in a strong field
case is taken in the quasi-linear approximation (7.10), which is equivalent to the
zeroth-order approximation of Chapter 6. Using the identity decomposition in the
basis of the zeroth-order eigenvectors (6.23)∑

Np

|N, p〉〈N, p| = 1
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we obtain

G(t1, t2) =
∞∑

N=m

PN−m

A∑
p,q,r

αmpα
∗
mr〈N, p|S+|N − 1, q〉〈N − 1, q|S−|N, r〉

× ei(ω+ωn+m
q,p )t2 e−i(ω+ωn+m

q,r )t1 (7.56)

where αmp = 〈N, m|N, p〉 are the components of the zeroth-order eigenvectors and
ωn

q,p are the frequencies of the zeroth-order spectral components

ωn
q,p = �n

p − �n−1
q , �n

p = 2g

(
p − A

2

)
�n

�n =
√

n − A

2
+ 1

2
(7.57)

Note that in the case of exact resonance, the components αmp and the matrix
elements 〈N, p|S+|N − 1, q〉 do not depend on N

〈N − 1, q|S−|N, p〉 = 〈q|S−|p〉 =
(

A

2
− p

)
δq,p + 1

2

√
(p + 1)(A − p)δq,p+1

− 1
2

√
p(A − p + 1)δq,p−1

Substituting Equation 7.56 in Equation 7.54 we obtain

S(∆f , t) = 2γ

∞∑
N=m

PN−m

A∑
p,q,r=0

αmpα
∗
mr 〈p|S+|q〉〈q|S−|r〉

× exp[it(ωN
q,r − ωN

q,p)]

[γ − i(∆f − ωN
q,r )][γ + i(∆f − ωN

q,p)]
(7.58)

where ∆f = ν − ω is the difference between the filter and the field frequencies.
In this equation, the sum over the total number of excitations N = n + m in the
system is substituted in the place of the sum over the initial number of photons n.
When p �= r, the emission spectrum is composed of terms that contain the products
of two complex Lorentzians centered at ωN

q,r and at ωN
q,p. Thus, in the case p �= r, the

intensities are small and can be neglected. The stationary spectrum of the system
is obtained when p = r,

S(∆f ) = 2γ

∞∑
N=m

PN−m

A∑
p,q=0

|αmp|2
∣∣∣〈q|S−|p〉

∣∣∣2
γ2 + (∆f − ωN

q,p)2
(7.59)

and has a Lorentzian form.
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Let us consider the case where the field is prepared initially in its number state
|N〉f , thus, in the sum over N, only one term is considered. Letting q = p + k,
k = 0, ±1, we obtain from (Equation 7.57) the following expression for the spectral
frequencies:

ωN
p+k.p = −k�N + 2g

� N

(
p + k − A

2

)
In this case, the term k = 0 corresponds to the central band and the terms with
k = ±1 correspond to the side bands (right and left, respectively). When k ≥ 2 the
matrix element 〈p + k|S−|p〉 is equal to zero in the zeroth-order approximation. If
the other terms in the expansion (7.7) are considered, then we would observe more
bands in the spectrum. The separation between the side bands and the central
band is 2�N . Each band consists of lines that form a fine structure (which is a
cooperative effect). The index p numbers the lines within a given band; it ranges
from 0 to A (0 ≤ p ≤ A) for the central band, while 0 ≤ p ≤ A − 1 for the right
band and 1 ≤ p ≤ A for the left band. When A is even, the central band consists
of A lines, while for an odd A, the band contains A + 1 lines. The side bands have
A lines each. In Figure 7.4 we observe a cooperative fine structure of the resonant
fluorescence spectrum for the field in a number state. The intensity of the spectral
lines is determined by the coefficients

Aq,p = |αmp|2|〈q|S−|p〉|2 (7.60)
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Figure 7.4 Resonance fluorescence spectrum for the field
initially in a number state, n = 20 and for five initially
excited atoms, γ = 0.01.
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When all the atoms are initially in the same state m = A or 0 (excited or not excited),
the zeroth-order amplitudes (7.60) are proportional to the binomial coefficients,

|α0p|2 = |αAp|2 = A!
2Ap!(A − p)!

and the intensities of the peaks that form the basic triplet are

Ap+1,p = A!
(A − p)!p!

(p + 1)(A − p)
2A+2

Ap,p = A!

(A − p)!p!

(A − 2p)2

2A+2

Ap−1,p = A!

(A − p)!p!

p(A − p + 1)

2A+2

for the right, central, and left bands respectively.

7.8
Atomic Systems with n Energy Levels

In this section, we show that all the techniques applied in the case of the Dicke
model are also valid for more complex atomic systems [88a, 88b]. Let us consider
a set of A (identical) atoms with n energy levels interacting with a mode of the
quantum field (under the rotating wave approximation) inside a perfect cavity [44].
The Hamiltonian that describes this system has a generic form

H = ωN̂ + V , N̂ = n̂ + h, V = ∆h0 + g(aX+ + a†X−) (7.61)

where a, a† and n̂ = a†a are field operators and g is the coupling constant. The
free Hamiltonian of the atomic system has been separated into two parts: h + ∆h0.
The diagonal operator h only has resonant transitions with the field frequency ω and
determines the configuration of the atomic levels, while the second diagonal term
∆h0 determines the shifts from the exact resonances (different atomic transitions
may have different shifts). Clearly, [h, ∆h0] = 0. The atomic operators X± describe
transitions between the resonant levels and have the following commutation
relations:

[h, X−] = −X−, [h, X+] = X+ (7.62)

The Hamiltonian (7.61) and the commutation relations (7.62) describe a system
that is quite general; for example, the Dicke model corresponds to a special case of
a set of A identical two-level atoms (initially prepared in a symmetrized state) when
the atomic operators

h = Sz, X± = S±
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form an A + 1 dimension representation of the su(2) algebra and satisfy an addi-
tional commutation relation: [S+, S−] = 2Sz. In this case, ∆ denotes a real frequency
shift, that is, ∆h0 = (ω0 − ω) Sz, where ω0 is the atomic transition frequency.

In general, the atomic operators (7.62) generate a finite dimension representation
of the su(n) algebra [19] so that the free atomic Hamiltonian h + ∆h0 is expressed in
terms of elements of the Cartan subalgebra and the atomic transition operators X±
correspond to the simple roots. For the case of identical atoms (which we consider
here), the algebra rank depends on the number of levels, while the representation
is determined by the number of atoms and the symmetry properties of the initial
state of the atomic system under permutations of atoms. We define the basis in the
representation space of the atomic algebra as

|k, γ〉at, 0 ≤ k ≤ A, h|k, γ〉at = (k − C)|k, γ〉at (7.63)

where k is the number of excitations in the atomic system, A is their maximum
value, C is a constant that determines the lowest atomic energy level (k = 0)
andγ denotes all the other atomic indexes (these are atomic level populations).
Note that the operator h + C has an integer spectrum. In the case of the su(2)
algebra, we have only one diagonal atomic operator: h = Sz and, thus, there are
no additional indexes. In other words, for atoms with two levels, atomic inversion
completely determines the state of the atomic system (symmetrized with respect to
permutations). In this case, the maximum possible number of atomic excitations
A is equal to the number of atoms A, and the choice of the constant C = A/2
corresponds to the zero energy level in the middle of the spectrum.

From the commutation relations (7.62), it follows that the operator of the number
of excitations commutes with the Hamiltonian [N̂, H] = 0. Thus, if the initial state
of the system belonged to a subspace with a given number of excitations N, then
the system always evolves within this subspace.

We introduce the basis in the space of the total system as

|N, k〉 = |N − k〉f ⊗ |k〉at, 0 ≤ k ≤ A, N̂|N, k〉 = (N − C)|N, k〉 (7.64)

where |n〉f are number states of the field and |k〉at is the atomic basis (7.63) (which
we will call the ‘‘bare basis’’). For a fixed N, the Hamiltonian (7.61) in the basis
(7.64) takes on the form of a finite dimension matrix. Its rows and columns are
numbered by the indexes k and γ (hereafter, we omit the atomic index γ).

According to the method proposed at the beginning of this chapter, we need to
find the evolution operator of the system for the case of a strong initial field, which
implies that the average number of photons in the field is much larger than the
maximum possible number of excitations in the atomic system: n � A. We also
require that the width of the photon distribution is not very large, or more precisely,
that ∆n 
 n. We introduce the operator Q̂ as follows:

Q̂ = exp
[
iφ̂(h + C)

]
(7.65)

where φ̂ is the phase operator (3.126), (3.127). The operator (7.65) is unitary on the
states with n > A ≥ k and its action on the basis elements (7.64) would be
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Q̂|k〉at ⊗ |n〉f = exp(iφ̂k)|k〉at ⊗ |n〉f = |k〉at ⊗ |n − k〉f = |N = n, k〉 (7.66)

Since the operator h + C has an integer spectrum, the operator Q̂ is a direct sum of
powers of the phase operator. The operator (7.65) obeys the following commutation
relations:

Q̂f (n̂)Q̂† = f (n̂ + h + C) (7.67)

Q̂X+Q̂† = exp(iφ̂)X+, Q̂X−Q̂† = exp(−iφ̂)X− (7.68)

Applying the transformation (7.65) to the Hamiltonian (7.61) and using the relations
(7.67), (7.68) we obtain

Ĥ = Q̂Hat(n̂)Q̂† (7.69)

Hat(ν̂) ≡ ν̂ω + ∆h0 + g
(√

ν̂ − h + 1 X+ + X−
√

ν̂ − h + 1
)

(7.70)

where ν̂ = n̂ − C. The Hamiltonian (7.70) is diagonal in the field space. Using

Q̂†|m〉at = |m〉at exp(−iφ̂m), at〈k|Q̂ = exp(iφ̂k)at〈k|,
we obtain for the evolution operator of the system:

U = exp(−itH) = Q̂ exp
[−itHat(ν̂)

]
Q̂† (7.71)

The expression above reduces the problem of finding the evolution operator for
the whole system to finding the atomic evolution operator Uat(ν) = exp

[−itHat(ν̂)
]

(we note that the operator ν̂ commutes with all the other operators in Hat(ν̂) and
can be treated as a c- number). Matrix elements of the evolution operator (7.71) in
the atomic basis (being operators in the field space) take on the form

at〈k|U|m〉at = eiφ̂k
at〈k| exp

[−itHat(ν̂)
] |m〉at e−iφ̂m (7.72)

= at〈k| exp
[−itHat(k + ν̂)

] |m〉ateiφ̂(k−m) (7.73)

= eiφ̂(k−m)
at〈k| exp

[−itHat(m + ν̂)
] |m〉at (7.74)

The Equations 7.72 to 7.74 are exact under the condition that the operator Q̂ is
unitary on the initial state, that is that n > A.

In the case of a strong initial field we expand the roots in (Equation 7.70) powers
of a small parameter (ν̂ + 1/2)−1 
 1:

Hat = H0(ν̂) + 1√
ν̂ + 1

2

H1 + O(ν−3/2) (7.75)

H0 = ω̂ν + ∆h0 + g

√
ν̂ + 1

2
(X+ + X−) (7.76)

H1 = − g

4
{h, X+ + X−}+ (7.77)
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or, in general,

Hat = ων̂ + ∆h0 + g
∞∑

k=0

ck

2k
(
ν̂ + 1/2

)k−1/2

{
h, . . .

{
h, X+ + X−

}
+
}

+

where the coefficients ck are coefficients in the expansion

√
1 − x =

∞∑
k=0

ckxk

and {, }+ is the anticommutator. From Equation 7.76 we see that the zeroth-order
Hamiltonian H0 is linear in generators of the atomic algebra and, thus, can be
easily diagonalized using the standard methods of the su(n) algebra representation
theory. In this way, the total system evolution operator (7.71) in the zeroth-order
approximation is constructed from the evolution operator for the atomic system in
the classical field

Ucl(ν) = exp[−itHcl(ν)]

Hcl = ∆h0 + g
√

ε (X+ + X−) (7.78)

by substituting the amplitude of the classical field
√

ε by the operator
√

ν̂ + 1/2:

U � Q̂ exp

[
−it

(
ων̂ + Hcl

(
√

ε →
√

ν̂ + 1

2

))]
Q̂† (7.79)

Now it is easy to prove that the factorization of the wave function is a general
property that all the atomic systems described by a Hamiltonian of the type (7.61)
have. We introduce atomic semiclassical eigenstates as the eigenstates of the
operator X+ + X− (which is the Hamiltonian of the atomic system in a classical
field):

(X+ + X−) |p〉 = λp|p〉 (7.80)

Applying the zeroth-order evolution operator (7.79) to the initial state (for simplicity
we take the initial coherent state with zero phase),

|in〉 = |p〉at ⊗ |α〉f , p = 1, . . . ,A (7.81)

and using the same approximations as in section 5.2, we obtain the wave function,
which is approximately factorized into the atomic and field parts:

|�(t)〉 = U|in〉 ∼= |�p(t)〉f ⊗ |Ap(t)〉at (7.82)

|�p(t)〉f = exp

[
−igtλp

√
ν̂ + 1

2

]
|α〉f

|Ap(t)〉at = exp
[−iωpt

(
h + C

)] |p〉at
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where

ωp = gλp

2
√

n − C + 1/2

The factorization (7.82) is valid up to the times gt ∼ n with an error ∼O(n−1/2) in
the coefficients.

The physical consequences of the factorization (7.82) are basically the same as in
the Dicke model. For example, it can easily be seen that the states (7.81) are trapped
states, since the average of operator h (which has a sense of the atomic inversion
operator) does not evolve in time if the system is prepared initially in one of its
semiclassical eigenstates (7.81):

〈in|U+(t)hU(t)|in〉 = 〈Ap(t)|h|Ap(t)〉 = at〈p|h|p〉at = const

Also, from the factorization (7.82), it follows that the collapses and revivals are
common effects that would be observed in any atomic system (which was initially
prepared in a superposition of its semiclassical eigenstates (7.80)) interacting with
a strong coherent quantum field. Indeed, an arbitrary atomic state can be expanded
over the semiclassical eigenstates (7.80) as

|ψ(0)〉at =
∑

p

cp|p〉at (7.83)

Thus, for the atomic inversion we have

f 〈α| at〈ψ(0)|U+hU|ψ(0)〉at|α〉f =
∑
p,q

c∗
q cp〈�q(t)|�p(t)〉〈Aq(t)|h|Ap(t)〉

The matrix element of the field has the same form as in Equation 7.27 and generates
a revival – collapse structure with collapse times

TC ∼ 2

g
(
λp − λq

)√n − C + 1/2
n

and possible revival times

TR = 2πk

ωp − ωq
, k = 1, 2, . . . (7.84)

The amplitude of the revivals is determined by the atomic matrix elements

〈Aq(t)|h|Ap(t)〉 ∼ at〈q|heit(ωq−ωp)(h+C)|p〉at

Since at possible revival times (Equation 7.84), we have

exp
[
2πi

(
h + C

)] = 1

the atomic matrix element becomes,

〈Aq(t)|h|Ap(t)〉 ∼ at〈q|h|p 〉at (7.85)
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The calculation of this matrix element involves the knowledge of the atomic algebra
representation. In the case of the Dicke model, at〈q|h|p 〉at ∼ δp q±1 and, as we know
already, only one series of collapses and revivals survives.

As an example more complicated than the Dicke model, we consider the atomic
systems that consist of A identical atoms with three energy levels (with different
configurations) interacting with a mode of the quantum field.

Let us use the Schwinger realization (see Appendix 11.1) to construct collective
atomic operators (1.49):

Sij = b†
j bi, i, j = 1, 2, 3, S11 + S22 + S33 = A[

bi, b†
j

]
= δij,

[
bi, bj

] =
[
b†

i , b†
j

]
= 0

which act in the (A + 1)(A + 2)/2 dimension space formed by the vectors |n1, n2, n3〉,
n1 + n2 + n3 = A, where ni is the number of atoms with the ith energy level excited.
In other words, the atomic inversion operators S

ij
z

Sij
z = 1

2

(
Sjj − Sii

)
and the transition operators Sij

±

Sij
+ = Sij =

(
Sij

−
)†

, Sij
− = Sji, i, j = 1, 2, 3, i < j

constitute a symmetric (A + 1)(A + 2)/2 dimension representation of the su(3)
algebra.

The interaction Hamiltonians that correspond to different atomic configurations
in terms of collective operators have the following forms.

7.8.1
Cascade Configuration Ξ

H� = ωa†a + H0,at + g1
(
aS12

+ + a†S12
−
)+ g2

(
aS23

+ + a†S23
−
)

(7.86)

where H0,at is the free atomic Hamiltonian H0,at = ∑3
i=1 EiSii, and Ei is the energy

of the ith atomic level. The Hamiltonian Equation 7.86 has the following integral
of motion:

N� = a†a + 2
(
S12

z + S23
z

) = a†a + 2S13
z , [H, N�] = 0 (7.87)

It is clear that N� has an integer spectrum. Thus, the Hamiltonian (7.86) can be
rewritten as

H� = ωN + 2
3

(2∆2 + ∆1) S23
z + 2

3
(2∆1 + ∆2) S12

z + EA + Hint (7.88)

Hint = g2
(
aS23

+ + a†S23
−
)+ g1

(
aS12

+ + a†S12
−
)
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where we introduce the shifts

∆21 = E2 − E1 − ω, ∆32 = E3 − E2 − ω (7.89)

and E = (E0 + E1 + E2) /3 is the average energy. By defining the operators X±, h,
∆h as

X± = g2S23
± + g1S12

± , h� = 2
(
S12

z + S23
z

) = 2S13
z

∆h = 2

3
(2∆32 + ∆21) S23

z + 2

3
(2∆21 + ∆32) S12

z + EA

the Hamiltonian (7.88) takes on the form (7.61). The operator Q̂ , which diagonalizes
the Hamiltonian (7.88) is of the form

Q̂ = exp
[
2iφ̂

(
S12

z + S23
z

)]
It can easily be seen that the relation (7.70) takes on the form,

Hat(n̂) = Q̂†H�Q̂ = ωn̂ + ∆h + EA + g2

(√
n̂ − h� + 1S23

+ + h.c.
)

+ g1

(√
n̂ − h� + 1S12

+ + h.c.
)

7.8.2
Λ-Type Configuration

H� = ωa†a + H0,at + g1
(
aS13

+ + a†S13
−
)+ g2

(
aS23

+ + a†S23
−
)

(7.90)

The Hamiltonian Equation 7.90 has the integral of motion

N� = a†a + h�, h� = 2

3

(
S13

z + S23
z

)
, [H, N�] = 0

and its spectrum is not an integer since

h�|n1, n2, n3〉 = (n3 − C) |n1, n2, n3〉
where C = A/3. The Hamiltonian (7.90) can be written in the form (7.61) with X±,
h, ∆h defined as

X± = g2S13
± + g1S23

± , h� = 2

3

(
S13

z + S23
z

)
∆h = 2

3
(2∆31 − ∆32) S13

z + 2
3

(2∆32 − ∆31) S23
z + EA

where the shifts are defined by Equation 7.89 and

∆31 = E3 − E1 − ω (7.91)

The operator Q̂ that diagonalizes the Hamiltonian (7.90) is of the form

Q̂ = exp
[

2

3
iφ̂
(

S13
z + S23

z + A

3

)]
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7.8.3
V-Type Configuration

HV = ωa†a + H0,at + g1
(
aS13

+ + a†S13
−
)+ g2

(
aS12

+ + a†S12
−
)

(7.92)

The Hamiltonian (7.92) has the integral of motion

NV = a†a + hV , hV = 2
3

(
S13

z + S12
z

)
, [H, NV ] = 0

and its spectrum is not an integer either, since

hV |n1, n2, n3〉 = (n3 + n2 − C) |n1, n2, n3〉
where C = 2A/3. The Hamiltonian (7.92) can be written in the form (7.61) with
X±, h, ∆h defined as

X± = g2S13
± + g1S12

± , h = 2
3

(
S13

z + S12
z

)
∆h = 2

3
(2∆21 − ∆31) S12

z + 2

3
(2∆31 − ∆21) S13

z + EA

where the shifts are defined by Equations 7.89 and 7.91. The operator Q̂ that
diagonalizes the Hamiltonian (7.92) has the form

Q̂ = exp
[

2

3
iφ̂
(

S13
z + S12

z + 2A

3

)]

7.9
Dicke Model in the Dispersive Limit

In this section, we describe the case where the shift between the field frequency
and the atomic transition frequency is large compared to the frequency of Rabi
oscillations gA

√
(n + 1) 
 ∆ (the dispersive limit of the Dicke model [89, 89c]). In

fact, in this section, we do not consider the strong field limit. The Hamiltonian
(7.5) in the interaction representation takes on the form

H = ∆Sz + g
(
aS+ + a†S−

)
(7.93)

Clearly, in the dispersive limit, the field does not cause transitions between the
atomic levels (at least, not in the first-order approximation), but only causes
phase shifts for these levels. Thus, the effective Hamiltonian that describes the
dispersive dynamics should be diagonal in the atomic variables. To find this
effective Hamiltonian, we will follow Lie transformation method (Appendix 11.4)
and apply a unitary transformation

U = exp
[ g

∆
(aS+ − a†S−)

]
(7.94)

to the Hamiltonian (7.93):

H1 = UHU† (7.95)
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Keeping only the leading order terms on g/∆ 
 1, we obtain from the Hamiltonian
(7.95), the effective Hamiltonian

H1 ≈ ∆Sz + η
(
2n̂ + 1

)
Sz + η

(
C2 − S2

z

)
(7.96)

where η = g2/∆, C2 = (A/2 + 1) A/2 is the Casimir operator of the su(2) algebra,
and n̂ is the photon number operator. It can easily be seen that the dynamics
of any observable is not significantly affected by the transformation U, since this
transformation is time-independent and only introduces small corrections to the
operator amplitudes in the Heisenberg representation. The time range in which
the effective Hamiltonian (7.96) describes the evolution of the system well (i.e.
when the neglected terms do not affect dynamics) can also be estimated, giving

At
(√

ng
)3

/∆2 
 1.

In the case of one atom, the effective Hamiltonian (7.96) coincides with that found
for the JCM (Equation 5.11). It is important to note that the effective Hamiltonian
(7.96) for the case of many atoms differs essentially from the one atom case due to
the presence of the nonlinear term S2

z, which can lead to correlations among the
atoms and thus produce the atomic squeezed states.

As an example, we find the evolution of the field and atomic density matrices for
an arbitrary initial atomic state

|in〉at =
A∑

p=0

cp|p〉at (7.97)

and the initial coherent state of the field |in〉f = |α〉f . In the course of the dispersive
evolution, the field density matrix takes on the form of an incoherent superposition
of coherent states

ρf (t) =
A∑

p=0

|cp|2|αe−iϕpt〉f f 〈αe−iϕpt|

where ϕp = ωf + η
(
2p − A

)
and the atomic density matrix is

ρat(t) =
A∑

p,q=0

cpc∗
q |p〉at at〈q| exp

[−n
(
1 − exp

[
2itη

(
q − p

)])]
× exp

[
it
(
η
(
q + p + 1

)+ itωa
) (

q − p
)]

(7.98)

where n = |α|2. From Equation 7.98, one can observe that the initial atomic state
is reconstructed at times t = mπ/η, m = 1, 2, . . .. At these times, the field and the
atomic system are uncoupled, and the total system is in its factorized state.

Since the Hamiltonian (7.96) is diagonal both in the atomic space and in the
field space, the average number of photons and atomic excitations are conserved.
However, the nondiagonal operators evolve with time. For example, for the dipole
momentum operator Sx(t) in the Heisenberg representation, we obtain

Sx(t) = eitH1 Sxe−itH2 = S+ exp
[
it
(
∆ + 2η

(
n̂ − Sz

))]+ h.c. (7.99)
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It is obvious that for a bare initial atomic state (an eigenstate of the operator Sz)
and an arbitrary state of the field, the average of the dipole momentum is zero:
〈Sx(t)〉 = 0. However, for a coherent initial atomic state |ξ〉at and for the field in the
number state, we have

〈Sx〉 = AξRe
[
ξ∗eiϑ(t)+2itNη

(
1 + |ξ|2 exp [−2itη]

)A−1
]

where

Aξ = A(
1 + |ξ|2)A , ϑ(t) = t (∆ + Aη)

If the field is initially in the coherent state |α〉, we obtain

〈Sx〉 = AξRe
[
ξ∗eiϑ(t) exp

[−n
(
1 − exp [2itη]

)] (
1 + |ξ|2 exp [−2itη]

)A−1
]

In the last case, if the field is strong, n � 1, structures similar to collapses and
revivals can be observed. For the case of a single atom, A = 1, a regular structure
appears. For the case of many atoms, this structure is modulated by a collective
factor

(
1 + |ξ|2 exp [−2itη]

)A−1
, which is the consequence of the nonlinearity of the

Hamiltonian (7.96).
Being nonlinear, the Hamiltonian (7.96) can generate atomic squeezed states

from the coherent atomic states. As has been mentioned already, the evolution
operator (1.26)

U(t) = exp
[−itηS2

z

]
(7.100)

rotates the operators S± in a nonlinear way (that is, the rotation parameter is
proportional to the operator Sz), which leads to twisting of quantum fluctuations.
Thus, significant squeezing of the atomic states can be achieved. However, due
to the dependence of the Hamiltonian (7.96) on the photon number operator, the
evolution of the atomic fluctuations is different for different initial states of the
field. It is obvious that squeezed atomic states are generated if the field initially
is in a number state. Indeed, in this case, the evolution operator differs from
Equation 7.100 only by a global phase

e−it[∆+η(1+2N)]Sz (7.101)

which rotates the initial atomic state around the z axis:

e−iγSz |ξ〉at = eiγA/2|ξe−iγ〉at (7.102)

However, for any other initial state of the field

|ϕ〉f =
∑

n

βn|n〉f

the phase in Equation 7.102 must be considered as an operator:

e−it[∆+η(1+2n̂)]Sz |ξ〉at|ϕ〉f = eit(∆+η)A/2

×
∑

n

βneitηnA|ξe−it[∆+η(1+2n)]〉at|n〉f (7.103)
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As it can be shown, this operator not only rotates the coherent atomic state but
also generates superpositions of these states with different phases. Thus, though
the nonlinear part of the Hamiltonian (7.96) twists each coherent atomic state in
the superposition (Equation 7.103), the degree of atomic squeezing may decrease
drastically.

7.10
Two-Photon Dicke Model

Now we consider a set of ‘‘cascade’’ configuration three-level atoms, such that
the intermediate state |2〉(j), with energy E2 for each atom, is coupled via allowed
dipole transitions to the states |1〉(j) with energy E1 and |3〉(j) with energy E3,
where E1 < E2 < E3, interacting with a mode of the electromagnetic field inside a
perfect cavity. The field frequency is ω and the two-photon resonance condition is
satisfied,

E3 − E2 = ω + ∆, E2 − E1 = ω − ∆, E3 − E1 = 2ω (7.104)

where we have introduced the shift ∆ of the intermediate energy level from
the resonance with the field frequency. Using the integral of motion (7.87), the
Hamiltonian (7.86) can be rewritten as follows:

H = ωN + HI + EA

HI = 2∆

3

(
S23

z − S12
z

)+ g1
(
aS12

+ + a†S12
−
)+ g2

(
aS23

+ + a†S23
−
)

(7.105)

Now, we assume that the shift ∆ of the intermediate atomic energy level of the field
frequency is very large. Obviously, this energy level practically does not participate
in the exchange of populations between levels |1〉 and |3〉. However, the presence of
this level may introduce a phase shift for the levels |1〉 and |3〉. To find the effective
Hamiltonian that describes the dynamics of the levels |1〉 and |3〉), we transform
the Hamiltonian (7.105) by a sequence of small rotations [90] according to the
general method of the Lie-type transformations (see Appendix 11.4):

U1 = exp
[ g1

∆

(
aS12

+ − a†S12
−
)]

(7.106)

U2 = exp
[ g2

∆

(
aS23

+ − a†S23
−
)]

We assume that the exponents in the formulae above are small, which means that
∆ � Ag1

√
n, Ag2

√
n (here n is the average number of photons in the field). The

Hamiltonian (7.105) is transformed in the following way:

H2 = U2U1HU
†
1 U

†
2 (7.107)
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Using the formula (11.33) and keeping the terms up to the first order in g1,2/∆ 
 1,
we obtain

H2 ≈ 2∆

3

(
S23

z − S12
z

)+ g1g2

∆

(
a2S13

+ + a†2S13
−
)

(7.108)

− g2
1

∆
P12 + g2

2

∆
P23 − g1g2

∆

(
S12

+ S23
− + S12

− S23
+
)

where

P12 = [
aS12

+ , a†S12
−
] = S12

+ S12
− + 2a†aS12

z

P23 = [
aS23

+ , a†S23
−
] = S23

+ S23
− + 2a†aS23

z

and we have neglected the terms of order
(

g
√

n/∆
)2

. It can easily be seen that the

last term in Equation 7.108 can be eliminated by the transformation

U3 = exp
[ g1g2

2∆2

(
S12

+ S23
− − S12

− S23
+
)]

which does not introduce corrections to the terms of order g1,2/∆. Using the atomic
population operators Sjj, j = 1, 2, 3 we obtain

P12 = S22 (S11 + a†a + 1
)− a†aS11

P23 = S22 (S11 − a†a
)+ S33 (a†a + 1

)
The Hamiltonian (7.108) takes the following form:

H2 ≈ ∆

3

(
S11 + S33)+ g1g2

∆

(
a2S13

+ + a†2S13
−
)+ g2

1

∆
a†aS11 + g2

2

∆
S33(a†a + 1)

− S22
[

2∆

3
+ g2

1

∆

(
S11 + a†a + 1

)− g2
2

∆

(
S11 − a†a

)]
(7.109)

Since the operator S22 is a constant of motion for the Hamiltonian H2, the last
term in the Hamiltonian (7.109) can be omitted under the condition that initially
the energy level |2〉 is not populated. In this case, S11 + S33 = A and introducing

S13
z = 1

2

(
S33 − S11)

we rewrite the Hamiltonian (7.109) in its final form as

Heff = Aβ1n̂ + [(β2 − β1) n̂ + β2]
(

S13
z + A

2

)
+ λ

(
a2S13

+ + a†2S13
−
)

(7.110)

where n̂ = a†a is the operator of the number of photons.

β1 = g2
1

∆
, β2 = g2

2

∆
, λ = g1g2

∆
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are the new interaction constants omitting the constant A∆/3. The Hamiltonian
(7.110) describes the effective interaction of a set of two-level atoms with a quantized
field mode under two-photon resonance condition. The second term represents
the so-called dynamic Stark shift [62] and is a trace left by level |2〉 in the effective
Hamiltonian. Due to the approximations made, the effective Hamiltonian describes
well the dynamics of the system for the times gt 
 ∆2/g2n, where n is the average
number of photons in the field.

Since only the atomic transitions between levels 1 and 3 survive, henceforth we
omit the atomic indexes and use the notation |k, A〉 for the atomic basis where the
operator Sz ≡ S13

z is diagonal

Sz|k, A〉 =
(

k − A

2

)
|k, A〉, k = 0, . . . , A

The Hamiltonian (7.110) is nonlinear and cannot be solved exactly for an arbitrary
number of atoms. However, in the case of a strong quantum field, n � A, we can
develop a perturbation theory similar to the one applied in the case of the one-
photon Dicke model. In analogy to Equation (7.1), we introduce the transformation
Q̂ as follows:

Q̂ = exp
[

2iφ̂
(

Sz + A

2

)]
This transformation allows us to diagonalize the Hamiltonian (7.110) in the field
space:

Hat
(
n̂
) = Q̂†Heff Q̂

which yields

Hat
(
n̂
) = A

2

[
(β2 + β1)

(
n̂ − 2Sz − A

)+ β2
]

+ [
(β2 − β1)

(
n̂ − 2Sz − A

)+ β2
]

Sz + g(n̂,Sz)S+ + S−g(n̂,Sz)

where

g(n̂,Sz) = λ

√
(n̂−2Sz−A+1)(n̂−2Sz−A+2)

In a strong field limit, we can expand the roots in the equation above over the
powers of the small parameter A/n̂ :

Hat
(
n̂
) = H0 + H1 + O

(
ν−1)

where

H0 = A

2
[(β2 + β1) ν̂ + β2] + 2λ

[
ν̂ + 1

2

]
Sx

+ [(β2 − β1) ν̂ + β2 − (β2 + β1) A] Sz

H1 = −2λ {Sz, Sx} − 2 (β2 − β1) S2
z
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Here, ν̂ = n̂ − A. The Hamiltonian H0 is linear in the generators of the su (2)

algebra and is proportional to the large parameter ν̂ (this choice of the parameter
was taken in order to eliminate the first-order corrections to the eigenvalues in the
case β1 = β2). The Hamiltonian H1 is nonlinear and independent of ν̂. Corrections
to the eigenvalues of H0 generated by H1 are of the order A2 and cannot be ignored.
(Let us recall that in the one-photon Dicke model, the nonlinear part is nondiagonal
and is of order ν−1/2 and, thus, can be neglected in the first approximation. That
is, the corrections generated by this nonlinear part tend to zero when n → ∞).
To consider all the significant terms, we divide the Hamiltonian H0 + H1 into
a diagonal part (which includes the complete H0 and a part of H1) and in a
nondiagonal part (which comes solely from H1). Thus, the first-order correction
generated by the nondiagonal part, becomes zero and the second-order correction
is proportional to ν−1. With an appropriate choice of the basis, the diagonal part of
H0 + H1 is of the form

Hd = A

2
[(β2 + β1) ν̂ + β2] + µ

(
aSx + bSz

)+ c
(
aSx + bSz

)2
(7.111)

where

µ
(
ν̂
) =

√
4λ2

(
ν̂ + 1

2

)2

+ (
(β2 − β1) ν̂ + β2 − (β2 + β1) A

)2

a(ν̂) = 2λ

µ

(
ν̂ + 1

2

)
, b(ν̂) = (β2 − β1) ν̂ + β2 − (β2 + β1) A

µ
(7.112)

a2 + b2 = 1, c = −2 (β2 − β1)

(
b2 − a2

2

)
− 6λab

The Hamiltonian (7.111) is nonlinear in the generators of the su(2) algebra.
However, the contribution of the nonlinear part is important (i.e. it does not
disappear with the increase of the photon number n → ∞) only if β1 �= β2. The
last term in Equation 7.111 represents the shift in the field frequency. Let us note
also that the Hamiltonian (7.111) is essentially different from the one obtained
in the same approximation for the common one-photon Dicke model, where
the Hamiltonian is a linear form in the generators of the su (2) algebra. The
contribution of the nondiagonal part to the eigenvalues of the Hamiltonian Hd is
of order ν−1. Finally, the evolution operator takes on the form

U(t) = Q̂Ud(t)Q̂† (7.113)

where

Ud(t) = exp [−itHd]

We can also rewrite the Hamiltonian (7.111) in the following way:

Hd = e−iθSy

(
µ
(
ν̂
)

Sz + cS2
z + A

2
[(β2 + β1) ν̂ + β2]

)
eiθSy (7.114)

where θ = arctan a/b and in the limit of the strong field
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µ
(
ν̂
) ≈ ν̂χ + ϕ, c ≈ −2 (β2 − β1) ,

χ = β2 + β1, ϕ = β2 − (β2 − β1)A
(7.115)

The nonlinear term ∼S2
z indicates that atomic squeezing (in the collection of

effective two-level systems with transitions between the levels 1 and 3) can be
generated in the process of evolution if the condition β2 �= β1 is fulfilled. This
is an important difference from the standard Dicke model, when the nonlinear
corrections to the effective Hamiltonian ∼Sx , see Equations 7.8 and 7.9, tend to
zero with increase in the field intensity, so that in the strong field limit, no atomic
squeezing can be generated.

The matrix elements of the evolution operator in the atomic basis are

〈k|U(t)|m〉 = e2iφ̂m
A∑

l=0

dml(−θ)dlk(θ)e−it[(l−A/2)µ(ν̂)+(l−A/2)2c]

× e−2iφ̂ke−it(A/2)[(β2+β1)(ν̂+2k)+β2] (7.116)

where dlk(θ) is the Wigner function:

dlk(θ) = 〈k|eiθSy |m〉

In the case of one atom, A = 1, the matrix (7.116) is of the form

U(t) =


(
β2(n̂ + 1)e−itM + β1(n̂ + 2)

)
M

,
λa2

(
e−itN−1

)
N

λa†2
(

e−itM−1
)

M ,

(
β1n̂e−itN+β2(n̂−1)

)
N

 (7.117)

where N = β2
(
n̂ − 1

)+ β1n̂, M = β2
(
n̂ + 1

)+ β1
(
n̂ + 2

)
Using the evolution operator in the form (7.113), we can find the operator Sz in

the Heisenberg representation:

Sz(t) = U†(t)SzU(t) = Q̂†S̃z(t)Q̂

S̃z(t) = b
(
aSx + bSz

)− a

2

{(
bSx − iSy − aSz

)
e−it(µ−c+2c(aSx+bSz)) + h.c.

}
or in the normally ordered form

S̃z(t) = b
(
aSx + bSz

)
− a

2

{(
b − 1

2
S+ − aSz + b + 1

2
(DS+ − BSz)

)
e−it(µ−c+2c(aSx+bSz))

+ b + 1

2
e−it(µ−c+2c(aSx+bSz))CS− + h.c.

}
(7.118)



7.10 Two-Photon Dicke Model 177

where

D = a2 (cos 2ct − ib3 sin 2ct − 1
)

2
(
cos ct + ib sin ct

)2 , B = − 2ai sin ct

cos ct + ib sin ct

C = 1(
cos ct + ib sin ct

)2

Note that the inverse transformations for Equation 7.107 can be neglected when
calculating the evolution of any observable, since these transformations are in-
dependent of time and would only introduce corrections of order 1/∆ in the
amplitudes.

As in the case of the one-photon Dicke model, the evolution of some special
states in the highly excited coherent field |α〉f , α = |α|eiϕ, |α| = √

n � 1, leads to
the factorization of the wave function. Let us consider the evolution of the following
initial atomic state:

|in〉at = |p, ϕ〉at = e−iϕSz |p〉at, p = 0, 1, . . . , A (7.119)

such that

|p〉at = e−iθSy |p〉at, Sz|p〉 = λp|p〉

θ = arctan
a

b
, λp =

(
p − A

2

)
where ϕ is the phase of the coherent state. It can easily be seen that |p〉at is the

eigenstate of the operator
(

aSx + bSz

)
:(

aSx + bSz

)
|p〉at =

(
p − A

2

)
|p〉at

where ν = n − A and we use the notation a ≡ a(ν) and b ≡ b(ν) according to
Equation 7.112. For a strong coherent field state, the substitution a(n), b(n) for a, b
leads to an error of order 1/n in the matrix elements of the evolution operator
(7.113). Applying the evolution operator (7.113) to the initial state |p, ϕ〉at ⊗ |α〉f ,
and making the same approximations as in Section 2 we obtain

|ψ(t)〉 ≈ ei2/3∆At|Ap(t)〉at|�p(t)〉f (7.120)

|Ap(t)〉at = exp
{
−it

(
ωpSz + cλ2

p

)}
|in〉at (7.121)

|�p(t)〉f = exp
{
−it

[
ωpν̂ + ϕλp + A

2
β2

]}
|α〉f (7.122)

where ωp = p (β2 + β1). The factorization (7.120) is valid for the times λt 
 n with

the accuracy O
(

A/
√

n
)

in the coefficients. We can see from Equation 7.122 that

the wave function of the field can be represented as
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|�p(t)〉f = exp
(−itψp

)
exp

[−itωpn̂
] |αp〉f = exp

(−itψp
) |αp(t)〉f (7.123)

where

αp(t) = α exp
[−itωp

]
, ψp = [β2 − 2A (β2 − β1)] p + (β2 − β1)

A2

2

From Equation 7.123, it follows that for the initial atomic states (7.119), the
evolution of the field is described by the following effective Hamiltonian:

Hf = p (β2 + β1) n̂

This Hamiltonian produces a rotation around the origin in the phase space of the
field. In the phase space, each factorized state can be described by its function
Q , which has the form of a hump rotating around a circle of radius

√
n with an

angular velocity ωp and without phase dispersion. This situation differs drastically
from the evolution in the single-photon Dicke model, when the Hamiltonian (7.20)
that describes the evolution of the field is not linear (∼ √

n) and the hump that
corresponds to each factorized state undergoes a phase diffusion (Equation 7.21).
The evolution of an arbitrary atomic state

|ψ〉at =
∑

p

cp|p〉at

in the strong coherent field is represented as a superposition of factorized states

|�(t)〉 =
A∑

p=0

cp|Ap(t)〉at|�p(t)〉f (7.124)

Using Equation 7.124, we calculate the evolution of the atomic inversion as

〈�(t)|Sz|�(t)〉 =
∑
p,q

cpc∗
q at〈Aq(t)|Sz|Ap(t)〉at f 〈�q(t)|�p(t)〉f

Using the approximation (7.123), we find, for the matrix element of the field,

f 〈�q(t)|�p(t)〉f = exp
[−it

(
ψp − ψq

)] 〈αq(t)|αp(t)〉
which due to

|〈αq(t)|αp(t)〉| = exp

[
−n sin2 (β2 + β1)

(
p − q

)
t

2

]
(7.125)

differs essentially from zero only in the vicinity of the times

T ∼ 2πk

(β2 + β1)
(
p − q

) , k = 0, 1, . . . (7.126)

The width of this vicinity is of the order 1/
√

n. The atomic matrix element at the
times close to Equation 7.126 takes on the form

at〈Aq(t)|Sz|Ap(t)〉at = exp
{
−itc

(
λ2

p − λ2
q

)}
〈q|e−iθSy SzeiθSy |p〉

= exp
{
−itc

(
λ2

p − λ2
q

)}
〈q|aSx + bSz|p〉 (7.127)
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Since 〈q|Sx|p〉 ∼ δp,q±1, we see that there is the only one revival–collapse series (as
in the one-photon Dicke model) with the revival times

TR = 2πk

(β2 + β1)
, k = 0, 1, . . .

The oscillation period within each revival is

T0 = 2π

n (β2 + β1)

From Equation 7.125 we easily find that the collapse time is of order

TC = 2√
n (β2 + β1)

Note that the revival times do not depend on the initial intensity of the field, while
the collapse time is inversely proportional to the square root of the average number

of photons. Due to the factor exp
{
−itc

(
λ2

p − λ2
q

)}
in Equation 7.127 the atomic

matrix element, in contrast with the usual Dicke model, depends on the index p.
This modulates the system of collapses and revivals. The modulation period is of
the order of the revival time and proportional to the difference β2 − β1 (in the case
in which β2 = β1 the modulation is still present, but its period increases). This
modulation is a collective effect and disappears in the case of one atom.

As in the one-photon Dicke model, the collapses and revivals can be explained
in terms of the motion of the humps of the functions Q that correspond to the
factorized states in the phase space of the field. A generic atomic state causes the
appearance of A + 1 humps, which rotate with angular velocities ωp = p (β2 + β1).
When all the humps are well separated, there are no oscillations of the atomic
inversion (collapse region). The collision of two humps with nearby angular
velocities ωp and ωp+1 yields a revival of the oscillations. The collision of two humps
with ωp and ωp+k, k ≥ 2 does not produce a revival. It is interesting to note that
all the humps move in the same direction (in contrast with the one-photon Dicke
model). Due to the absence of phase dispersion, the humps conserve their shape for
a long time. This leads to a very regular collapse and revival structure. Thus, there is
no strong squeezing of the field at the revival times, in contrast with what occurs in
the one-photon Dicke model, where the phase diffusion produces field squeezing
at revival times. On the other hand, squeezing of the field can be expected for short
times, close to the time of the collapse, which would essentially be of the same
nature as in the case of the one-photon Dicke model. Also, due to the regularity of
the system, an amount of squeezing would also be produced at times close to the
revival times and would have the same origin as squeezing for the short times.

Using Equation 7.118 one can calculate the evolution of the atomic inversion in
a more precise way. For example, taking the field to be initially in a coherent state
with zero phase and the atomic system to be in its lowest state, |in〉 = |α〉f |0〉at, and
using 〈0| exp

[
iτ
(
aSx + bSz

)] |0〉 = [cos τ − ib sin τ]A, we have,

〈in|Sz(t)|in〉 ≈ −Ab
2

2
− Aa2

2
Re

[(
cos ct + ib sin ct

)A−1 〈e−itµ〉
]

(7.128)
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Figure 7.5 Atomic inversion evolution in the case of
two-photon resonance: modulated structure of collapses
and revivals; field initially in its coherent state, n = 100 and
atoms, A = 3, initially unexcited; g1 = 1, g2 = 2, ∆ = 1000.

where 〈. . .〉 means the average over the Poisson distribution:

〈e−itµ〉 = e−it(ϕ−χA)
∑

n

Pne−itnχ = e−it(ϕ−χA/2) exp
[−n

(
1 − e−itχ)]

where the constants χ, ϕ, c are defined in Equation 7.115. The substitution of a, b
for a, b leads to an error in the coefficients of the order of O(1/n). Note that the
modulation factors, which are present in Equation 7.128 (see also Figure 7.5) have
a collective nature and disappear in the case of one atom, as we have seen already.
If A = 1, we obtain from Equation 7.128

〈in|Sz(t)|in〉 = −b
2

2
− a2

2
〈cos tµ〉

= −b
2

2
− a2

2
exp

[
−2n sin2 tχ

2

]
cos

(
ϕ(t)

)
where ϕ(t) = n sin tχ + (ϕ − χA) t, which yields a regular unmodulated structure
of collapses and revivals.

7.11
Effective Transitions in Three-Level Atoms with Λ Configuration

Now let us consider a � configuration of levels |1〉, |2〉, and |3〉, with the energies
E1 < E2 < E3, allowed (dipole) transitions 1 ↔ 3 and 2 ↔ 3, and the forbidden
transition 1 ↔ 2. The Hamiltonian that describes the evolution of A identical
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three-level atoms with � configuration interacting with a single quantum field
mode has a form

H� = ωf a†a + H
(at)
0 + Hint, (7.129)

Hint = g13(aS13
+ + a†S13

− ) + g23(aS23
+ + a†S23

− )

where H
(at)
0 is of the form

H
(at)
0 = E1S11 + E2S22 + E3S33

where Sii is the operator of the population of the ith energy level and Sij
± (i < j)

describes the transitions between levels i and j. Operators (S11, S33, S13± ) and
(S22, S33, S23± ) form the two u(2) subalgebras that describe the transitions 1 ↔ 3 and
2 ↔ 3, and satisfy the commutation relations

[S11, S13
± ] = ∓S13

± , [S33, S13
± ] = ∓S13

± (7.130)

[S13
+ , S13

− ] = S33 − S11 = 2S13
z (7.131)

[S22, S23
± ] = ∓S23

± , S33, S23
± ] = ∓S23

± (7.132)

[S23
+ , S23

− ] = S33 − S22 = 2S23
z (7.133)

Since the transitions 1 ↔ 3 and 2 ↔ 3 are not physically independent, one needs
also the following commutation relations:

[S13
+ , S23

+ ] = −S12
+ , [S12

− , S23
− ] = S12

− , [S13
+ , S23

− ] = 0 (7.134)

where the operators S12± represent the transitions between levels 1 and 2 (these
transitions do not appear in the Hamiltonian due to dipole selection rules). The
Hamiltonian (7.129) admits the integral of motion

N� = a†a + S33, [N�, H�] = 0 (7.135)

and can be rewritten (up to constant terms) in the following way:

H = ωf N� + Hint

Hint = −∆31X11 − ∆32X22 (7.136)

+ g13(X13
+ + X13

− ) + g23(X23
+ + X23

− )

where

∆31 = E3 − E1 − ωf , ∆32 = E3 − E2 − ωf

and the deformed operators of the u(3) algebra are defined as

X13
+ = aS13

+ , X13
z = S13

z , X23
+ = aS23

+ , X23
z = S23

z (7.137)
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The deformed generators (7.137) satisfy a set of commutation relations similar to
the relations (7.130) and (7.132), but instead of the relations (7.131), (7.133), and
(7.134), the following commutators should be introduced:

[X13
+ , X23

− ] = (
S33 − a†a

)
S12

+ ≡ Y12
+ (7.138)

[X12
+ , X23

− ] = − (
S33 − a†a

)
S12

+ ≡ −Y12
−

such that

[Y12
+ , Y12

− ] = Q3(X12
z , X23

z , N�)

is a third-order polynomial with a complicated expression of very little use for our
purposes.

We focus on the dispersive regime in which

|∆13| � Ag13
√

n + 1, |∆23| � Ag23
√

n + 1 (7.139)

where n is the average number of photons in the field; i.e. the field is far from
resonance with the transitions 1 → 3 and 2 → 3. Applying the following small
rotation operators (see Appendix 11.4)

U1 = exp[ε1(X13
+ − X13

− )], ε1 = g13

∆31

 1

and

U2 = exp[ε2(X23
+ − X23

− )], ε2 = g23

∆32

 1

to the interaction Hamiltonian (7.136), we eliminate the terms that represent
transitions 1 ↔ 3 and 2 ↔ 3, obtaining

Heff = U2U1HintU
†
1 U

†
2 � −(∆31S11 + ∆32S22)

+ ε1g13
[(

S11 + 1
)

S33 + a†a(S33 − S11)
]

(7.140)

+ ε2g23
[(

S22 + 1
)

S33 + a†a(S33 − S22)
]

+ ε1g23(S12
+ + S12

− )
(
S33 − a†a

)
It is easy to see that both operators a†a and S33 are integrals of motion, so that
the effective Hamiltonian (7.140) is basically of the form (2.20). The first term
corresponds to the free atomic dynamics. The two second terms represent the
dynamic Stark shift. The last term describes an effective interaction between levels
1 and 2 . The important point is that it corresponds to a population transfer (and
not just a phase transfer, as could be expected of a dispersive interaction) between
these two levels without exchanging photons. The intensity of the transition 1 ↔ 2
depends on the difference between the population of level 3 and the number of
photons. In other words, there is no population transfer between levels 1 and 2
when the number of photons is exactly equal to the initial population of level
3. It can easily be seen that the effective transitions 1 ↔ 2 are strong in the
case in which ∆31 = ∆32, i.e. levels 1 and 2 have the same energy (Zeeman type
systems).
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7.12
N-Level Atoms of Cascade Configuration

Finally, we consider a specific case of N-level atomic systems where some general
considerations about effective transitions under different resonant conditions can
be made: the cascade configuration. The Hamiltonian governing the evolution of a
collection of A identical N-level atoms of a cascade configuration, such that Ei < Ej

for i < j, interacting with a quantum field has the form

H =
N∑

j=1

EjS
jj + ωf a†a +

N−1∑
j=1

gj(aS
jj+1
+ + a†S

jj+1
− ) (7.141)

where Sii (i = 1, . . . , N) are the population operators of the ith energy level,

and S
ij
+ = Sij, S

ij
− =

(
S

ij
+
)†

(i < j) describe transitions between levels i and j. The

operators Sij form u(N) algebra and satisfy the commutation relations
[
Sij, Skm

] =
δimSjk − δjkSim. Due to the integral of motion

N∑
j=1

Sjj = A (7.142)

one can introduce population inversion-like operators S
jj+1
z

S
jj+1
z = 1

2

(
Sj+1j+1 − Sjj

)
, 1 ≤ j ≤ N − 1

Note, that the operators (Sjj+1
z , S

ij
±) form an su(N) algebra. Apart from Equation 7.142

the Hamiltonian (7.141) possesses the following integral of motion:

N̂ = a†a +
N−1∑
j=1

µjS
jj+1
z (7.143)

with µj = j(N − j). Let us introduce detunings between energy levels of the atomic
system according to

∆j = Ej − E1 − (
j − 1

)
ωf , ∆1 = 0

and suppose that ∆j satisfy the following resonant condition:

∆N = 0 (7.144)

This means that the field is in an (N − 1)-photon resonance with the atomic system:
EN − E1 = (N − 1)ωf . Then the Hamiltonian (7.141) takes the following form:

H = ωf N̂ + EA + Hint, E = 1

2
(EN + E1)

Hint = h0 + V ,

h0 =
N∑

j=1

∆jS
jj, V =

N−1∑
j=1

gj(aS
jj+1
+ + a†S

jj+1
− )
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According to the general scheme (see Appendix 11.4), we introduce the transfor-
mation

U1 = exp [T1] , T1 =
N−1∑
j=1

α
(1)
j (aSjj+1

+ − a†Sjj+1
− ) (7.145)

where

α
(1)
j = gj

∆j+1 − ∆j
(7.146)

is supposed to be a small number, i.e. αj 
 1, which means that the atomic tran-
sitions are far from the one-photon resonance (∆j+1 − ∆j = Ej+1 − Ej − ωf � gi).
Since [T , h0] = −V , all one-photon transitions are eliminated by the transformation
(7.145) and the transformed Hamiltonian takes the form

H
(1)
eff = U1HintU

†
1 H1

eff = h0 +
N−2∑
p=1

p

(p + 1)!

N−p−1∑
j=1

ψ
(p+1)
j

×
[
ap+1S

jj+p+1
+ + a†p+1S

jj+p+1
−

]
+ hd + hnd (7.147)

where the effective interaction constants ψ
p
j can be obtained from the recurrence

relation

ψ
(p+1)
j = α

(1)
j+pψ

(p)
j − α

(1)
j ψ

(p)
j+1, ψ1

j = gj (7.148)

It is easy to see that ψ
(p)
j ∼ α

(p−1)
j and thus ψ

(p+1)
j 
 ψ

(p)
j . The term hd contains only

diagonal terms on the atomic operators and depends on the integral of motion (or,
equivalently, depends only on the photon number operator a†a). The operator hd

is naturally represented in a form of expansion on the small parameter α
(1)
j and the

first term of this expansion has the form

hd =
N−1∑
j=1

gjα
(1)
j

[
a†a

(
Sj+1j+1 − Sjj

)
+ (Sjj + 1)Sj+1j+1

]
+ O(α3)

The operator hnd contains only nondiagonal terms, which can be eliminated (if
some specific resonant conditions, different from k-photon ones, are not fulfilled)
by correspondent rotations of the type (7.145) in contrast to the diagonal operator
hd, which cannot be removed from the effective Hamiltonian (7.147). We note
that the price paid for eliminating one-photon transitions is the generation of all
possible (in this atomic configuration) k-photon transitions (k = 2, . . . , N − 1). The
possibility of removing some of the terms in the sum appeared in Equation 7.147
strongly depends on the imposed resonant conditions.

As a nontrivial example, let us analyze the case of the three-photon resonance,
and consider the interaction of a collection of A identical four-level atoms, N = 4,
(in a cascade configuration) with a single-mode quantum field of frequency ωf and
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suppose that there are no transitions in one- and two-photon resonances with the
field.

After eliminating one-photon transitions, the transformed Hamiltonian (7.147)
(written up to the corresponding order) has the form

H
(1)
eff = h0 + 1

2

2∑
j=1

ψ
(2)
j

[
a2Sjj+2

+ + a†2Sjj+2
−

]
+ 1

3
ψ

(3)
1

× [
a3S14

+ + a†3S14
−
]+ hd + hnd (7.149)

where

hd =
3∑

j=1

gjα
(1)
j

[
a†a

(
Sj+1j+1 − Sjj

)
+ (Sjj + 1)Sj+1j+1

]
+ O(α3)

and the essential part of the nondiagonal operator hnd is

hnd = 1

2

3∑
i,j=1

α
(1)
i gj

(
Sii+1

+ S
jj+1
− + S

jj+1
+ Sii+1

−
)

+ O(α3), i �= j (7.150)

The interaction constants are defined according to Equations 7.146 and 7.148:

α
(1)
1 = g1

∆2
, α

(1)
2 = g2

∆3 − ∆2
, α

(1)
3 = − g3

∆3

ψ
(2)
1 = g1g2

2∆2 − ∆3

∆2 (∆3 − ∆2)
, ψ

(2)
2 = g2g3

2∆3 − ∆2

∆3 (∆2 − ∆3)

ψ
(3)
1 = 3g1g2g3

∆3∆2
, ∆2 = E2 − E1 − ωf , ∆3 = E3 − E1 − 2ωf

where the resonant condition (7.144) is ∆4 = 0 (meaning the three-photon
resonance E4 − E1 = 3ωf ) has been imposed. Note, that the term describing
three-photon transitions is of order α2.

According to the general scheme, the second term (representing two-photon
transitions) in Equation 7.149 can be removed using a transformation analogous
to the transformation (7.145):

U
(1)
2 = exp

[
T

(1)
2

]
, T

(1)
2 = 1

2

2∑
j=1

α
(2)
j (a2S

jj+2
+ − a†2S

jj+2
− ) (7.151)

where

α
(2)
j =

ψ2
j

∆j+2 − ∆j

is supposed to be a small parameter, which means that there are no resonant
two-photon transitions (∆j+2 − ∆j = Ej+2 − Ej − 2ωf � ψ

(2)
j ) and thus α

(2)
j 
 α

(1)
j .
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It is worth noting that the transformation (7.151) does not introduce new terms of
order α2 to the effective Hamiltonian.

The nondiagonal term hnd (7.150), whose explicit form is

hnd = 1

2

(
α

(1)
1 g3 + α

(1)
3 g1

) (
S12

+ S34
− + S34

+ S12
−
)

+ 1
2

(
α

(1)
1 g2 + α

(1)
2 g1

) (
S12

+ S23
− + S23

+ S12
−
)

deserves more attention. It is clear that the first term in the above expression, under
the condition

∆2 = −∆3 (7.152)

describes a resonant dipole – dipole interaction. The second term describes a
resonant interaction if

2∆2 = ∆3 (7.153)

which is incompatible with Equation 7.152 and conditions of absence of one- and
two-photon resonances. Obviously, resonant interactions cannot be removed from
the Hamiltonian. Nevertheless, if neither of the conditions given by Equations 7.152
and 7.153 is fulfilled, the term hnd can be eliminated (in the given approximation)
with the following transformation:

U
(2)
2 = exp

[
T

(2)
2

]
, T

(2)
2 = 1

2

3∑
i,j=1

βij(Sii+1
+ Sjj+1

− − Sjj+1
+ Sii+1

− ), i �= j

where

βij = α
(1)
i gj

∆i+1 − ∆i + ∆j − ∆j+1

Then, taking into account (Equation 7.142) that S11 + S22 + S33 + S44 = A and
imposing the condition of the absence of initial population in levels 2 and 3, we
obtain the effective Hamiltonian describing three-photon resonant transitions

Heff = g1g2g3

∆2∆3

[
a3S14

+ + a†3S14
−
]

(7.154)

−
(

S14
3 + A

2

)[
a†a

(
g2

1

∆2
− g2

3

∆3

)
+ g2

3

∆3

]
+ A

g2
1

∆2
a†a

where S14
z = (S44 − S11)/2 and terms of order 1/∆3 have been omitted.
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7.13
Problems

7.1 Find the exact evolution operator for the Dicke model in the case of two atoms
and compare it with the approximate evolution operator in the case of a strong
field.

7.2 Show that the emission from the following Dicke states is suppressed in the
strong field case, N � A:

(a) |in〉 = (|A, 0〉 + |A, A〉) /
√

2;

(b) |in〉 = |A, A
2 〉 (for a pair A).

Hint: Consider the following operator in the subspace with the number of
excitations N:

σ̂ =

∣∣∣∣∣∣∣∣
0 0 . . . 1
. . . . . . . . . . . .

0 1 . . . 0
1 0 . . . 0

∣∣∣∣∣∣∣∣ , σSzσ = −Sz

Prove, that σ̂ commutes approximately with the resonant Dicke Hamiltonian
(6.13): [σ̂, V ] ∼ A/

√
N.

7.3 Find the resonant fluorescence spectrum for the field in an initial number
state with N photons and the atoms in an initial Dicke state with half of the
atoms excited, |A, A/2〉. Show that the relative intensity of the central and side
bands in this case is 4 : 1.

7.4 Find the effective Hamiltonian that describes the absorption–emission pro-
cess for two different photons in a set of A three-level atoms in the cascade
configuration. The interaction Hamiltonian is of the form

H = ωaa†a + ωbb†b + E1S11 + E2S22 + E3S33

+ g1
(
aS12

+ + a†S12
−
)+ g2

(
bS23

+ + b†S23
−
)

and the resonance conditions are E3 − E1 = ωa + ωb and E3 − 2E2 + E1 �
|ωa − ωb|.





189

8
Quantum Systems Beyond the Rotating Wave
Approximation

8.1
Kinematic and Dynamic Resonances in Quantum Systems

In a direct analogy with classical mechanics, composed systems in quantum optics
(which describe interaction between several subsystems) can be divided into two
classes: (i) systems that possess the necessary number of integrals of motion so
that the classical counterpart is an integrable system; (ii) systems that do not
admit a sufficient number of integrals of motions so that the classical counterpart
is a nonintegrable system [91]. A quantum system may have basically two types
of integrals of motion: (i) kinematic integrals, which do not depend on the kind
of interaction between subsystems, as for instance, the total number of atoms;
(ii) dynamic integrals, which are related to the particular form of interaction
between subsystems, as, for instance, the number of excitations preserved (usually
approximately) in some transitions between the energy levels of the subsystems.

Typical for quantum optical systems, dipole-like interactions between two sub-
systems (X and Y) can be described with a generic multichannel Hamiltonian (with
time-independent couplings gjk) of the following form:

H =
∑

j

ωjX
( j)
0 +

∑
k

�kY
(k)
0 +

∑
j,k

gjk

(
X

( j)
− + X

( j)
+
) (

Y
(k)
− + Y

(k)
+
)

(8.1)

where the two first terms represent the free Hamiltonians of the subsystems, so
that the frequencies ωj, �k ≥ 0, and the last term describes the interaction between

them. The operators X
( j)
0,±, Y

(k)
0,±, [X ( j)

0,±, Y
(k)
0,±] = 0, satisfy the ladder commutation

relations[
X

( j)
0 , X

( j)
±
]

= ±X
( j)
± ,

[
Y

( j)
0 , Y

( j)
±
]

= ±Y
( j)
± (8.2)

but do not necessarily close a finite-dimensional Lie algebra and could be elements
of some deformed algebra [81, 92].

In the interaction Hamiltonian, there are two kinds of terms: of the forms X
( j)
− Y

(k)
+

and X
( j)
− Y

(k)
− . It is easy to observe that in the rotating frame, that is, applying the
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unitary transformation

U = exp

it

∑
j

ωjX
( j)
0 +

∑
k

�kY
(k)
0


to the Hamiltonian (8.1), the counter-rotating terms ∼ X

( j)
− Y

(k)
− oscillate in time with

a frequency ωj + �k and the rotating terms ∼ X
( j)
− Y

(k)
+ oscillate with a frequency

ωj − �k. It is clear that under the condition ωj ≈ �k, the rotating term X
( j)
− Y

(k)
+ in

Equation 8.1 is approximately time independent (and thus, can generate transitions
with a probability of one between the energy levels of the system); meanwhile, the
counter-rotating term, X

j
−Yk− always oscillates rapidly in the rotating frame, and its

temporal average is zero.
By neglecting the counter-rotating terms in the Hamiltonian (8.1), which is com-

monly called the rotating wave approximation (RWA), we arrive at the Hamiltonian

H =
∑

j

ωjX
( j)
0 +

∑
k

�kY
(k)
0 +

∑
j,k

gjk

(
X

( j)
− Y

(k)
+ + X

( j)
+ Y

(k)
−
)

(8.3)

which admits several dynamic integrals of motion Np, p = 1, 2, . . . n, generally not
allowed in Equation 8.1. This implies that the whole representation space of the
system is divided into finite-dimensional invariant subspaces, and the mathematical
treatment is essentially simplified.

It is worth noting, that the semiclassical models, where some of the subsystems
are described by c-numbers instead of operators, are treated using essentially the
same type of Hamiltonians as in Equation 8.1. The semiclassical transition in
Equation 8.1 can be done by going to the rotating frame of the semiclassical system
and then, just substituting the transition operators by some complex numbers.
For instance, in the case of single channel interaction, j = 1, k = 1, when the
system Y acquires classical features, the Hamiltonian (8.1) in the rotating frame
corresponding to the system Y takes the form

H = ωX0 + g (X− + X+)
(
Y−ei�t + Y+e−i�t)

so that the corresponding semiclassical Hamiltonian is obtained by substituting
Y+ → g, Y− → g∗, giving

Hsc = ωX0 + g (X− + X+)
(
g∗ei�t + ge−i�t) (8.4)

Such Hamiltonians usually appear when a quantum oscillator and/or a collection
of atoms is pumped by an external force [22, 61].

In the RWA-like systems, described by Hamiltonians of the form (8.3), the
resonance conditions

ωj ≈ �k (8.5)

mean that the term X
( j)
− Y

(k)
+ , which explicitly appears in the Hamiltonian, does

not depend on time in an appropriate rotating frame. Nevertheless, such explicit
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resonances are not the only kind of resonances that can be found in the Hamiltonian
(8.3). Usually, the composed systems admit several types of implicit resonances
related to effective transitions between their energy levels, which do not appear
in the original Hamiltonian. Such effective interactions play important roles in
many physical applications and can be revealed by adiabatic elimination of slow
transitions [93]. The implicit (effective) resonances are characterized by their
position,

∑
j mjωj ≈ ∑

k nk�k, and strength, i.e. in what order of perturbation
expansion they appear for the first time. Although, a generic system can possess a
large number of different types of effective transitions, all the possible resonance
conditions can be classified only by analyzing the free Hamiltonian and the
integrals of motion (explicit form of which depends on the symmetry of the
interacting systems). Because all the invariant subspaces are finite dimensional,
there are always a finite number of different resonances independent of the nature
of interacting systems, even when some of the interacting systems are infinite
dimensional (quantized fields). We refer to these kinds of resonances as kinematic
resonances; they include both explicit and implicit resonances.

In Section 8.2, we show with the example of atom–field interactions, that it is
possible to classify all the kinematic resonances in a straightforward way. It is
worth nothing that for not very strong interactions, each resonance can be isolated
in the interaction Hamiltonian in such a way that a specific term would describe a
given resonance transition.

The situation is quite different in quantum systems with a lack of integrals of
motion, corresponding to classically nonintegrable dynamic systems. It is worth
noting that the Hamiltonian (8.1) still describes an integrable system when both
X and Y systems are harmonic oscillators. Such systems are frequently called
linear (see Appendix 11.3) because the Hamiltonian governing their evolution can
be represented as a linear form on the generators of some finite-dimensional Lie
algebra. In such cases, the Heisenberg equations of motion are linear, so that
the average values evolve according to the classical Hamiltonian equations (or in
other words, exactly follow the classical trajectories). In what follows, we focus on
nonlinear systems, especially atom–field interactions.

From the general point of view, we can discriminate at least three interesting
limits: (i) when the interaction constants between the subsystems gjk is much
higher than the characteristic frequencies of the interacting systems; (ii) when gjk

is much smaller than the frequencies of the systems; and (iii) when gjk is larger
than or of the order of the frequency of some of the interacting systems, but much
smaller than the frequency of the others, so that we can divide the whole system
into slow and fast (whose transition frequency is much larger than all the other
characteristic frequencies of the system) interacting subsystems.

Case (i), which corresponds to very strong coupling should be studied carefully
because using the expansion parameter like an interaction constant over a char-
acteristic frequency could be quite tricky. For instance, the type of the spectrum
corresponding to the nonperturbed and to the perturbed systems can be different:
either continuous or discrete.
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In case (ii), an infinite number of different resonances arise and a priori it is
impossible to determine their position and strength, which essentially depend not
only on the type of interaction but also on the algebraic properties of each interacting
subsystem [25,94,95]. In Section 8.3, we discuss such dynamic resonances, analyzing
different models of interaction of quantum and classical fields with atomic systems.
We show that, in this case, the evolution is governed by an effective Hamiltonian
describing a certain resonant interaction and the representation space of the total
system can be always divided into (almost) invariant subspaces.

The last case, case (iii) possesses a peculiar property: besides finding a corre-
sponding effective Hamiltonian for the slow subsystem, we can also project it out
into the lower energy state of the fast system, which would never get excited under
given relations between the system’s parameters, and thus, describe an effective
dynamics of the slow system in the limit of strong interaction. Several interesting
phenomena, in particular, the possibility of quantum phase transition (QPT) [125]
can be observed in this region of the system’s parameters.

In the limit of weak gjk 
 ωn, �m and intermediate ωn � gjk 
 �m (or �m �
gjk 
 ωn) interactions, it is convenient to analyze the system’s behavior using the
effective Hamiltonian approach, which can be obtained by applying, for instance,
the Lie transformation method outlined in the Appendix 11.4. The main idea
consists in removing the counter-rotating terms from the Hamiltonian (8.1) using
the method of adiabatic elimination. Although, such analysis can be performed for
a general system, we focus on the simplest case of a one channel Hamiltonian and
show that, even in this case, the absence of the integral of motion corresponding
to the total number of excitations leads to the appearance of a series of (dynamic)
resonances in the weak interaction limit (which can be classified according the
interaction type) and QPTs, in the intermediate limit.

8.2
Kinematic Resonances: Generic Atom–Field Interactions

Since the principal interest represents the multichannel processes and the analysis
of generic systems becomes very cumbersome, we will focus exclusively on the
kinematic resonances in the case of atom–field interactions.

Let us consider the interaction of a collection of A identical N-level atoms of an
arbitrary configuration with a single mode of a quantized field of frequency ω. The
Hamiltonian describing this system has the form

H = Hd + Hint (8.6)

where

Hd = ωa†a +
N∑

j=1

EjS
j j, Ej < Ej+1 (8.7)

is the free Hamiltonian, and S j j are the collective atomic population operators
corresponding to the j-th atomic level of energy Ej, and Hint is the interaction
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atom–field Hamiltonian, whose explicit form depends on the atomic configuration
in the dipole approximation, i.e. only one-photon transitions are allowed.

In this section, we suppose that the RWA is imposed, so that the total number
of excitations in the atom–field system is preserved, and thus, the whole represen-
tation space of this quantum system is divided into finite-dimensional invariant
subspaces.

The Hamiltonian (8.6) admits two integrals of motion: a kinematic integral,
given by the total number of atoms

A =
N∑

i=1

Sii (8.8)

and a dynamic integral, corresponding to the total number of excitations in the
system

N = a†a +
N∑

i=1

µjS
ii (8.9)

where the parameters µj depend on the atomic configuration.
We note that a generic interaction term can be written as follows:

f (Sii, a†a)
N−1∏
j=1

(
S

jN
+
)kj

akN , kj ∈ Z, j = 1, . . . , N (8.10)

where Sij
± (Sij

+ = Sij, Sij
− = Sji, j > i) are the atomic transition operators satisfying the

u(N) commutation relations,
[
Sij, Skm

] = δimSkj − δkjSim, and negative exponents
correspond to the Hermitian conjugated operators. The operational coefficients
f (Sii, a†a) depend on diagonal atomic operators and the photon number operator.
In what follows, we omit the coefficient f (Sii, a†a), since it leads only to some
phase shifts and does not change the distribution of excitations in the system’s
energy levels. It is worth noting that although Equation 8.10 is not a unique way to
represent a generic interaction term, any other interactions preserving Equations
(8.8) and (8.9) can be written down as a product as in Equation 8.10.

Since the RWA is imposed, every interaction term should preserve the total
number of excitations, so the conditionN,

N−1∏
j=1

(
S jN

+
)kj

akN

 = 0

is held, and thus, the numbers kj satisfy the following restriction:

kN =
N−1∑
j=1

kj
(
µN − µj

)
(8.11)

Thus, any admissible interaction can be described as

N−1∏
j=1

(
S

jN
+
)kj

a
∑N−1

j=1 kj

(
µN−µj

)
(8.12)
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The interaction given by Equation 8.12 becomes resonant when the atomic transi-
tion energies and the field frequency satisfy the following condition

N−1∑
j=1

kj
(
EN − Ej − ω

(
µN − µj

)) = 0 (8.13)

The important point here is that interaction terms in Equation 8.12 can be explicitly
presented as in Equation 8.6, or can describe effective interactions, and thus should
be obtained from the original Hamiltonian by adiabatic elimination of some far-off
resonant transitions. Thus, the condition (8.13) describes explicit resonances if the
corresponding interaction term is present in the original Hamiltonian or implicit
resonances, if such interaction is effective. It is clear that the total number of both
explicit and implicit resonances is finite, which is a consequence of the restriction
(Equation 8.11) imposed by the RWA.

The number of possible resonances depends on the number of atomic levels,
N, and the total number of atoms, A. Note that the resonance condition (8.13) is
associated with a vector k = (

k1, . . . kN−1
)
; to avoid repetition of the resonances, we

consider only vectors k with coprime components (that is, k1, . . . kN−1 do not have
a common factor). Then, different vectors k satisfying the condition

max


∣∣∣∣∣
N−1∑
i=1

ki

∣∣∣∣∣ ,

∣∣∣∣∣∣
N−1∑

i=1,j �=i

ki

∣∣∣∣∣∣
j=1,...,N−1

, . . . ,
∣∣ki

∣∣
i=1,...,N−1

 ≤ A (8.14)

define different resonances.
On the other hand, taking into account the dynamic integral of motion (8.9), one

can rewrite the free Hamiltonian (8.7) as follows:

Hd = ωN +
N∑

j=1

(
Ej − µjω

)
S j j (8.15)

Summing the kinematic integral −β
∑N

i=1 Sii (Equation 8.8) to the above Hamilto-
nian, where the constants β = β(n), n = (n1, . . . , nN), are chosen such that

β(n) =
N∑

j=1

nj
(
Ej − µjω

)
,

N∑
j=1

nj = 1, nj ∈ Z

we obtain

Hd = ωN +
N∑

j=1

(
Ej − µjω − β(n)

)
S j j (8.16)

It is easy to see that the condition Ej − µjω − β(n) = 0, for any fixed j and some
values of β(n), enumerates all the possible resonances (8.13). Let us take, for
instance, j = 1, if E1 − µ1ω − β(n) = 0, then

N−1∑
j=2

nj
(
EN − Ej − ω

(
µN − µj

))+ (n1 − 1) (EN − E1 − ω (µN − µ1)) = 0
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which coincides with Equation 8.13, when kj = nj for j = 2, . . . N − 1 and k1 =
(n1 − 1).

This means that we can always represent the free Hamiltonian in a way that
all the possible resonance conditions, corresponding to both explicit and implicit
resonances, appear as zeros of coefficients of the atomic population operators S j j

in the free Hamiltonian, after taking out the integral of motion (8.9) corresponding
to the total number of excitations.

The above allows us to classify all the possible kinematic resonances:

1. Multiphoton resonances: transitions that involve absorption and emission of pho-
tons: (i) simple n-photon transitions, described by the terms ∼ anS

kj
+, with the

resonance condition Ej − Ek ≈ nω. The terms with n = 1 are usually present
in the original Hamiltonian and, in such cases, represent explicit resonances.
Simple n-photon transitions appear even in a single atom case; (ii) collective
atomic transitions, described by the terms ∼ anSkl+S

ji
−, (in general, a product

of several – up to A – atomic transition operators can appear), with the corre-
sponding resonance condition (El − Ek) − (

Ei − Ej
) ≈ nω. It is clear that such

resonances can appear only in multiatom systems. Note, that if l = i (or k = j),
then we obtain the same resonance condition as in (i), describing an effective
process of absorption of n photons with atomic transition from kth to jth energy
levels. Nevertheless, the corresponding term in the effective Hamiltonian would
be multiplied by the atomic population operator Sll, which means that more than
one atom is needed to realize such a process.

2. Virtual photon resonances: atomic transitions between independent channels
caused by the quantum field fluctuations, and thus existing even when the
field is in the vacuum state. Such resonances appear only when the system
has more than one atom and are described by terms in the form of products
of atomic transitions operators. For instance, the simplest term of this kind
(typically appearing in the first-order perturbation expansion) is S

kj
+Sil−, k �= i,

j �= l, describes atomic transitions k → j, l → i, and the corresponding resonance
condition is

(
Ej − Ek

)− (El − Ei) ≈ 0 (8.17)

Obviously, such transitions can be realized in a system that consists of at least
two atoms. Note that the term ∼ Slj

+Sik
−, which represents the atomic transition

k → i, l → j, satisfies the same resonant condition. More involved interactions,
like ∼ S

ij
+Skl−Smn− , can appear in the highest orders of the perturbation theory. It

is worth noting that the strength of virtual photon transitions does not depend
on the field intensity in the leading order of the perturbation expansion.

3. Photon-assisted transitions: atomic transitions when every photon emission is
accompanied by a simultaneous photon absorption. These transitions appear
only when the atomic configuration contains coherent channels, similar to
lambda-like configurations. The strength of such interactions depends on the
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number of photons in the field and the populations of some atomic energy levels.
The simplest terms describing the photon-assisted transition (which appear in
the lowest order of the perturbation theory) have the form: f (a†a, S j j)Skl+,
corresponding to the resonance condition El ≈ Ek, where the transition k ↔ l is
not present in the original Hamiltonian and, in the leading order, f (a†a, S j j) is
a linear polynomial of the photon number operator and the atomic population
operators.

In the above classification, we do not consider interactions corresponding to
powers of terms as they appear in perturbation expansion. For instance, the
transition corresponding to the term (aS

jk
+)n, that describes an absorption of n

photons by n atoms in the transition j → k belongs to ‘‘one-photon transitions’’.
In the case of interaction of an atomic system with a classical field, the RWA

implies that the interaction Hamiltonian can always be reduced to a time-
independent form. In this case, apart from explicit resonances, several types of
implicit (effective) resonant transitions can take place. It is clear that no interactions
similar to virtual photon resonances can arise. Nevertheless, transitions similar to
multiphoton resonances ∼ S

jk
+, k − j ≥ 2 (and photon-assisted resonances), where

the transition k ↔ j does not exist in the initial Hamiltonian, actually appear.
As a simple, but representative example of the kinematic resonances, we analyze

the interaction of A four-level diamond configuration atoms with a single mode of a
quantized field under RWA (Figure 8.1). The Hamiltonian governing the evolution
of this system has the form

H = ωa†a +
4∑

j=1

EjS
j j + g1

(
aS12

+ + a†S12
−
)+ g2

(
aS13

+ + a†S13
−
)

(8.18)

+ g3
(
aS24

+ + a†S24
−
)+ g4

(
aS34

+ + a†S34
−
)

E4

E3

E2

E1

a2S+
14aS+

24

aS+
34

S+
23

aS+
13

aS+
12

Figure 8.1 Diagram of interactions for a single four-level
atom of diamond configuration. Solid line: explicit reso-
nances; dashed line: implicit resonances; two-photon tran-
sition, photon-assisted transition.
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This Hamiltonian describes four one-photon atomic transitions, (1 ↔ 2, 1 ↔ 3),
(2 ↔ 4, 3 ↔ 4), gathered in two pairs of coherent quantum channels. The corre-
sponding resonance conditions (explicit resonances) are E2 − E1 ≈ ω, E3 − E1 ≈ ω,
E4 − E2 ≈ ω, and E4 − E3 ≈ ω. To find all the other (implicit) resonances, we follow
the outlined method above. The dynamic integral of motion for this system is

N = a†a + S44 − S11

so that the coefficients µj in Equation 8.9, are µ1 = −1, µ2 = µ3 = 0, µ4 = 1.
Substituting these µj into Equation 8.13, we obtain all the possible resonance
conditions:

k1 (E4 − E1 − 2ω) + k2 (E4 − E2 − ω) + k3 (E4 − E3 − ω) ≈ 0 (8.19)

k1, k2, k3 ∈ Z, and the corresponding (effective) interactions are(
S14

+
)k1 (S24

+
)k2 (S34

+
)k3 ak3+k2+2k1

The vector k = (
k1, k2, k3

)
associated with possible resonances should satisfy the

condition (8.14)

max

{∣∣∣∣∣
3∑

i=1

ki

∣∣∣∣∣ ,
∣∣ki + kj

∣∣
i�=j ,

∣∣ki

∣∣} ≤ A, i, j = 1, 2, 3

For a single atom, we have the vectors (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, −1, 0), (1, 0, −1),
and (0, 1, −1), which correspond to the following resonance conditions (interac-
tions): E4 − E1 ≈ 2ω

(
a2S14+

)
, E4 − E2 ≈ ω

(
aS24+

)
, E4 − E3 ≈ ω

(
aS34+

)
, E2 − E1 ≈ ω(

aS12+
)
, E3 − E1 ≈ ω

(
aS13+

)
, and E3 ≈ E2

(
S23+

)
, respectively. For two atoms, there

are 15 other vectors apart from the 6 shown above.
For a better understanding of the nature of implicit resonances, we find the first-

order effective Hamiltonian considering that all the interactions appearing in the
initial Hamiltonian (8.18) are far from resonance. Following the method outlined
in the Appendix 11.4. and taking into account that the explicit transitions are far
from the resonance, we apply to the Hamiltonian (8.18) the following sequence of
unitary transformations:

Heff = U4U3U2U1HU
†
1 U

†
2 U

†
3 U

†
4

where Ui = exp (εiAi) ,

A1 = aS12
+ − a†S12

− , A2 = aS13
+ − a†S13

−

A3 = aS24
+ − a†S24

− , A4 = aS34
+ − a†S34

−

and the small parameters εi 
 1 are given by

ε1 = g1

E2 − E1 − ω
, ε2 = g2

E3 − E1 − ω

ε3 = g3

E4 − E2 − ω
, ε4 = g4

E4 − E3 − ω
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We obtain, in the first order in small parameters, the following effective Hamilto-
nian

H = ωa†a +
4∑

j=1

EjS
j j + �(a†a, S j j) + g2ε1

[
S23

+
(
S11 + a†a + 1

)+ h.c.
]

+ g4ε3
[
S23

+
(
S44 − a†a

)+ h.c.
]− (

g3ε1 + g4ε2
) (

a2S14
+ + h.c.

)
+ g3ε1

(
S24

+ S12
− + h.c.

)+ g3ε2
(
S24

+ S13
− + h.c.

)
+ g4ε1

(
S12

+ S34
− + h.c.

)+ g4ε2
(
S13

+ S34
− + h.c.

)
(8.20)

where

�(a†a, S j j) = g1ε1
(
S22 (S11 + 1

)+ a†a
(
S22 − S11))

+ g2ε2
(
S33 (S11 + 1

)+ a†a
(
S33 − S11))

+ g3ε3
(
S44 (S22 + 1

)+ a†a
(
S44 − S22))

+ g4ε4
(
S44 (S33 + 1

)+ a†a
(
S44 − S33))

is the dynamic Stark shift [62].

Let us classify the effective resonances present in the above (first order) Hamilto-
nian:

1. Multiphoton resonances: the only two resonances of this type are one-photon and
two-photon resonances. There are four one-photon transitions corresponding to
explicit resonances, which do not appear in the effective Hamiltonian (8.20). The
term ∼ a2S14+ describes two-photon transitions, with corresponding resonance
condition E4 − E1 ≈ 2ω and k = (1, 0, 0).

2. Virtual photon resonances: these correspond to the last four terms in Equation
8.20, ∼ S24+ S12− , S24+ S13− , S12+ S34− , S13+ S34− , with the resonance conditions E4 − E2 ≈
E2 − E1, E4 − E2 ≈ E3 − E1, E2 − E1 ≈ E4 − E3, and E3 − E1 ≈ E4 − E3 respec-
tively.

3. Photon-assisted resonances: the only resonance of this type is of the form ∼
f
(
S44, S11, a†a

)
S23+ ; it is produced in the first order of the perturbation theory

generating transitions between the middle atomic levels, and the corresponding
resonance condition is E3 ≈ E2.

8.3
Dynamic Resonances

In this section, we study quantum systems corresponding to classically noninte-
grable systems, mainly focusing on the models describing interaction of atoms
with quantized and classical fields without applying the RWA [25, 94, 95] in the
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limit of weak interaction, gjk 
 ωn, �m. The main interesting features of such
systems can be studied in the particular case of single-channel Hamiltonians (8.1)
of type,

H = ωX0 + �Y0 + g(X+Y− + X−Y+) + g (X+Y+ + X−Y−) (8.21)

where X0 (Y0) is the free Hamiltonian of the subsystem X (Y) and X+ (Y+),
X− (Y−) are the raising and lowering operators, respectively, which describe
transitions between the energy levels in the subsystem X (Y), and satisfy
the commutation relations (8.2). We do not impose any commutation relation
between the transition operators, which are generally some functions of the
diagonal operators and integrals of motion corresponding to the systems X and Y ,
[N1, X0,±] = [N2, Y0,±] = 0,

[X+, X−] = P1 (X0) = ∇X0φ1 (X0, N1)

[Y+, Y−] = P2 (Y0) = ∇Y0φ2 (Y0, N2)

where φ1 (X0, N1), φ2 (Y0, N2) are given by the structural functions

φ(X0) = X+X− (8.22)

and

∇zφ (z) = φ (z) − φ (z + 1)

The consequences of the existence of the counter-rotating term ∼ X+Y+ in the
Hamiltonian (8.21) are (i) the dimension of the whole representation space is
the product of the corresponding dimensions of the subsystems: dim(X ⊗ Y) =
dim X · dim Y ; (ii) there are some additional resonances apart from ω = �, that do
not exist in the case of a single-channel Hamiltonian under RWA (Equation 8.3);
(iii) the type of resonances depends on the structure of the algebras describing the
X and Y systems.

The counter-rotating term rapidly oscillates (with frequency ω + �), and thus, in
the weak interaction limit, ω, � � g, it can be eliminated by applying the Lie-type
transformation

U = exp [ε (X+Y+ − X−Y−)] , ε = g

(ω + �)

 1 (8.23)

to the Hamiltonian (8.21) and using the standard perturbative expansion (see
Appendix 11.4). From now on, we suppose that ω ≥ �.

The elimination of the term X+Y+ + X−Y− leads to the appearance of new
elements in the transformed Hamiltonian, H1 = U1HU†

1 , which acquires the
following form:

H1 = ω1X0 + ω2Y0 + εg
∞∑

n=0

′εn [(X+Y+)n Fn(X0, Y0, ε) + h.c
]+ (8.24)

g
∞∑

n=0

εn [X+Y−
(
(X+Y+)n Hn(X0, Y0, ε) + (X−Y−)n Gn(X0, Y0, ε)

)+ h.c.
]
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where Fn(X0, Y0, ε), Hn(X0, Y0, ε), Gn(X0, Y0, ε) are diagonal operators that can be
represented as series in a small parameter ε:

Fn(X0, Y0, ε) = 2 (n + 1)

(n + 2)!
∇n

X0,Y0
� (X0, Y0) + O(ε)

�(X0, Y0) = φ1 (X0) φ2(Y0) − φ2 (Y0 + 1) φ1(X0 + 1) + O(ε)

Hn(X0, Y0, ε) = 1

n!

∇n
Y0

φ2(Y0)

φ2(Y0 + n)
+ O(ε)

Gn(X0, Y0, ε) = 1

n!

∇n
X0

φ1(X0 − n + 1)

φ1(Y0 − n + 1)
+ O(ε)

and

∇X0,Y0�(X0, Y0) = �(X0, Y0) − � (X0 + 1, Y0 + 1)

the prime ( ′) in the first sum in Equation 8.24 means that the term with n = 0 is
taken with the coefficient 1/2.

The Hamiltonian (8.24) still has quite complicated structure and can be simplified
under certain resonance conditions. All the new counter-rotating terms, like ∼
Xn+Ym+ , can be eliminated by applying the Lie-type transformation

U = exp
[
π(ε1 · · · εk)η

(
Xn

+Ym
+ − Xn

−Ym
−
)]

(8.25)

where η ≈ g/ (nω + m�) 
 1, and π(ε1 · · · εk) is the product of powers of some
small parameters εj 
 1, j = 1, . . . , k. In fact, π(ε1 · · · εk) is proportional to the
coefficient of the term ∼ Xn+Ym+ + Xn−Ym− . In particular, it is easy to observe that all
the terms of the form

an
(
(X+Y+)n Fn(X0, Y0, ε) + h.c.

)
(8.26)

can be eliminated (in a leading order on ε) by applying transformations

U11 = exp
[an

n

(
(X+Y+)n Fn(X0, Y0, ε) − h.c.

)]
, n ≥ 1 (8.27)

where an ∼ εn+1. Similarly, the terms

X+Y−
(
(X+Y+)n Hn(X0, Y0, ε) + (X−Y−)n Gn(X0, Y0, ε)

)+ h.c.

can be removed from Equation 8.24. The elimination of the above terms leads to
the appearance of new elements in the transformed Hamiltonian. The new terms
can be divided into three groups: the first group contains terms that can always be
eliminated under the condition ω, � � g by applying some suitable transforma-
tions; the second group consists of terms that cannot be removed if certain relations
between ω and � hold, since the rotation that eliminates a given term from the
Hamiltonian becomes singular. This group contains certain nondiagonal terms
of the form Xn+Ym− + h.c., which describe transitions between energy levels of the
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whole system. For example, the term X+Y− + h.c. cannot be eliminated from the
Hamiltonian if ω ≈ � because the corresponding transformation, having the form
exp

[
g
(
X+Y− − h.c.−

)
/(ω − �)

]
, becomes singular. The third group includes the

diagonal terms (functions only of X0, Y0). In the Hamiltonian, we retain only the
diagonal terms and those that cannot be eliminated by nonsingular transformations
(resonant terms). Besides, we conserve only the leading order coefficients in these
terms. The resonant terms appear as a consequence of transformation of the terms
X+Y− (X+Y+)k Hk(X0, Y0, ε) + h.c. with

U2n = exp
[

gεn

(n − 1) ω + (n + 1)�

(
X+Y− (X−Y−)n Gn(X0, Y0, ε) − h.c.

)]
(8.28)

(which is applied to eliminate terms X+Y− (X−Y−)n Gn(X0, Y0, ε) + h.c.). The lead-
ing order terms come from the transformations (8.28) with n = 1 and by taking
only the leading terms in the expansions

U21 = exp
[
δε
(
Y2

−∇X0φ1(X0) − h.c.
)]

where δ = g/2�.

As a result, we obtain the following effective Hamiltonian:

Heff ≈ ωX0 + �Y0 + gε� (X0, Y0, ε) +

+g
∞∑

k=1

∞∑
l=0

(−δ)l+k−1εl+2(k−1)

(k − 1)!
(
l + k − 1

)
!

[
Xk

+Y2l+k
− θkl(X0, Y0, ε) + h.c.

]
(8.29)

The term �(X0, Y0, ε) represents the dynamic Stark shift (or the Bloch–Siegert
shift) [60] and can be expanded in powers of the small parameter ε as

� (X0, Y0, ε) = φ1 (X0) φ2(Y0) − φ1 (X0 + 1) φ2(Y0 + 1) + O(ε2)

The terms of the form Xk+Y2l+k
− + h.c. describe all the admissible resonant interac-

tions. In particular, the term with k = 1, l = 0 represents the principal resonance.
The coupling constants θkl(X0, Y0, ε) depend on the algebraic structure of the oper-
ators describing both subsystems (more precisely, on the degree of the structural
polynomials φ1 (X0, N1) and φ2 (Y0, N2)), and in particular, they can become zero
for some k, l. The coefficient in the principal term has the form

θ10(X0, Y0) = 1

and

θkl(X0, Y0) =
l+[k/2]∑

j=0

C
j

l+[k/2]

(
P1
(
X0 + k

))l+[k/2]−j
(−P1 (X0))

j Rk(X0, Y0 − 2j)
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Rk(X0, Y0) =
[ k−1

2 ]∑
j=0

C
j

[ k−1
2 ]

(
P1
(
X0 + k

))[ k−1
2 ]−j

(−P1 (X0))
j ∇k−1

Y0
φ2
(
Y0 − 2j

)

×
k−2(j+1)∏
i=1−2j

φ2 (Y0 + i)

for l ≥ 1, where Cj
k are the binomial coefficients and ∇0

z f (z) = 1. Note that the
product in the last equation is equal to unity if the upper limit is less than the lower
one.

In contrast to the case of kinematic resonances discussed in the previous section,
the number of possible resonant interactions appearing in the Hamiltonian (8.29)
is infinite. These interactions (dynamic resonances) can be classified as follows:

1. Principal (explicit) resonance, in which k = 1, l = 0, so that ω = �, correspond-
ing to the interaction term that is explicitly present in the original Hamiltonian
∼ X+Y−.

2. Higher-order resonances, in which
(
2l + k

)
� = kω, where l, k ∈ N (l ≥ 1, k ≥ 1),

corresponding to the effective interactions ∼ Xk+Y2l+k
− , which can be further

divided into

– odd resonances: k = 1, l = 1, 2, 3, . . . , so that ω = (
2l + 1

)
�; in the case of

the spin-spin interaction the third-order resonance is plotted in Figure 8.2;

– even resonances: k = 2, l = 1, 3, 5 . . . , so that ω = 2m�, m = 1, 2, . . . ;

– fractional resonances: ω = (
2l/k + 1

)
�, where k and l are coprime numbers

(only those produce different resonances). The width of (k, l) resonance is of
order gδl+k−1εl+2(k−1).

It is worth noting that in the vicinity of each resonance
(
2l + k

)
� = kω, only

the interaction term ∼ Xk+Y2l+k
− survives. This means that if some resonance

condition is satisfied, the system is in an approximate invariant subspace and there
exists a corresponding approximate integral of motion, N

(k,l)
eff = (

2l + k
)

X0 + kY0

[Neff , Heff ] ≈ 0, so that [N, H] ≈ 0, where

N(kl) = (
2l + k

)
X0 + kY0 + 2kδ (X+ + X−) (Y+ + Y−)

− 2k2δ2

l
(
k + l

) [(k + l)∇X0,−Y0

[
φ1 (X0)φ2(Y0 + 1)

]+ l∇X0,Y0

[
φ1 (X0) φ2(Y0)

]]
is obtained by applying the inverse set of transformations.

In the case when X± and/or Y± are nilpotent operators of qth order, all the powers
beginning with q + 1 turn to zero, which obviously imposes a natural restriction
on the series of possible resonances.

This simple example shows that even in one-channel systems, an infinite number
of resonant interactions may arise if the total number of excitations is not preserved.
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The appearance of such dynamic resonances in chaotic-like systems is expected
from the point of view of classical dynamic systems [91]. Nevertheless, the quantum
nature of interacting subsystems imposes certain restrictions on the possibility of
survival of the dynamic resonances. We discuss such restrictions for two examples
of interaction of an atomic system with quantum and classical fields.

8.3.1
Atom–Quantized Field Interaction

We consider a collection of A identical two-level atoms interacting with a single
mode of a quantized field (the Dicke model) without RWA. The Hamiltonian that
describes this system is

H = �a†a + ωSz + g(aS+ + a†S−) + g(a†S+ + aS−) (8.30)

and the condition ω, � � g holds.
The following identifications should be done:

X0 = Sz, X± = S±, Y0 = n, Y+ = a†, Y− = a

so that φ1(X0) = (1 + A/2)A/2 − X2
0 + X0, φ2(Y0) = Y0, lead to θkl (Sz, n) = 0, k ≥ 3

and the effective Hamiltonian (8.29) takes the form

Heff ≈ ωSz + �a†a + gε

(
S2

z + (
2a†a + 1

)
Sz −

(
1 + A

2

)
A

2

)
(8.31)

+ g
∞∑

l=0

(−2δε)l

l!

[
a2l+1S+ + h.c.

]
− gε

∞∑
m=1

(4δε)2m

(2m)!

[
a4mS2

+ + h.c.
]

where ε = g/ (� + ω) , δ = g/2� 
 1.

Note that the Hamiltonian (8.31) contains only the principal (explicit) resonance
(l = 0), the even and the odd order interactions, but no fractional resonances. This
happens because the structural functions for our subsystems are a first-degree
polynomial of the photon number operators a†a and a second-degree polynomial
of the atomic population operator Sz.

The integrals of motion for the series of odd and even (exact) resonances are

N(kl) = (2l + k)Sz + ka†a + 2kδ (S+ + S−)
(
a† + a

)−

− 2k2δ2

l
(
l + k

) [(2l + k
)

Sz
(
2a†a + 1

)− kS2
z

]+ O
(
δ3)

where l = 2m + 1 in N(2l), m = 0, 1, 2, 3, . . . and k = 1, 2 for even and odd reso-
nances, respectively.

We recall that the higher resonances appear in the effective Hamiltonian (8.31)
only under the condition ω ≥ �. In the opposite case, ω ≤ �, only the principal
resonance survives and in the approximation (8.29) the whole effect of the counter-
rotating terms reduces to the dynamic Stark shift, which has the same form as in
the above case.
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Figure 8.2 The third-order resonance in the spin–spin
interaction ω1 =30, g=1. The temporal aver-
age transition probability between the spin states
W = 〈|2〈−3, 3|1〈1, 1|U(t)|0, 1〉1|0, 3〉2|2

〉
tagainst ω2.

8.3.2
Atom–Classical Field Interaction

We proceed with the analysis of the interaction of atomic systems with classical
fields without RWA. A generic interaction Hamiltonian has the form

H =
∑

j j

ωjX
j
0 +

∑
j

gj

(
Xj + X†

j

)
cos(�jt + ϑj) (8.32)

and admits some explicit resonances, ωj = �j. The whole set of effective (implicit)
interactions can be easily obtained in the same way as it was outlined above. To
be able to use the effective Hamiltonian in the form (8.29) we first rewrite the
Hamiltonian (8.32) in the Floquet form by making use of the phase operators
{E0j, Ej}, which are generators of the Euclidean algebra:[

E0j, Ek
] = −δjkEj,

[
E0j, E†

k

]
= δjkE†

j ,
[
Ej, E†

k

]
= 0 (8.33)

Each group of operators (labeled with the same index j) acts in a Hilbert space
spanned by the eigenstates of the (Hermitian) operator E0j :

E0j|n〉j = n|n〉j, n = . . . − 1, 0, 1, . . . (8.34)

so that in the basis (8.34), the operators Ej, E†
j act as raising–lowering operators:

Ej|n〉j = |n − 1〉j, E†
j |n〉j = |n + 1〉j
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The phase states |ϑ〉j (which are the eigenstates of Ej, Ej|〉j = e−iϑj |ϑ〉j) are not
normalized.

Now, let us consider the following time-independent Hamiltonian

Hop =
∑

j

ωjhj +
∑

j j

�jE0j +
∑

j

gj

(
Xj + X†

j

)
(Ej + E†

j ) (8.35)

It is easy to observe that the average value of the above Hamiltonian over the phase
states in the rotating frame

|ϑ(t)〉 = �je
−i�j tE0j |ϑ〉j (8.36)

|ϑ〉j = lim
N→∞

1√
2N + 1

∞∑
n=−∞

e−iϑjn|n〉j

where |n〉j are the basis states (8.34), coincides with the Hamiltonian (8.32) because

〈ϑ(t)|E0j|ϑ(t)〉 = 0, 〈ϑ(t)|Ej|ϑ(t)〉 = e−i(�j t+ϑj)

The Hamiltonian (8.35) is a Floquet form of the initial time-dependent Hamiltonian
(8.32) (from now on we equate all the phases ϑj to zero). In the case of weak driven
fields, g 
 ω, �, the Hamiltonian (8.35) can be represented in the form of an
expansion over the principal resonances that can be observed in this system
according to Equation 8.29.

In the single-channel case, the Dicke model in the classical field, we have the
classical problem, first solved by Shirley [22] (see also Chapter 2) for a single two-
level atom. Let us consider a collection of A two-level atoms in a linearly polarized
electromagnetic field. The corresponding Hamiltonian has the form

H = ωSz + g (S− + S+) cos �t (8.37)

where � is the classical field frequency. The Floquet form of Equation 8.37 is

Hop = ωSz + �E0 + g (S− + S+) (E + E†) (8.38)

The following identifications

X0 = Sz, X± = S±, Y0 = E0, Y+ = E†, Y− = E

so that

φ1(X0) = (1 + A/2)A/2 − X2
0 + X0, φ2(Y0) = E†E = EE† = I

lead to θkl (Sz, n) = 0, k ≥ 2, which immediately gives the effective Hamiltonian
(8.29)

Hop
eff = ωSz + �E0 + 2gεE†ESz + g

∞∑
l=0

(−2δε)l

l!

(
E2l+1S+ + h.c.

)
(8.39)
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Averaging the above Hamiltonian over the phase states we obtain an effective
time-dependent Hamiltonian

Heff = ωSz + 2gεSz + g
∞∑

l=0

(−2δε)l

l!

(
e−i(2l+1)�tS+ + h.c.

)
which means that only odd resonances, � ≈ (

2l + 1
)
ω, appear in this system. This

result is different from the atom–quantum field interaction (and, surprisingly,
cannot be obtained from the corresponding quantum Hamiltonian (8.31) by
substituting the field operators by c-numbers) because, in this case, the structural
function (8.22) for the Euclidean algebra (8.33) is a constant, that is, a zeroth-degree
polynomial function.

8.3.3
Interaction of Atoms with the Quantum Field in the Presence of Classical Fields

In a separate, but very similar manner, the appearance of dynamic resonances in
the process of interaction of a mode of quantum field with an atomic system driven
by a classical field should be considered [95]. The Hamiltonian describing such a
process has the form

H = ω1Sz + ω2a†a + g1(aS+ + a†S−) + g2(S+e−iω0t + S−eiω0t) (8.40)

where ω1 and ω2 are the atomic and field frequencies, and g1 and g2 are the coupling
constants with the quantum and with the classical field, respectively. Usually, the
classical field intensity is essentially larger than the interaction strength between
the atomic system and the quantum field, so that the RWA can be applied. In a
frame rotating at a frequency of the driving field, the above Hamiltonian acquires
a time-independent form

H = ∆1Sz + ∆2a†a + g1(aS+ + a†S−) + g2(S+ + S−) (8.41)

where the detuning parameters are defined as ∆1(2) = ω1(2) − ω0.
We observe that two kinds of resonant interactions are explicitly present in

Equation 8.41: (i) the atomic system at resonance with the driving field, ∆1 = 0;
(ii) the atomic system at resonance with the quantum field, ∆2 = ∆1, that encloses
the particular case of the ‘‘full’’ resonance: ∆2 = ∆1 = 0. Nevertheless, as it is clear
now, an infinite number of higher-order resonances are also present. All these
implicit resonant transitions are, of course, far away from the above-mentioned
principal resonances. This means that the following conditions hold:

g2 
 ∆1, g1 
 ω1 − ω2 (8.42)

Thus, the terms describing principal transitions can be adiabatically eliminated
from the Hamiltonian (8.41) according to the standard procedure. To eliminate
the terms g2(S+ + S−) and g1(aS+ + a†S−) we apply to the Hamiltonian 8.41 two
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consecutive transformations

U1 = exp
[
ε(S+ − S−)

]
, ε = g2

∆1

 1 (8.43)

U2 = exp
[
ε(aS+ − a†S−)

]
, ε = g1

ω1 − ω2

 1 (8.44)

where ε and ε are small parameters as follows from Equation 8.42. The transformed
Hamiltonian

H2 = U2U1HU†
1 U†

2

contains numerous terms describing different physical processes. These terms
can be classified into three groups: (i) diagonal terms, which depend exclu-
sively on Sz and a†a, and are usually called dynamical Stark shifts; (ii) non-
diagonal resonant terms, which, under certain conditions on the transition fre-
quencies, describe resonant transitions or, in other words, those that become
time independent in the rotating frame if certain relations between ∆1 and
∆2 are fulfilled; (iii) nondiagonal terms that would never represent resonant
interactions, and thus, could be adiabatically eliminated from H̃ in a standard
way.

Retaining only diagonal and nondiagonal resonant terms in the Hamiltonian,
we arrive at the following generic form (up to a constant energy shift):

H2 = (
∆1 + 2g2ε

)
Sz + ∆2a†a + g1ε

(
(2a†a + 1)Sz − S2

z + O(ε2)
)

(8.45)

+2g1εSz
(
a + a†)− g1εε

∑
n,k

[
hnk(ε, ε, Sz, a†a)anSk

+ + h.c.
]

−g1ε
2
∑
n,k

(
fnk(ε, ε, Sz, a†a)anSk

− + h.c.
)

where hnk and fnk are functions depending on diagonal operators in the following
form:

fnk, hnk ∼ ξm

m!

∑
q

ξ2q+P1(n,k)

(2q + P1(n, k))!
Pq(a†a, Sz), m ≥ max

(
n, k

)
where P1(n, k) is a first-order polynomial in n and k, Pq(a†a, Sz) is a qth
order polynomial in diagonal operators a†a and Sz whose coefficients grow
no faster than (q + 1)!, and ξ is a small parameter in such a way that ξs ∼
εlεs−l.

The Hamiltonian (8.45) contains several terms that describe resonant transi-
tions under certain conditions on the frequencies. The most important term,
∼ εSz

(
a + a†

)
, describes an intensity-dependent field excitation that becomes res-

onant if the external field is in resonance with the quantum field, ω2 ≈ ω0 (∆2 ≈ 0).
Obviously, all the other nondiagonal terms in Equation 8.45 are out of resonance
and do not essentially contribute to the system dynamics, i.e. under the condition



208 8 Quantum Systems Beyond the Rotating Wave Approximation

ω2 ≈ ω0, the effective Hamiltonian describing the system evolution has the form
(in the rotating frame)

H̃ ≈ (
∆1 + 2g2ε

)
Sz + g1ε

(
(2a†a + 1)Sz − S2

z

)+ 2g1εSz
(
a + a†)

If instead, the classical and quantum fields are out of resonance so that ∆2 � g1ε,
the term 2g1εSz

(
a + a†

)
can be eliminated in a similar way as has been done

before, by applying the following transformation:

U3 = exp
[
2δεSz

(
a† − a

)]
, δ = g1

∆2

where δ is not necessarily a small parameter, but rather the condition δε 
 1 holds.
Then, conserving only the leading order in the coefficients, we obtain that the
effective Hamiltonian Heff = U3H2U†

3 takes the form

Heff ≈ (
∆1 + 2g2ε

)
Sz + ∆2a†a + g1ε

(
(2a†a + 1)Sz − S2

z

)
(8.46)

− 2g1εε

∞∑
n=0

(−2δε)n

n!

[
an+2S+ + h.c.

]
− g1ε

2
∞∑

n=0

(−2δε)n

n!

[
an+1S− + h.c.

]
− 2g1ε

2ε

∞∑
n=0

(−4δε)2n

(2n)!

[
a2n+1S2

+ + h.c.
]

Note that not all the transitions that formally appear in Equation 8.45 are present
in the effective Hamiltonian (8.46) because of the specific form of the field and
atomic commutation relations.

Three different kinds of resonances are present in the effective Hamiltonian
(8.46):

1. Individual rotating-type resonances: These do not depend on the number of atoms;
we refer to this as satisfying the condition (n + 2)ω2 = (n + 1)ω0 + ω1 + ζ

(n)
1 ;

n = 0, 1, . . . , where ζ
(n)
1 = O(ε) is a small frequency shift. In the vicinity of each

rotating-type resonance, the excitation-number operator N̂
(n)
1 = (n + 2)Sz + a†a

approximately commutes with the Hamiltonian, and the corresponding number
of excitations is approximately preserved. These resonances can be found even
for a single two-level atom.

2. Antirotating type resonances: These are similar to the Previous type, but are
of the antirotating form, and satisfy the condition (n + 1)ω2 = (n + 2)ω0 −
ω1 + ζ

(n)
2 ; n = 0, 1, . . . , where ζ

(n)
2 = O(ε) is another small frequency shift. The

corresponding approximate integral of motion under this condition is N
(n)
2 =

(n + 1)Sz − a†a.

3. Collective rotating-type resonances: The condition satisfied is (2n + 1)ω2 =
(2n − 1)ω0 + 2ω1 + ζ

(n)
3 ; n = 0, 1, . . . , where ζ

(n)
3 = O(ε) is the frequency shift.
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In the vicinity of each resonance of this type, the excitation-number operator
N

(n)
3 = (2n + 1)Sz + 2a†a approximately commutes with the Hamiltonian and

the corresponding number of excitations is approximately preserved. These res-
onances have a collective nature and are obviously absent in the case of a single
atom.

It is clear that to each resonance corresponds an approximately invariant sub-
space, and its dimension depends on the number of photons and/or atoms. The
frequency shifts ζ

(n)
j are different for each invariant subspace, i.e. they depend on

the value of the corresponding integral of motion, ζ
(n)
j = ζ(N(n)

j ).
As a first example, we write the effective Hamiltonian – in its corresponding

rotating frame – governing the evolution of a single two-level atom in the vicinity
of the second individual rotating-type resonance:

H
(2R)
eff ≈

(
2g2ε + g1ε(2N

(0)
1 + 1) − ζ

(0)
1

)
Sz (8.47)

− 2g1εε
[
a2S+ + a†2S−

]
where the resonance condition is 2ω2 = ω0 + ω1 + ζ

(0)
1 . Similarly, for the third

individual rotating-type resonance and a single atom, we have

H
(3R)
eff ≈

(
2g2ε + g1ε(2N

(1)
1 + 1) − ζ

(1)
1

)
Sz + 4g1εδε

2 [a3S+ + h.c.
]

In the case of a first antirotating type, H
(1A)
eff , resonance, we get

H
(1A)
eff ≈

(
2g2ε + g1ε(1 − 2N

(0)
2 ) + ζ

(0)
2

)
Sz (8.48)

− g1ε
2 (a†S+ + aS−

)
where ω2 = 2ω0 − ω1 + ζ

(0)
2 . As is noticed, this resonance is of the same order of

magnitude in the perturbation parameter as is the second individual rotating-type
resonance. Hence, they evolve at the same timescale.

In Figure 8.3a, we plot the temporal average of the transition probability
|〈0; 2|U(2R)

eff |1; 0〉|2 for the case of the second resonance, as a function of the
frequency of the driving field, ω0, in units of the coupling constant g. In this case,
ω1/g = 50 and ω2/g = 35. It can be observed that the center of the resonance is
at ω0/g = 19.55; this value satisfies the condition 2ω2 ≈ ω0 + ω1. Here the state
|n; m〉denotes bare atomic state |n〉 and field number state |m〉. The same notation
is used in the figures that follow. All the figures have been obtained from the exact
numerical evolution given by Equation 8.41. Several effective Rabi oscillations
have been included; this explicitly shows that there are no other terms in the
series expansion, affecting the evolution under specific resonance conditions. In
Figure 8.3b , we plot the temporal evolution of the same transition probability. This
figure shows that, with high probability, all the initial population is transferred to
the final state.
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Figure 8.3 (a) Temporal average and (b) temporal evolution
of transition probability, |〈0; 2|U(2R)

eff |1; 0〉|2, in the case of a

second resonance, 2ω2 = ω0 + ω1 + ζ
(0)
1 , as a function of

driving frequency. The resonance occurs for ω0/g = 19.55,

which corresponds to a frequency shift ζ
(0)
1 /g=0.45. ω1/g=

50, ω2/g=35.

In Figure 8.4 we plot the transition probability |〈0; 3|U(3R)
eff |1; 0〉|2. Here two

important aspects should be noted: (i) the resonance is much narrower than the
second resonance, by a factor of order ∼100; (ii) this implies that the population
transfer occurs on a longer temporal scale. However, under both conditions, the
population transfer occurs with a probability close to one; this means that each
nonlinearity is precisely selected. The parameters in all the figures were chosen
exclusively for illustrative reasons, in such a way so as to clearly show the emergence
of the effective resonances for reasonable computational times.

In Figure 8.5 we plot the transition probability |〈1; 1|U(1A)
eff |0; 0〉|2 for the condi-

tions of the first antirotating type resonance. It can be noticed that the width of this
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Figure 8.4 Transition probability |〈0; 3|U(3R)
eff |1; 0〉|2 in the case

of a third individual type resonance, 3ω2 = 2ω0 + ω1 + ζ
(1)
1 . In

this case, ω1/g = 50 and ω2/g = 25. The center of the reso-
nance is at ω0/g = 12.3156.
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Figure 8.5 First antirotating type resonance,
ω2 = 2ω0 − ω1 + ζ2. In this case, ω1/g = 50 and ω2/g = 20.
The center of the resonance is at ω0/g = 35.299.

resonance is of the same order as for the second individual rotating-type resonance,
i.e. they evolve in the same timescale.

As a second, less evident example, we obtain from Equation 8.46 an effective
Hamiltonian describing a collective excitation of atoms by a single photon:

H
(2C)
eff ≈

(
2g2ε + g1ε(N(0)

3 − Sz + 1) − ζ
(0)
3

2

)
Sz (8.49)

− 2g1ε
2ε
[
aS2

+ + h.c.
]

where the resonance condition is ω2 + ω0 = 2ω1 + ζ
(0)
3 . It is worth noting that,

in this case, the dynamical Stark shift term cannot, in general, be dynamically
compensated by the atomic frequency shift. This may lead, in particular, to
oscillations in the temporal evolutions of the transition probabilities. In Figure 8.6
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Figure 8.6 Transition probability |〈0; 1|U(2C)
eff |2; 0〉|2 in the

case of a two-atom resonance, 2ω1 = ω0 + ω2 + ζ2. In
this case, ω1/g = 50 and ω2/g = 30. The center of the
resonance occurs for ω0 = 69.383.
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we plot the transition probability |〈0; 1|U(2C)
eff |2; 0〉|2. In this case, the resonance is

narrower than the second individual type resonance by a factor of about 10, so the
exchange of populations occurs on a different timescale.

Thus, quantum systems not preserving the total number of excitations do not
admit a simple classification of possible resonant transitions. The explicit form
of the effective Hamiltonian is needed to specify the allowed resonances. Such
nonlinear (on the generators of some Lie algebra) Hamiltonians can be represented
as a series of operators describing all the possible transitions, which might become
resonant under specific relations between frequencies of interacting subsystems.
The structure of the effective Hamiltonian essentially depends on the algebraic
structure of interacting subsystems (polynomials P1 (X0), P2 (Y0)). In particular, it
is reflected in the types of resonances that are allowed for a given system.

8.4
Dynamics of Slow and Fast Interacting Subsystems

Now we turn to the intermediate regime, ωn � gjk 
 �m (or �m � gjk 
 ωn), when
one can separate the systems into fast and slow interacting subsystems. It is well
known that, in this case, we can adiabatically eliminate the fast subsystems, the
effect of which on the slow system dynamics is taking into account as an effective
potential (the Born–Oppenheimer approximation). In this section, we analyze
the effective Hamiltonians describing evolution of a generic quantum system X
interacting with a quantum system Y (one quantum channel) when the total
excitation number is not preserved in the case where the characteristic frequency
of the system X is essentially lower than the corresponding frequency of the system
Y , ωX 
 ωY , and the interaction constant g satisfies the strong coupling condition:
ωX � g 
 ωY . We show that, depending on the type of interaction and the nature
of the quantum systems, different physical situations take place, but generically
such effective Hamiltonians describe QPTs in the slow system. It is important to
stress that the RWA cannot be directly applied because the contributions of the
antirotating and rotating terms in the Hamiltonian are of the same order.

Let us consider the same generic Hamiltonian as in Section 8.3 describing an
interaction between two quantum systems:

H = ω1X0 + ω2Y0 + g (X+ + X−) (Y+ + Y−) (8.50)

where X0 and Y0 are the free Hamiltonians of the X and Y systems respectively,
and such that ω1 � g 
 ω2. Applying the Lie transformation method, we can
adiabatically remove all the terms that contain the fast system’s transition operators,
Y±. In particular, the counter-rotating term X+Y+ + X−Y− and the rotating term
X+Y− + X−Y+ can be eliminated from the Hamiltonian (8.50) by a subsequent
application of the following transformations:

U1 = exp [ε (X+Y+ − X−Y−)] (8.51a)

U2 = exp [ε (X+Y− − X+Y−)] (8.51b)
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where the small parameters, ε and ε, are defined by

ε = g

ω2 + ω1

 1, ε = g

ω2 − ω1

 1 (8.52)

The transformations (8.51a) and (8.51b) generate different kinds of terms, such as,
Xn±Yk± + h.c., Xn±Yk∓ + h.c., Yn± + h.c., and Xn± + h.c. with coefficients depending on
X0 and Y0. Under the condition ω1, g 
 ω2, all the rapidly oscillating terms, i.e.
those containing powers of Y±, can be removed by applying transformations similar
to Equation 8.51a and 8.51b, with properly chosen parameters. Nevertheless, the
powers of X± cannot be eliminated now, which is the main difference from the
procedure applied in Section 8.3.

Here, we restrict ourselves to terms up to the third order in δ, which are sufficient
to analyze the phenomena of our interest. Then, the transformation required to
eliminate the terms that contain the transition operators Y±, which appear after
applying Equation 8.51a and 8.51b, has the form

U3 = exp
[

δε

2

(
Y2

+ − Y2
−
)∇xφ1(X0)

]
(8.53)

The result can be expressed as a power series of the single parameter δ = g/ω2 
 1.
Taking into account the above-mentioned considerations, keeping only terms up

to third order in δ and disregarding small corrections to the effective transition
frequencies, we arrive at the following effective Hamiltonian, diagonal (in our
approximation) on the operators of the Y system:

Heff = ω1X0 + ω2Y0 − 2ω1δ
2∇x,−y

(
φ1 (X0) φ2(Y0)

)+ gδ∇yφ2(Y0)

(X++X−)2 + 1

2
gδ3∇y

(
φ2(Y0)∇2

y φ2(Y0 − 1)
)

(X++X−)4 (8.54)

The generalized displacement operators are defined as

∇mX0,nY0 f (X0, Y0) = f (X0, Y0) − f (X0 + m, Y0 + n)

where m and n integers.
Because the effective Hamiltonian (8.54) is diagonal on the operators of the Y fast

system, we may project it onto a minimal energy eigenstate of the Y system, |ψ0〉Y ,
substituting Y0 by its eigenvalue y0: Y0|ψ0〉Y = y0|ψ0〉Y , where the parameter y0 is
usually directly related to the dimension of the system Y .

The first-order effect comes from the term ∼ (X+ + X−)2, while the term ∼
(X+ + X−)4 defines a fine structure of the effective potential, obtained after projecting
the effective Hamiltonian (8.54) onto the state |ψ0〉Y .

It is important to stress that, although δ is a small parameter, the effect of the
terms ∼ δn, n ≥ 1, could be, in principle, comparable with the main diagonal term
ω1X0, especially if the algebra of X operators describes a big subsystem, i.e., large
spin or big photon number. In this case, nontrivial effects such as QPTs may occur.

The QPTs are a common feature of nonlinear quantum systems. Such transitions
occur at zero temperature and are associated with an abrupt change in the ground
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state structure. QPTs are related to singularities in the energy spectrum and, at the
critical points defining QPTs, the ground state energy is a nonanalytic function of
the system’s parameters [96]. Qualitatively, for a wide class of quantum systems,
several important properties of QPTs can be studied in the thermodynamic [97]
and semiclassical limits [98,99]. Then, QPTs can be analyzed in terms of a classical
effective potential energy surface [100]. In this language, QPTs are related to the
appearance of a new classical separatrix when the coupling parameters acquire
certain values. According to the standard semiclassical quantization scheme and
the correspondence principle, the energy density is proportional to the classical
period of motion, diverging on the separatrix, which explains a high density of
quantum states at the critical points.

To detect such an effect of QPTs we proceed with analysis of the effective
Hamiltonian (8.54) of the Dicke model, focusing on the possible bifurcation of
the ground state. The simplest way to study the critical properties of the effective
Hamiltonian (8.54) consists in taking the thermodynamic limit, when, after an
appropriate rescaling of the interaction constants (see [101]) we let the dimension
of the fast system tend to infinity. The rescaled Hamiltonian has the form

H = ω1n̂ + ω2Sz + g√
A

(S+ + S−)
(
a† + a

)
(8.55)

where n̂ = a†a and Sz,± are generators of the (A + 1)-dimensional representation
of the su(2) algebra.

8.4.1
Effective Field Dynamics

First, we suppose that the atoms form a fast subsystem so that,

X0 = n̂, X+ = a†, X− = a, Y0 = Sz, Y± = S±

and hence, φ2(Y0) = C2 − S2
z + Sz and φ1(X0) = n̂, where C2 = A/2(A/2 + 1) is

the eigenvalue of the Casimir operator of the su(2) algebra (integral of motion
corresponding to the atomic subsystem).

Projecting the effective Hamiltonian onto the minimum energy state of the
atomic system |0〉at, so that y0 = −A/2, we obtain the following effective Hamilto-
nian for the field mode:

Heff = ω̃1n̂ − gδ
(
a + a†)2 + gA−1δ3 (a + a†)4 − A

2
ω2 (8.56)

where ω̃1 = ω1(1 − 2δ2).
Rewriting Equation 8.56 in terms of position and momentum operators

Heff = ω̃1

2
(p2 + x2) − 2gδx2 + 4gA−1δ3x4 − A

2
ω2

we immediately detect that the QPT, in this case, is related to the bifurcation of
the effective potential U(x) = (ω̃1/2 − 2gδ)x2 + 4gA−1δ3x4 (up to a constant shift)
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from a single minimum at x = 0 for 4gδ < ω̃1 to a symmetric double-well structure
at 4gδ > ω̃1, with minima at x∗ = ±√∆A/(16δ3), where ∆ = 4δ − ω̃1/g > 0. We
stress that the above effective potential describes the system behavior only in the
weak excitation limit, ∆ 
 ω1/g.

The physical effect associated with this QPT consists of a spontaneous generation
of photons in the field mode. In some sense, the virtual photons, always presented
in the Dicke model (8.55), are condensed into the real photons after crossing the
critical point 4gδ = ω̃1.

We can easily evaluate, in the leading order on ∆, the average number of photons
created in the field (normalized by the number of atoms) after passing the phase
transition point (superradiant phase) [97]

n

A
≈ 1

2A
〈p̂2 + q̂2〉f ≈

{
0,

x2∗
2A = ∆

(32δ3)
≈ ∆ω2

2
(8gω1)

,
4gδ ≤ ω̃1

4gδ ≥ ω̃1

where 〈〉f means averaging over the field state, and q̂ = (a + a†)/
√

2, p̂ = (a −
a†)/i

√
2; this result coincides with the one obtained in the thermodynamic limit

taking this approximation.

8.4.2
Effective Atomic Dynamics

In the opposite case, when the atoms form a slow subsystem we have

X0 = Sz, X± = S±, Y0 = n̂, Y+ = a†, Y− = a

Projecting the effective Hamiltonian onto the minimum energy state of the field
mode |0〉f , so that y0 = 0, the effective Hamiltonian acquires the form

Heff = ω̃1Sz − 4
gδ

A
S2

x + 2
ω1δ

2

A
S2

z (8.57)

where ω̃1 = ω1 − 2ω2δ
2/A.

For our analysis, it is convenient to perform a π/2 rotation in Equation 8.57
around the y axis (this avoids the coincidence of the physically important South
pole of the sphere with the singular point), transforming the Hamiltonian (8.57)
into

H̃eff = −ω̃1Sx − 4
gδ

A
S2

z + 2
ω1δ

2

A
S2

x (8.58)

In the semiclassical limit, we may replace the atomic operators by the corresponding
classical vectors over the two-dimensional sphere, i.e.

Sz → A

2
cos θ, Sx → A

2
sin θ cos φ, Sy → A

2
sin φ sin θ
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and thus rewrite the effective Hamiltonian (8.58) as a classical Hamiltonian
function

Hcl = −A

2
(ω̃1 cos φ sin θ + 2gδ cos2 θ

− ω1δ
2 cos2 φ sin2 θ (8.59)

The first two terms in the above expression describe the semiclassical limit of the
Lipkin–Meshkov–Glick model [99] and determine the critical point of the QPT,
ξ = 4gδ/ω̃1 = 1, which again is related to the bifurcation of the ground state:
a single minimum at sin φ = 0, cos θ∗ = 0 splits into two minima at sin φ = 0,
cos θ∗∗ = ±

√
1 − ξ−2, for ξ > 1. It is worth noting that the global minimum of Hcl

at ξ < 1 converts into a local maximum for ξ > 1, so that [99],

Hcl(θ∗∗) ≈ −A

4
(ξ + ξ−1) < Hcl(θ∗) = −A

2

This means that the atoms, initially prepared at the minimum of the Hamiltonian
function, spontaneously change their ground state energy at some value of the
system’s parameters. Classically, this implies appearance of a separatrix, which
leads to the discontinuity on the energy density spectrum in the semiclassical limit.
It is also worth noting that there is a loss of rotational symmetry in this process:
the new ground state is obviously not invariant under rotations around the x axis,
while the initial ground state is clearly invariant under x rotations.

It is easy to see that the last term in Equation 8.59 is of lower order in the
parameter δ and can be neglected in the first approximation for a description of the
QPT at ξ = 1.

8.5
Problems

8.1 Prove that there are no additional resonances in the Hamiltonian describing
linear field–field interaction,

H = ω1a†a + ω2b†b + g
(
a† + a

) (
b† + b

)
8.2 The Hamiltonian describing spin–spin (dipole–dipole) interaction has the

following generic form:

H = ω1S1z + ω2S2z + g (S1+ + S1−) (S2+ + S2−) , g 
 ω1,2

where S1z,± and S2z,± are generators of 2S1 + 1 and 2S2 + 1 dimensional
representations of the su(2) algebra correspondingly. Prove that in addition to
the odd ω1 = (2m + 1) ω2 and even ω1 = 2mω2, m = 1, 2, . . . . Resonances,
the first series of fractional resonances appears with ω1 = (

2l/3 + 1
)
ω2, l �=

3N, N = 1, 2, . . . .
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9
Models with Dissipation

9.1
Dissipation and Pumping of the Quantum Field

Let us consider a mode of the quantum field pumped by a classical force inside a
cavity with losses (that is, the field dissipates because of interaction with the cavity
walls). The equation that describes the evolution of the density matrix for the field
is of the form

∂tρ = −i [H, ρ] + Lρ (9.1)

where the field Hamiltonian H with (harmonic) pumping is

H = ωf a†a + �
(
ae−iωct + a†eiωct) (9.2)

where � is the amplitude of the pumping (classical) field of frequency ωc and a
(a†) are field operators. We describe the dissipation by the Lindblad-like term [102],

Lρ = γ

2

(
2aρa† − a†aρ − ρa†a

)
(9.3)

which corresponds to the cavity without thermal photons. In the interaction frame,
the Hamiltonian (9.2) takes on the form

HI = δ a†a + �(a + a†) (9.4)

where δ = ωf − ωc is the shift between the field frequency and that of the
pumping field. The Hamiltonian (9.4) is linear and, therefore, the master equation
(Equation 9.1) can be solved by the dynamic symmetry method. According to this
method, we introduce the following notation for the operators that appear in the
master equation:

N−ρ = aρa†, Nlρ = a†aρ, Nrρ = ρa†a (9.5)

Alρ = aρ, A+lρ = a†ρ, Arρ = ρa, A+rρ = ρa†

Clearly, all the operators that act from the of the density matrix commute with all
the operators that are applied from the left to the right. The operators Nl , Nr , and

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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N− form a solvable subalgebra:

[Nl, N−] = [Nr , N−] = −N− , [Nl, Nr ] = 0

Ar , A+r , 1 and Al , A+l , 1 are two Heisenberg–Weyl subalgebras. The remaining
commutators between the operators (9.5) are

[Nl, Al] = −Al , [Nl, A+l] = A+l,

[N−, Al] = 0 , [N−, A+l] = A+r ,

[Nr , Ar ] = Ar , [Nr , A+r ] = −A+r ,

[N−, Ar ] = Al , [N−, A+r ] = 0 (9.6)

The master equation has a linear form in terms of the operators (9.5):

∂tρ = [γN− + vNl + v∗Nr + i� (Ar + A+r − Al − A+l)] ρ (9.7)

where

v = −iδ − γ

2

and, therefore, its solution can be represented in the form [103, 104]

ρ(t) = eµev∗tNr evtNl e fN−eb∗A+l ecAl ebAr ec∗A+r ρ(0) (9.8)

ν where the equations to determine the parameters µ(t), f (t), b(t), c(t) are found by
substituting Equation 9.8 into Equation 9.7,

µ̇ = c∗ḃ + ċb∗, ḟ = γe−γt,

ḃf + ċ = −i�ev∗t, ḃ = i�e−v∗ t,

µ(0) = f (0) = b(0) = c(0) = 0 (9.9)

where ρ(0) is the initial density matrix. The solution of the system (9.9) is

µ(t)
�2

= − 1
|v|2 |e−vt − 1|2,

b(t) = −c(t) = i
�

v∗
(
e−v∗t − 1

)
,

f (t) = 1 − e−γt (9.10)

Using the solution in the form (9.8), we find the evolution of a coherent initial
state ρf (0) = |α〉〈α|, obtaining the well-known result that the initial coherent state
remains coherent and the density matrix of the field is of the form

ρ(t) = |z(t)e−iωct〉〈z(t)e−iωct|
where

z(t) = (α + b∗)evt
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and the parameter b(t) is defined in Equation 9.10. In the stationary state (t → ∞),
the field density matrix takes the following form:

ρss = |zsse−iωct〉〈zsse−iωct|
where zss = i�/v. The average number of photons in the stationary state is

〈n̂〉 = Tr
(
a†a ρss) = �2

|v|2
Note that this property of the coherence being conserved is maintained only when
the initial state is a single coherent state. If, for example, the initial state of the field
is a superposition of coherent states, the coherence among these states is rapidly
lost and the whole system evolves into an incoherent superposition of coherent
states. In particular, for an initial superposition of two coherent states of the same
amplitude,

N−1 (|αeiψ〉 + |αe−iψ〉) (9.11)

where N−1 is the normalization constant, we obtain from Equation 9.8 that the
nondiagonal elements of the density matrix in the resonant case, δ = 0, rapidly
decrease as

|(αeiψ + b∗)e−γt/2〉〈(αe−iψ + b∗)e−γt/2| exp
[−|α|2(1 − e−γt)(1 − e2iψ)

]
This means that for times t ∼ γ−1|α|−2 the coherence between the states (9.11) is
lost and the field evolves into an incoherent superposition.

9.2
Dicke Model with Dissipation and Pumping (Dispersive Limit)

Now let us consider a collection of A two-level atoms interacting with a mode of the
quantum field (Dicke model) inside a lossy cavity. Also, we suppose that the field is
being pumped by an external (classical) field. The master equation that describes
this situation is of the form (9.1) and (9.3), where the Hamiltonian of the system H
is now

H = ωaSz + ωf a†a + g
(
aS+ + a†S−

)+ �
(
ae−iωct + a†eiωct) (9.12)

and S±,z are the collective operators that form the A + 1 dimensional representation
of the su(2) algebra. In the interaction frame, the Hamiltonian (9.12) takes the form

H = ∆Sz + g
(
aS+ + a†S−

)+ �
(
aeitδ + a†e−iδt) (9.13)

where δ = ωf − ωc and ∆ = ωa − ωf . We consider the dispersive interaction limit
between the field and the atomic system, when A

√
ng 
 ∆ is satisfied, where n

is the average number of photons in the field. In this limit, as we already know,
we can eliminate the transitions between different eigenstates of the operator
Sz adiabatically by applying the transformation (7.94) to the Hamiltonian (9.12).
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Retaining terms of the order g/∆ 
 1, we obtain (in the frame rotating with the
classical field frequency ωc)

H1 = ∆1Sz + δa†a + g2

∆

[(
2a†a + 1

)
Sz + S2 − S2

z

]
+�

[
a + a† + 2

√
2g

∆
Sx

]
(9.14)

where ∆1 = ωa − ωc and S2 = (A/2 + 1) A/2 is the Casimir operator of the su(2)
algebra. It can easily be seen that the term

√
8�gSx/∆ in the above equation is

eliminated by applying the following transformation to the Hamiltonian H1:

V = exp

(
−i

2
√

2�g

∆2
1

Sy

)

This does not affect the rest of the Hamiltonian (within the given accuracy and
when the amplitude of the external field is not very high, �g 
 ∆2

1 ). Finally, the
effective Hamiltonian takes the form

Heff = ∆1Sz + δa†a + η
(
2a†a + 1

)
Sz + η

(
S2 − S2

z

)+ �
(
a + a†) (9.15)

where η = g2/∆. The transformation V (like U, see Section 7.8) is time independent
and does not affect the dynamics of the observables. These transformations do
not affect the dissipative part (Equation 7.39) of the master equation (Equation 9.1)
either, in the case of weak dissipation, γ 
 g, since they would add terms of order
O(γg/∆) to the equation. Thus, the master equation that describes the Dicke model
with dissipation and pumping field in the dispersive limit has the form (9.1), where
the Hamiltonian is given by Equation 9.15. This Hamiltonian can be simplified
still further. The Hamiltonian that describes the evolution of the density matrix
transformed according to

ρ̃ = ei
(
∆1Sz+η

(
S2−S2

z
))

tρe−i
(
∆1Sz+η

(
S2−S2

z
))

t

is of the form

H̃eff = δa†a + η
(
2a†a + 1

)
Sz + �

(
a + a†) (9.16)

The Hamiltonian (9.16) is diagonal in the atomic space, [H̃eff , Sz] = 0, and linear in
the field space. Thus, the master equation can be solved by using the same method
as in the previous section. In the bare atomic basis

Sz|k〉at =
(

k − A

2

)
|k〉at

the master equation takes the linear form on the operators (9.5)

∂t̃ρpq = [
γN− + vpNl + v∗

q Nr + i�(Ar + A+r − Al − A+l)
]̃
ρpq (9.17)
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where ρ̃pq = at〈p|ρ̃|k〉at and

vp = −iδ − 2iηλp − γ

2
, λp = p − A

2

Recall that the matrix elements ρ̃pq are still operators in the field space. The solution
of Equation 9.17 is given by

ρ̃pq(t) = eµpq ev∗
q tNr evptNl e fpqN−eb∗

pA+l ecpqAl ebqAr ec∗qpA+r ρ̃pq(0) (9.18)

where ρ̃pq(0) is the initial matrix and the parameters are sought in a form analogous
to Equation 9.9, which yields

µpq(t)

�2
= χpq t + γ

(vp + v∗
q )vpv∗

q

(
e−vpt − 1

) (
e−v∗

q t − 1
)

−
(

1 + γ

vp + v∗
q

)(
evpt − 1

v2
p

+ ev∗
q t − 1

v∗2
q

)
(9.19)

χpq = 2η

|vp|2|vq|2
[

i(λq − λp)
(

γ2

4
+ (δ + 2ηλp)(δ + 2ηλq)

)
− γη(λp − λq)2

]
fpq(t) = γ

vp + v∗
q

[
e(vp+v∗

q )t − 1
]
, bq(t) = −i

�

v∗
q

(
e−v∗

q t − 1
)
, (9.20)

cpq(t) = −i�

[(
1 + γ

vp + v∗
q

)
evpt − 1

vp
+ γ

(vp + v∗
q )v∗

q

(
e−v∗

q t − 1
)]

We consider first the purely dissipative case, � = 0. Starting from an arbitrary
initial atomic state, and a coherent state of the field, from Equation 9.18 we obtain
for the density matrix of the system

ρ̃(t) =
A∑

p,q=0

cpc∗
q |p〉at at〈q| ⊗ |α evpt〉f f 〈α evqt| exp

[|α|2 ( fpq + e−γt − 1
)]

(9.21)

where fpq is defined in Equation 9.20. We may observe that for long times (t � γ−1),
the atomic density matrix takes the form

ρ̃at(t) =
A∑

p,q=0

cpc∗
q | p〉at at〈q| exp

[
−2iη|α|2 λp − λq

γ + 2iη
(
λp − λq

)] (9.22)

while the field evolves to the vacuum state: ρf → |0〉f f 〈0|. This means that the
atomic coherence is lost only partially in the presence of the dissipation of the
field and the degree of decoherence decreases when the parameter γ increases.
Considering the evolution of the nondiagonal elements of the density matrix to
their stationary state, we note that the factor e−γt determines the envelope of
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oscillations with frequency 2η(λp − λq), while the first oscillation has a Gaussian

envelope exp
[
−2t2η2|α|2 (λp − λq

)2
]
, which does not depend on γ. For certain

values of the parameters η|α| and γ, it is possible that only one oscillation survives.
In such cases, we would have a Gaussian decay with a decay time that does not
depend on γ (while the stationary state, of course, depends on γ).

In the presence of a pumping field, we find that, for the initial coherent state of
the field ρf (0) = |α〉f f 〈α| and an arbitrary atomic state

|in〉at =
A∑

k=0

cp|p〉

the atomic density matrix for the characteristic times t � γ−1 (when e−γt 
 1)
acquires a similar form to the one in Equation 9.22:

ρ̃at(t) =
A∑

p,q=0

cpc∗
q |p〉at at〈q| exp

[
�2χpqt

]
p̃pq

at (9.23)

where

p̃pq
at = exp

[(
�2

v2
p + v∗2

q + vpv
∗
q

(vpv∗
q )2

− |α|2
)(

1 + γ

vp + v∗
q

)]

× exp

[
i�

(
α

vp
− α∗

v∗
q

)(
1 + γ

vp + v∗
q

)]

(the time-dependent factor is discussed later). It can easily be seen that p̃pp
at = 1,

which means that there is no population transfer, as is expected in the dispersive
regime. The field density matrix takes the form of an incoherent superposition of
the coherent states:

ρf (t) =
A∑

p=0

|cp|2|zp(t)e−iωct〉f f 〈zp(t)e−iωct|

where

zp(t) = (
α + b∗

p(t)
)
evpt

and b∗
p(t) is defined as in Equation 9.20. In the stationary state (t → ∞), the field

density matrix acquires the form

ρss
f =

A∑
p=0

|cp|2|zss
p e−iωct〉f f 〈zss

p e−iωct|

with zss
p = i�/vp. The average number of photons in the stationary state would

thus be

〈n̂〉 = Tr
(
a†a ρss

f

) = �2
A∑

p=0

|cp|2(
δ + 2ηλp

)2 + γ2/4

Note that the stationary state of the field depends on the atomic indices.
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From the expression (9.23) we observe that the atomic density matrix for the
typical dissipative decoherence times t ∼ γ−1 still depends on time through the
factor

exp
[
�2χpqt

]
which equals unity for p = q and decreases when p �= q. This factor leads to total
loss of coherence between the atomic components (without mixing the atomic
populations) for the times

t pq
dec ∼ |vp|2|vq|2

γ�2η2
(
λp − λq

)2 , p �= q

For typical values of the parameters of the system, η 
 γ in resonance δ = 0, the
decoherence time is of order

tdec ∼ γ3

�2η2
(9.24)

which is usually much larger than the dissipative decoherence time. This implies
that for the times t ∼ tdec the atomic system will be found in a completely mixed
state:

ρat(t � tdec) �
A∑

p=0

|cp|2|p〉at at〈p|

Thus, all the collective effects that arise from the nonlinearity of the effective
Hamiltonian (9.15), disappear for t � tdec.

Note that pure dissipation does not cause total loss of atomic coherence. It is
precisely the simultaneous action of the dissipation and the pumping field that
leads to a complete decay of the nondiagonal elements of the atomic density matrix.

Thus, there are two timescales in which the atomic coherence is lost: first, the
coherence is partially lost for times of the order of γ−1 owing to the field dissipation;
then, for times tdec (Equation 9.24), the atomic matrix acquires a diagonal form
with the initial distribution of the atomic population. It is important to note that the
neglected terms in the deduction of the effective Hamiltonian (9.15) also produce
a loss of coherence, which, apart from the decay of nondiagonal elements, leads to
the randomization of the population distribution.

9.3
Dicke Model with Dissipation (Resonant Case)

In this section, we analyze the resonant Dicke model in the presence of the field
dissipation mechanism (9.3) [105, 106] (see also [107]) at zero temperature. The
equation for the density matrix that describes the evolution of the system has the
form

∂tρ = −ig[aS+ + a†S−, ρ] + γ

2
(2aρa† − a†aρ − ρa†a) (9.25)
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where γ is the decay rate. During the dissipative evolution, the field loses photons,
so that the total number of excitations is no longer conserved. However, if the
system is initially prepared in a highly excited field state, then, for not very long
times the system continues in a highly excited state. In this period the field
distribution does not reach the vacuum state; in order to solve Equation 9.25 we
can apply the technique used in Chapter 7. Applying the Q-transformation (7.1)
to the Equation 9.25 we obtain in the zeroth order approximation (7.8) for the
transformed density matrix

ρ = Q̂†ρQ̂ (9.26)

the following expression:

∂tρ = −2ig[
√

ν̂ + 1/2 Sx , ρ] + L0ρ + L1ρ (9.27)

with

L0ρ = γ

2

(
2aρa† − a†aρ − ρa†a

)
L1ρ = γ

2

(
2aρa† − 2aρa† +

{
Sz + A

2
, ρ
})

The transformed Equation 9.27 is diagonal in the field space and is very convenient
for numerical calculations. To find an analytical solution for Equation 9.27, we
observe that the operator L1 can be neglected if the average number of field photons
is very large, since

L1ρ = γ

2

(
−
{

Sz + A/2

(n̂ + 1)
, aρa†

}
+
{

Sz + A

2
, ρ
})

+ O

(
γ

n̂ + 1

)
so that L1ρ ≈ O

(
γ/n̂

)
, where the condition γ 
 gn should also be fulfilled in this

regime. In the number state basis, Equation 9.27 has the form

∂tρnm
= −2ig(Sx

√
nA ρ

nm
− ρ

nm

√
mA Sx) + (L0ρ)nm (9.28)

where nA = n + 1/2 − A/2. The matrix elements ρ
nm

continue to be operators in
the atomic space. Equation 9.28 takes a simple form in the semiclassical atomic
basis (where the operator Sx is diagonal):

Sx|p〉at = λp|p〉at, λp = p − A

2
, p = 0, 1, . . . , A (9.29)

The representation of bare atomic states in the semiclassical atomic basis |p〉a is:

|k〉at =
∑

p

Ckp|p〉at (9.30)

where the matrix elements Ckp

Ckp = 〈p|k〉 = 〈p| exp
(

iπSy

2

)
|k〉 = ik−pPA

pk

(π

2

)
(9.31)
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where PA
pk(θ) = 〈p| exp (iθSx)|k〉 (see Appendix 11.5) and the inverse transformation

has the form |p〉ai = ∑
p C∗

pk|k〉ai, C∗
pk = 〈k|p〉 = Ckp.

For the matrix elements of ρ
nm

in the semiclassical basis, xqp,nm = 〈q|ρ
nm

|p〉
Equation 9.28 takes the form

∂txqp,nm = −f qp
nmxqp,nm + γ

√
(n + 1)(m + 1) xqp,n+1m+1 (9.32)

where

f qp
nm = 2ig

(
λq

√
nA − λp

√
mA

)+ γ
(n + m)

2
(9.33)

Making the following change of variable (omitting the atomic indexes in this
calculation)

xnm = ynm

γn
√

n!m!

we obtain

∂tynm = −fnmynm + yn+1m+1

and applying the Laplace transform we arrive at the following recurrence equation:

yn+1m+1(s) − ( fnm + s)ynm(s) = −ynm(0)

where ynm(s) is the Laplace transform of ynm. The solution of the above equation is

ynm(s) =
∞∑

k=0

yn+k m+k(0)∏k
j=0( fn+j m+j + s)

(9.34)

whose inverse transform is

ynm(t) =
∞∑

k=0

yn+k m+k(0)I(q,p)
k, nm(t) (9.35)

The solution of Equation 9.32 then takes the form

xqp,nm(t) =
∞∑

k=0

γk

√
(n + k)!

n!
(m + k)!

m!
xqp,n+k m+k(0) I

(qp)
k,nm(t) (9.36)

where

I
(qp)
0,nm(t) = exp (−fqp,nmt)

I
(qp)
k,nm(t) =

k∑
j=0

exp(−f qp
n+j m+jt)∏k

i=0( f qp
n+i m+i − f qp

n+j m+j)|i�=j

, k > 0 (9.37)

The initial condition xqp,nm(0) is convenient to express in terms of bare initial
conditions:

xqp,nm(0) = a〈q|〈n|Q̂†ρ(0)Q̂ |m〉|p〉a =
∑
k,l

CkqClpρkl,n−k m−l(0) (9.38)



226 9 Models with Dissipation

where ρ(0) is the density matrix, describing any initial pure or mixed state of the
whole system. The expressions (9.36) to (9.38) provide an exact solution for the
Equation 9.32.

The analytic form (9.36) allows to describe the influence of the dissipation for
the initial condition of a strong field. The dynamics of the Dicke model in a cavity
without losses are obtained by selecting γ = 0 . In this case, only the term k = 0
contributes to the sum (9.36). We can also obtain the evolution of the quantum
field in a cavity with dissipation by letting g = 0 in the solution (9.36).

9.3.1
Initial Field Number State

Now we suppose that the field is initially in the number state |N〉f (with N � A)
and that the atomic system is in a nonexcited state, the density matrix of the total
system then has the form

ρ(0) = |0〉at at〈0| ⊗ |N〉f f 〈N|
and we obtain from Equation 9.38

xqp,nm(0) = 〈p|0〉〈q|0〉δnN δmN (9.39)

Substituting Equation 9.39 in Equation 9.36 we obtain the matrix elements of the
Q-transformed density matrix in the semiclassical basis:

xqp,nm(t) = γN−n N!

n!
I

(qp)
N−n,nn(t) C0qC0p δmn (9.40)

and in the bare atomic basis:

ρ
kl,nm

(t) = δmn

A∑
q,p=0

Ckq Clp xqp,nn(t) (9.41)

In this case, we observe that the density matrix is diagonal in the field space.
The atomic inversion can easily be evaluated by using Equations 9.40 and 9.41,

〈Sz〉 = −A

2
Re

∑
n

γN−n N!

n!
I

(p p−1)
N−n,nn

where I
(p p−1)
N−n,nn is defined in (9.37) and is independent of the atomic index p.

9.3.2
Initial Field Coherent State

If the field is initially in a coherent state n � A, then the functions (9.33) vary slowly
near n owing to the large number of photons, and the following approximation can
be made:

f qp
n+j,m+j � f qp

nm + jγ′
qp,nm
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where

γ′
qp,nm = γ + ig

(
λq√
nA

− λp√
mA

)
(9.42)

Using Equation 9.42, the coefficients in Equation 9.37 are simplified, and one
obtains

I
(qp)
k,nm(t) = 1

k!

[
1 − exp (−γ′

qp,nmt)

γ′
qp,nm

]k

exp (−f qp
qp,nmt) (9.43)

For the initial field coherent state |α〉 with zero phase and the atomic system in an
arbitrary state

|in〉a =
∑

p

cp|p〉a

so that, the initial density matrix is ρ(0) = |in〉 〈in| ⊗ |α〉〈α|, we obtain from
Equation 9.38

xqp,nm(0) =
A∑

ll′ = 0

A∑
rr′ = 0

ClqCl′pCltCl′r′crc
∗
r′ pn−lp

∗
m−l′ (9.44)

where Clp is defined by Equation 9.31 and pn is the square root of the Poisson
distribution,

pn = e−n/2 nn/2

√
n!

The form of the initial condition (9.44) can be simplified by using the following
approximation:

pn+l = pn + O

(
l√
n

)
(9.45)

where l ∼ A, so that neglecting the terms of order O(A/
√

n) and considering that∑
l

ClrClq = δrq

we obtain

xqp,nm(0) ≈ cq c∗
p pnpm (9.46)

The above equation is exact when the initial state of the atomic system is nonexcited,
so that cp = C0p, and the transformation Q̂ is reduced to the identity operator.

Substituting the initial condition (9.46) and the coefficients (Equation 9.43) into
Equation 9.36, we obtain a simple expression for the matrix elements of the density
operator in the quasi-classical basis:

xqp,nm(t) = cq c∗
p pn(t)pm(t)Fqp,nm(t) (9.47)
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where pn(t) is the square root of the Poisson distribution with the average of the
number of photons depending on time:

pn(t) = e−n(t)/2 n(t)n/2

√
n!

(9.48)

n(t) = ne−γt (9.49)

and the function Fqp,nm(t) is given by,

Fqp,nm(t) = e−2igt(λq
√

nA−λp
√

mA)−µqp(t) (9.50)

µqp(t) = n

[
(1 − e−γt) − γ

γ′ (1 − e−γ′t)
]

(9.51)

γ′ = γ + ig(λq − λp)√
n(t) − A/2 + 1/2

(9.52)

To obtain the above expression, the function γ′
qp,nm (defined in Equation 9.42) is

approximated by its value at the point n = m = n(t).
Finally, the Q-transformed density matrix (9.47) in the bare atomic basis acquires

the form

ρ
kl,nm

(t) = pn(t)pm(t)
A∑

q,p=0

Ckq Clp cq c∗
p Fpq,nm(t) (9.53)

Using Equation 9.26, we may observe that the density matrix in the bare atomic
basis is connected to ρ

kl,nm
by the following simple relation:

ρkl,nm(t) = ρ
kl,n+k,m+l

(t) (9.54)

Equations 9.47 to 9.52 describe the dissipative dynamics in the case of the strong
coherent field. Now, it is easy to calculate the expectation value of any observable.
We find, for example, the atomic inversion when the atoms are initially prepared
in the nonexcited state. The atomic density matrix in the bare atomic basis has the
form

ρ
(at)
kl =

∑
n

ρ
kl,k+n l+n

(t)

and, hence, we find the atomic inversion evolution (see Figure 9.1),

〈Sz(t)〉 =
A∑

k=0

(
k − A

2

)
ρ

(at)
kk =

∑
n

A∑
k=0

(
k − A

2

)
ρ

kk,k+n k+n
(t)

where ρ
kk,k+n k+n

(t) is defined in Equation 9.53 with

cp = C0p = i−pPA
0p

(π

2

)
=
√

A!

(A − k)!k!
sink θ

2
cosA−k θ

2
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Figure 9.1 Evolution of the atomic inversion in the resonant
Dicke model in the presence of dissipation: decreasing of
the amplitude of the first revival; the field is initially in a
coherent state with n = 12 and the atoms, A = 2, are
initially excited; γ/g = 0.005.

9.3.3
Factorized Dynamics

As we know, the evolution of the semiclassical atomic states in the strong coherent
field leads to the wave function factorization phenomenon. We now prove that
in the dissipative case an analog of such factorization is preserved. We consider
the evolution of the initial atomic matrix ρ(at)(0) = |q〉〈p| in the coherent field:
ρ[qp](0) = |q〉〈p| ⊗ |α〉〈α|. From Equations 9.53 and 9.54 we obtain the following
expression for the density matrix in the bare atomic basis:

ρ
[qp]
kl,nm(t) = pn+k(t)pm+l(t)Ckq Clp Fpq,n+k m+l(t) (9.55)

For not very long evolution times, while A 
 √
ne−γt, the time-dependent Poisson

distribution in Equation 9.55 can be approximated as (9.45):

pn+k(t) ≈ pn(t) + O

(
A√
n(t)

)
(9.56)

Then, we expand the square roots of the frequencies appearing in the functions
Fqp,n+k m+k as follows:√

nA + k ≈ √
nA + k

2
√

nA
+ O

(
A2

n3/2

)
(9.57)

Substituting Equations 9.56 and 9.57 into Equation 9.55 we obtain

ρ
[qp]
kl,nm ≈ exp(−µqp)pn(t)pm(t) CkqClp

× exp
(−2igt(λq

√
nA − λp

√
mA)

)
exp

(
−igt

(
kλq√

nA
− lλp√

mA

))
(9.58)
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Now, let us make a further approximation (the same as we did in the nondissipative
case): we approximate the slow frequencies in the exponentials in Equation 9.58 as

k√
nA

≈ k√
nA(t)

+ O

(
A

n(t)

)
(9.59)

With this approximation, the accuracy is reduced even more, but we obtain a very
clear physical representation: the total density matrix acquires the form of a product
of the atomic density matrices and the field, each of which represents pure states
of the atomic system and of the field:

ρ[qp](t) ≈ exp(−µqp(t))|�q(t)〉〈�p(t)| ⊗ |Aq(t)〉〈Ap(t)| (9.60)

where the atomic and the field states appearing in the factorized density matrix are
given as

|�q(t)〉 =
∑

n

pn(t) exp
[−2igtλq

√
nA
] |n〉f

|Aq(t)〉 = exp

[
−i

gtλq√
nA(t)

(Sz + A/2)

]
|q〉 (9.61)

This solution differs from the one that we obtained in the nondissipative case in
two points: a) the Poisson distribution depends on the time-dependent average
number of photons n(t) = ne−γt; b) density matrices that correspond to different
initial conditions |p〉〈q| are multiplied by factors exp(−µqp(t)). This does not affect
the initial diagonal conditions in the semiclassical basis, since µqq = 0. However,
the factors exp(−µqp(t)) decrease rapidly for q �= p, which results in a rapid loss of
coherence between different semiclassical trajectories. From the explicit expression
(Equation 9.51) for µqp(t), we can determine the decoherence time, that is, the time
when different semiclassical states lose coherence between each other. This time is
determined from the condition µqp(tdecoh) ∼ 1. For sufficiently strong initial fields,
γn3/2 � 1, the decoherence time does not depend on the (initial) average number
of photons n and is much smaller than the time of the first revival:

gt
(qp)
decoh ∼

(
6g

γ
(
q − p

)2

)1/3


 gTR (9.62)

One can see that different semiclassical states lose mutual coherence more rapidly
when |q − p| increases. On the other hand, we note that in the case of weak
dissipation, γ 
 g, we have gt

(qp)
decoh � 1, which means that the decoherence time is

larger than the time of the collapse.
For an arbitrary initial atomic state, |in〉 = ∑

p cq|q〉, the initial density matrix is
represented as

ρ(0) =
∑

qp

cqc∗
pρ

[qp](0)

so that, the solution can immediately be obtained of the factorized form (Equations
9.60 and 9.61):
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ρ(t) =
∑

qp

cqc∗
pρ

[qp](t) (9.63)

For times longer than the decoherence time t > tdecoh, the field density matrix takes
the form of an incoherent superposition

ρf (t) ≈
∑

p

|cp|2ρp(t), ρp(t) = |�p(t)〉〈�p(t)| (9.64)

The factorization (9.60) allows us to understand the dynamics of the system in
the phase space of the field: each semiclassical state is represented by a hump
that moves along a spiral whose radius r decreases slowly with time according to
r(t) = √

ne−γt/2. In the nondissipative case, two close semiclassical states coincide
and produce the revival effect of the Rabi oscillations of the atomic inversion
(see Section 7.3). In the dissipative case, these states rapidly lose their mutual
coherence, which results in the suppression of the revival amplitude.

On the other hand, from Equations 9.62 and 9.63 we can reach the conclusion
that the squeezing of the field, which takes place in the Dicke model, would not be
affected either for long times or for short times. In effect, the squeezing of the field
for short times is produced due to the interference between different semiclassical
states and reaches its maximum value for times of the order of the collapse time
gtsq ∼ 1, which is smaller than the decoherence time (Equation 9.62). On the other
hand, the squeezing of the field for long times is due to the deformation of the
field states associated with each of the atomic semiclassical states and is not related
with the coherence between them. Thus, the squeezing can be destroyed only if
the form of each ρp in Equation 9.64 is essentially changed. This could happen in
the case of a strong dissipation γ

√
n ≥ g, when the average number of photons in

the field decreases significantly for the time of the first revival: n(TR) 
 n.
We can easily estimate the accuracy of the factorization (9.61). To this end, we

evaluate the purity parameter P = Tr
(
ρat
)2

for an initial semiclassical atomic state
|q〉〈q| using Equation 9.58:

P ≈
A∑

k,l=0

C2
qkC2

ql exp

[
−4n(t) sin2 gt

(
k − l

)
8n(t)3/2

]
where Ckp are defined in Equation 9.31. It can easily be seen that the purity
parameter essentially differs from unity (in the pure state P = 1) for the times of
order gt ∼ n(t). This means that the factorization (9.61) is valid for gt 
 n(t). In the
case of weak dissipation, γ

√
n 
 g, this condition leads to gt 
 n. However, gt can

be larger than
√

n, which implies that the factorization survives for the times of
various revivals.

9.4
Strong Dissipation

We consider an arbitrary quantum system X coupled to a cavity mode in a finite Q
cavity. The master equation for the X -system-cavity mode density matrix is
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dρ

dt
= −i [H, ρ] + Laρ + Lsρ (9.65)

The Hamiltonian H = H0 + V contains free field H0, X -system evolution, and
system–cavity mode interaction V , which are given by

H0 = ωf a†a + ω0X0 (9.66)

V = g
(
X+a + X−a†) (9.67)

where X0 is the free system Hamiltonian and X+, X− are the operators describ-
ing transitions between X -system energy levels and, consequently, obeying the
following commutation relations:

[X0, X±] = ±X± (9.68)

We do not impose any condition on the commutator between transition operators
X+ and X−, which is, in general, a function of the diagonal operator X0, and,
probably, some integrals of motion {Ni} admitted by the X -system:

[X+, X−] = f (X0, Ni) (9.69)

The dissipation of the cavity mode coupling to the vacuum is described by the
standard Lindblad-like term

Laρ = γ

2

(
2aρa† − a†aρ − ρa†a

)
(9.70)

where γ is the cavity damping rate. The term describing the X -system dissipation
Ls can take on a different form (depending on the type of the X -system–reservoir
coupling). Apart from the standard condition of the bad-cavity limit g 
 γ, we
impose, for simplicity, the following restriction on the system parameters: χ 

g2/γ, where χ is the X -system decay rate in Ls.

It is clear that, in the bad-cavity limit g/γ 
 1, apart from the free Hamiltonian
H0, the dominant role in Equation 9.65 is due to the term (Equation 9.70) describing
the dissipation of the field. Thus, to eliminate (in the first order of magnitude)
the interaction term V from Equation 9.65, we apply the following (nonunitary)
transformation to the equation:

U = exp (iF) (9.71)

where

F = g

γ/2 − i∆
(L1 − L2 − M1 + M2) + g

γ/2 + i∆
(L−1 − L−2 − M1 + M2)

and the operators L±j, M±j, j = 1, 2, 3, 4 are defined as

L1ρ = X−a†ρ, L2ρ = X+aρ

L−1ρ = ρX−a†, L−2ρ = ρX+a
M1ρ = X−ρa†, M2ρ = aρX+
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Making use of the following expansion,

Uρ = ρ + iFρ − 1
2!

F2ρ + · · ·

and keeping terms up to the order
(
g/γ

)2
, we obtain the equation for the trans-

formed density matrix

ρ̃ = Uρ

Here U is a super-operator acting on both sides, right and left, of the density matrix.
It follows from the form of the (super) operator F, that Tr

(
Fkρ

) = 0, k = 1, 2, . . . ,
which indicates that the transformation (9.71) preserves the trace of the density
matrix (Trρ̃ = 1).

In this approximation, the density matrix of the whole system satisfies the
effective master equation:

dρ̃

dt
= −i [H0, ρ̃] + Laρ̃

+ g2

γ/2 − i∆

(
X−ρ̃X+ − X+X−ρ̃ + af (X0, Ni)ρ̃a† − a†af (X0, Ni)ρ̃

)
+ g2

γ/2 + i∆

(
X−ρ̃X+ − ρ̃X+X− + aρ̃f (X0, Ni)a† − ρ̃a†af (X0, Ni)

)
where ρ̃ = Uρ, with U being the transformation defined by Equation 9.71 and
∆ = ω0 − ωf is the detuning between the field and X -system frequencies.

Tracing over the field variables, we obtain the Lindblad-type [102] equation for
the X -system reduced density matrix ρ̃X = Trf (ρ̃)

dρ̃X

dt
= −i [Heff , ρ̃X ] + α

γ

2
(2X−ρ̃X X+ − X+X−ρ̃X − ρ̃X X+X−) (9.72)

which describes the dissipation to the vacuum of the X system with the relaxation
rate κ = αγ, which is much smaller than the decay rate of the field γ. Here, the
effective Hamiltonian has the form

Heff = ω0X0 + α∆φ (X0)

where φ (X0) = X+X− and

α = g2

(γ/2)2 + ∆2

As expected, the effective master equation for the X -system density matrix does
not contain field operators. In principle, due to applied approximations, the master
equation (Equation 9.72) holds for times t ∼ γ2/g (when the X system is very close
to its steady state).
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It can be proved by direct substitution that the Laplace transform

L (ρ̃X ) (s) =
∫ ∞

0
dte−stρ̃X (t)

of the solution of Equation 9.72 has the form [108]

L (ρ̃X ) (s) =
∞∑

k=0

(αγ)k∏k
l=0

(
s + ξl ⊗ 1 + 1 ⊗ ξ

†
l

)Xk
−ρ̃X (0) Xk

+ (9.73)

where ξk ≡ ξ
(
X0 + k

)
ξ (X0) = α

γ

2
φ (X0) + iHeff

where we have introduced the following notation:

(A ⊗ B) ρ := AρB

A and B being arbitrary operators.

The formal inverse Laplace transform of Equation 9.73 is

ρ̃X (t) =
∞∑

l=0

∞∑
k=l

(αγ)k e
−
(
ξl⊗1+1⊗ξ

†
l

)
t∏k

m=0, m �=l

(
(ξm − ξl) ⊗ 1 + 1 ⊗ (ξm − ξl)

†)
× Xk

−ρ̃X (0) Xk
+ (9.74)

9.4.1
Field–Field Interaction

Let us start by considering a single mode of the electromagnetic field as the X
system. Then, we have

X+ = b†, X− = b, X0 = b†b, f (X0) = −1

The Hamiltonian (9.66) takes the form

H = ωf a†a + ω0b†b + g
(
a†b + b†a

)
and could describe, for example, interaction between two coupled cavities, where
one of them is strongly decaying to the vacuum.

We obtain the effective master equation for the mode ‘‘b’’ from Equation 9.72

dρ̃b

dt
= −i(ω0 + α∆)

[
b†b, ρ̃b

]
+ α

γ

2

(
2bρ̃bb† − b†bρ̃b − ρ̃bb†b

)
(9.75)

It is worth noting here that the master equation (Equation 9.75), as well as in
the general case (9.72), should be solved for the transformed initial conditions
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ρ̃b(0) = Uρb(0), where U is defined in Equation 9.71. Nevertheless, this transfor-
mation represents just a small (nonunitary) rotation and, hence, it only generates
small corrections of order g/γ to the initial state. Note that we did not impose any
restriction on the relation g/ω0 (which in both the microwave and optical region
is, in general, very small).

9.4.2
Atom–Field Interaction

As another example, we consider a collection of A two-level atoms interacting with
a single mode of the electromagnetic field inside a cavity (Dicke model); then

X+ = S+, X− = S−, X0 = Sz, f (X0) = 2Sz

where the operators S±, Sz are generators of an A + 1 dimensional representation
of the su(2) algebra, and the Hamiltonian (9.66) has the standard form

H = ωatSz + ωf a†a + g
(
S−a† + S+a

)
From Equation 9.72 we immediately obtain the effective master equation for the
atomic system:

dρ̃at

dt
= −i [Heff , ρ̃at] + α

γ

2
(2S−ρ̃atS+ − S+S−ρ̃at − ρ̃atS+S−) (9.76)

The effective Hamiltonian is quadratic for the atomic population operator and has
the following form:

Heff = (ωat + α∆) ω1Sz − α∆S2
z (9.77)

9.5
Problems

9.1 Find the evolution of a coherent initial state of the field that is described by
the following master equation (pure decoherence)

�̇ = −i
[
ωa†a, �

]+ γa†a�a†a − γ

2

(
a†a� + �a†a

)
(9.78)

9.2 Find the operational solution of the master equation that describes the
dissipation process for an atom with two energy levels,

ρ̇ = −i [ωσz, ρ] + γ (2σ−ρσ+ − σ+σ−ρ − ρσ+σ−)

introducing the following operators

Sz = 1

2

(
σr

z + σl
z

)
, S+ = σr

+σl
−, S− = σr

−σl
+, S0 = 1

2

(
σr

z − σl
z

)
where σr±,zρ = σ±,zρ and σl±,zρ = ρσ±,z.
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Apply this solution to determine the decay of the excited atomic state |1〉 and
of a coherent superposition |ψ〉 = (|1〉 + |0〉) /

√
2.

9.3 Prove that during the dissipative evolution process of the field in the Kerr
medium, which is described by the following master equation

�̇ = −i
[
ω(a†a)2, �

]+ γa†a�a†a − γ

2

(
a†a� + �a†a

)
the average of the annihilation operator over the initial coherent state |α0〉 is

〈
a(t)

〉 = Tr(aρ (t)) = α0 exp
(

−gt + i |α0|2 ω
(1 − e−2gt)

g

)
where g = γ/2 + iω.
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10
Quasi-distributions in Quantum Optics

10.1
Quantization and Quasi-distributions

10.1.1
Weyl Quantization Method

A useful method for analyzing quantum optical systems consists of the mapping
of system states into c-valued functions defined on the corresponding classical
phase space. Such phase-space representations allow us to reformulate standard
quantum mechanics in the classical language of phase spaces and functions
defined on them [109], providing a very useful insight into quantum–classical
correspondence in nonrelativistic quantum mechanics. According to this approach,
both states and observables are considered to be functions on a given phase
space, in such a way that average values are computed as in classical statistical
mechanics, that is, by integrating some quasi-distribution function with a symbol of
a corresponding operator over the phase space. The axiomatic approach to the phase
space formulation of quantum mechanics was developed by Stratonovich [110].
Nowadays, this approach is known as the Stratonovich–Moyal–Weyl correspondence.
According to this approach, we associate each operator f̂ with its symbol f (ξ), a
c-number function defined on the corresponding phase space.

The map f̂ → f (ξ) is intimately related to the inverse map, f (ξ) → f̂ , i.e. to the
quantization problem: M being a differentiable manifold and F∞(M) – a set of
classical observables on M (real differentiable functions), we want to establish a
linear correspondence:

F∞(M) → L(H)

where H is a Hilbert space and L(H) is a set of Hermitian operators acting on H

f (ξ) → f̂ , g(ξ) → ĝ, f̂ , ĝ ∈ L(H)

which preserves the ‘‘commutation relations’’

{ f , g} → − i

�
[ f̂ , ĝ], �→ 0 (10.1)

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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where { f , g} means the Poisson brackets. It is well known that such correspondence
cannot be found in a unique way. As one of the simplest and perhaps, best
known examples, let us consider the case when the manifold M is a two-
dimensional plane: M = R2. In this case, it is easy to establish a ‘‘quantization’’
correspondence for linear and quadratic functions on the position and momentum
variables:

q → q̂, p → p̂, [q̂, p̂] = i� (10.2)

q2 → q̂2, p2 → p̂2 (10.3)

qp = 1

4

((
q + p

)2 − (
q − p

)2
)

→ 1

2

(
q̂p̂ + p̂q̂

)
(10.4)

Nevertheless, already for quartic polynomials of q and p such correspondence is
not unique. Indeed, using Equation 10.3 we may obtain

q2p2 = 1

2

((
q2 + p2)2 − q4 − p4

)
→ 1

2

(
q̂2p̂2 + p̂2q̂2)

but, on the other hand, from Equation 10.4 we get

(
qp
)2 →

(
q̂p̂ + p̂q̂

2

)2

Then, because

1

2

(
q̂2p̂2 + p̂2q̂2) �=

(
q̂p̂ + p̂q̂

2

)2

we cannot uniquely determine the operator that corresponds to q2p2. The absence of
the unique correspondence also implies that the inverse mapping, from operators
to c functions, is ill defined in such a simplified approach.

Several quantization methods have been proposed to avoid the above-mentioned
difficulties. For our purpose, the idea of Weyl quantization (quantization with
symmetries) is the most convenient. The main idea of this approach consists in
the following: Let G be a transformation group of the manifold M, so that G acts
transitively on M (M is a homogenous space of G) and H is a Hilbert space where
an irreducible unitary representation Tg of G is defined. We need to find for each f
in M a correspondence

f (ξ) → f̂ , f̂ ∈ L(H)

which preserves the commutation relation (10.1) and is covariant under the action
of G, i.e.

f (g−1◦ ξ) → Tg f̂ T†
g , g ∈ G

The last requirement is quite natural and allows us to establish an isomorphism
between description of quantum systems either in terms of operators in Hilbert
space or as c functions on the classical manifold M.
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To understand the main idea of Weyl quantization, we start with the sim-
plest case of the two-dimensional plane: M = R2, which is a homogeneous
space for the Heisenberg–Weyl group H(1). First, we establish a ‘‘quanti-
zation’’ correspondence for linear functions as in Equation 10.2. Next, we
expand an arbitrary classical function of two canonical variables in the Fourier
integral,

f (p, q) = 1
(2π)2

∫
dx dy e−ixq−iyp

∫
dq′dp′ eixq′+iyp′

f (p′, q′)

The variables p and q enter linearly to the exponential, so that the quantization
condition would be

e−ixq−iyp → ê(x, y) = e−ixq̂−iyp̂ (10.5)

Then, the correspondence between a classical observable and the operator in the
Hilbert space where an irreducible representation of the Heisenberg–Weyl group
H(1) is realized, is

f (p, q) → f̂ = 1
(2π)2

∫
dx dy ê(x, y)

∫
dq dp eixq+iypf (p, q) (10.6)

Thus, the Weyl quantization, f (p, q) → f̂ , is defined as follows:

f̂ = 1

2π

∫
dq dp ŵ(p, q)f (p, q) (10.7)

where

ŵ(p, q) = 1

2π

∫
dx dy ê(x, y) eixq+iyp

and is called the quantization kernel. The operator ŵ((p, q)), possesses several re-
markable properties. Denoting by g = (µ, ν; z) the element of the Heisenberg–Weyl
group H(1), we can easily check that ŵ(p, q) is,

1. covariant: Tg ŵ(p, q)T†
g = ŵ(g−1◦ (p, q))

where g−1◦ (p, q) = (p − µ, q + ν)

2. hermitian: ŵ(p, q) = ŵ†(p, q)

3. normalized: Tr ŵ(p, q) = 1

4. trace orthogonal: Tr
(
ŵ(p, q)ŵ(p′, q′)

) = 2πδ
(
p − p′) δ (q − q′)

Note, that the last property allows us to invert Equation 10.7 obtaining,

f (p, q) = Tr
(

ŵ(p, q)f̂
)

= Wf (p, q)

and Wf (p, q) – is called the symbol of the operator f̂ . Thus, the kernel ŵ(p, q)
establishes an isomorphism between an operator and its symbol

f̂
ŵ←→ Wf (p, q)
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It is worth noting that different orderings of the exponential in Equation 10.5 can
be used

e−ixq−iyp →


e−ixq̂−iyp̂

e−ixq̂ e−iyp̂

e−iyp̂ e−ixq̂

. . .

which, as we see below, allows to establish different kinds of correspondence
between the operator and its symbol.

10.1.2
Moyal–Stratonovich–Weyl Quantization

The above approach can be generalized into a wide class of physical systems, and
is known as the Moyal–Stratonovich–Weyl quantization program. Given (M, G,H),
where M is a symplectic manifold (classical phase space), G is an invariance group
of M, and H is a Hilbert space where an irreducible representation Tg of G is
realized, then a linear isomorphism F∞(M) ←→ L(H) is established through the
quantization kernel ŵ(ξ) ∈ L(H), ξ ∈ M such that

1. Tgŵ(ξ)T†
g = ŵ(g−1◦ ξ), g ∈ G

2. ŵ(ξ) = ŵ(ξ)†

3. Trŵ(ξ) = 1

4. Tr
(
ŵ(ξ)ŵ(ξ′)

) = ∆(ξ, ξ′)

where ∆(ξ, ξ′) is the reproductive kernel:∫
M

dµ(ξ)∆(ξ, ξ′)g(ξ) = g(ξ′) (10.8)

and dµ(ξ) is an invariant measure on M. If such a kernel ŵ(ξ) exists, then the
quantization procedure is

f (ξ) → f̂ =
∫
M

dµ(ξ)ŵ(ξ)f (ξ) (10.9)

where f (ξ) ∈ F∞(M) and the inverse procedure (dequantization) is

f̂ → f (ξ) = Tr
(

ŵ(ξ)f̂
)

≡ Wf (ξ) (10.10)

The function Wf (ξ) is called the symbol of f̂ and possesses the following properties:

1. Wf̃ (ξ) = Wf (g◦ ξ), where f̃ = Tg f̂ T†
g

2. WI(ξ) = 1, where I is the identity operator

3. Wf † (ξ) = W∗
f (ξ)

4. Tr(f̂ ĝ) = ∫
dµ(ξ)Wf (ξ)Wg (ξ)
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In the particular case when f̂ is the density matrix ρ, its symbol Wρ(ξ) = W(ξ) is
usually called the quasi-distribution function.

10.1.3
Ordering Problem in L(H)

Obviously, the (invertible) map f̂ → f (ξ) depends on the ordering rules of functions
of noncommutative operators. This can be taken into account by introducing an
additional index s, which specifies a certain operator ordering, such that f̂ → f (s)(ξ).
It is convenient to introduce the ordering parameter s directly into the kernel
ŵ(ξ) → ŵs(ξ), so that s-ordered symbols W

(s)
f (ξ) can be naturally defined.

There are three well-known orderings. |ξ〉 being the coherent state of G (see
Appendix 11.2), then

• Pf (ξ) is the contravariant (Glauber) symbol (s = 1), when the correspondence
is given in terms of the expansion of an operator over a basis of coherent
states:

f̂ → Pf (ξ), f̂ =
∫

dµ(ξ)Pf (ξ)|ξ〉〈ξ| (10.11)

• Q f (ξ) is the (Husimi) covariant symbol (s = −1), defined in the opposite
sense:

f̂ → Q f (ξ), Q f (ξ) = 〈ξ| f̂ |ξ〉 (10.12)

These two symbols are dual, i.e. they are connected through the following relations:

Tr( f̂ ĝ) =
∫
M

dµ(ξ)P f (ξ)Q g (ξ) =
∫
M

dµ(ξ)Q f (ξ)Pg (ξ)

It is interesting to note that in this representation, only diagonal matrix elements
in the basis of coherent states either of the operator f̂ or ĝ are needed to calculate
the corresponding overlap relation.

• Finally, the so-called self-dual (Wigner) symbol, s = 0,

f̂ → Wf (ξ)

is defined in such a way that

Tr( f̂ ĝ) =
∫
M

dµ(ξ)Wf (ξ)Wg (ξ)

In general, the correspondence

f̂ ↔ W
(s)
f (ξ)
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is realized using the s-ordered kernel ŵs(ξ) as follows

W
(s)
f (ξ) = Tr

(
f̂ ŵs(ξ)

)
f̂ =

∫
M

dµ(ξ)ŵ−s(ξ)W (s)
f (ξ)

so that the overlap relation has the form

Tr
(

f̂ ĝ
)

=
∫
M

dµ(ξ)W (s)
g (ξ) W

(−s)
f (ξ) (10.13)

which means that the kernel ŵs(ξ) satisfies the following condition:

Tr
(
ŵs(ξ)ŵ−s(ξ′)

) = ∆(ξ, ξ′) (10.14)

where ∆(ξ, ξ′) is a reproductive kernel (Equation 10.8). All the other properties are
the same.

10.1.4
Star Product

The cornerstone of Stratonovich–Weyl correspondence is a specific symbol calcu-
lus, the so-called star- (or twisted) product Wf (ξ) ∗ Wg (ξ), defined as

Wfg(ξ) = Wf (ξ) ∗ Wg (ξ) = L̂fg (ξ)
(
Wf (ξ)Wg (ξ)

)
(10.15)

where L̂fg (ξ) is a differential or integral operator applied to the product of the
symbols. This star product allows us to replace the manipulations with operators
in the Hilbert space by differential (or integral) operations in the space of c-valued
functions.

It is easy to obtain an integral form of the star-product operation. Using the
general expression

Wfg(ξ) = Tr
(

ŵ(ξ)f̂ ĝ
)

and Equation 10.9, we immediately get

Wf (ξ) ∗ Wg (ξ) =
∫
M

dµ(ξ)K(ξ, ξ1, ξ2)Wf (ξ1)Wg (ξ2)

where

K(ξ, ξ1, ξ2) = Tr
(
ŵ(ξ)ŵ(ξ1)ŵ(ξ2)

)
The main properties of the star-product operation are

1. Associativity:

Wf (ξ) ∗ (Wg (ξ) ∗ Wh(ξ)
) = (

Wf (ξ) ∗ Wg (ξ)
) ∗ Wh(ξ)

2. Non-commutativity:

Wf (ξ) ∗ Wg (ξ) �= Wg (ξ) ∗ Wf (ξ)
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10.1.5
Phase–Space Representation and Quantum–Classical Correspondence

Now, we return to our principal task: a representation of quantum systems in the
classical phase space. As we have already seen the ‘‘dequantization’’ process

Quantum mechanics
ŵs(ξ)−→ Classical mechanics

consists in the representation of a quantum operator as a c function defined in a
manifold M, which is a classical phase space corresponding to a given quantum
system

f̂ → W
(s)
f (ξ)

and in a particular case of the density matrix, we get the quasi-distribution function

ρ → W (s)(ξ)

The average values are computed according to Equation 10.13, i.e. as an integral of
the s-ordered symbol with the (−s)-ordered quasi-distribution function

〈 f̂ 〉 = Tr
(

f̂ ρ
)

=
∫
M

dµ(ξ)W (s)
f (ξ)W (−s)(ξ) (10.16)

The star-product operation allows us to rewrite the Schrdinger equation for the
density matrix

i�∂tρ = [H, ρ]

where H is the system Hamiltonian, as a Liouville-type equation for the quasi-
distribution function. Introducing the Moyal brackets as a symbol of the commu-
tator

[ f̂ , ĝ] → {W (s)
f , W

(s)
g }M = W

(s)
f ∗ W

(s)
g − W

(s)
g ∗ W

(s)
f

we obtain the following classical-like evolution equation for W (s)(ξ):

i�∂tW
(s)(ξ) = {W (s)

H (ξ), W (s)(ξ)}M

In this book, we are interested in applications of quasi-classical methods only to two
types of quantum systems: two-level atoms and quantized electromagnetic fields.
In both cases, we can introduce the so-called semiclassical expansion parameter
ε, which indicates how close a quantum state is to the corresponding ‘‘classical’’
state, so that the transition from quantum to classical mechanics corresponds to
the limit ε → 0. Of course, this condition is necessary but not sufficient, since
only a certain class of quantum states allows a smooth transition to the classical
mechanics limit.

In the particular case of a quantized field mode, the semiclassical parameter
is the inverse average number of photons, while for the atomic system, it is the
inverse total number of atoms. As is discussed below, it turns out that in both
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quantum systems the self-dual symbols (corresponding to s = 0) possess a very
important dynamic property, namely, in the semiclassical limit, the evolution
equations for the quasi-distribution function do not contain the second-order
terms in the expansion of the Liouville equation in the semiclassical parameter
ε. As a result, the evolution equation takes the following form in appropriate
variables:

i∂tW
(0)(ξ) = ε{W (0)

H (ξ), W (0)(ξ)} + O(ε3) (10.17)

with the corresponding solution

W (0)(ξ, t) ≈ W (0)(ξ(t), t = 0) (10.18)

where ξ(t) are the classical trajectories in the phase space. The above equation
means that, in the leading order in inverse powers of the small parameter ε, each
point of the initial (quantum) distribution evolves along classical trajectories on the
corresponding symplectic manifold.

Usually, there exists a class of initial states, (the so-called semiclassical states,
for which this approximation describes well the initial stage of quantum dynam-
ics (for times when one can neglect the self-interference) even for the cases
where the Hamiltonian is a nonlinear form on the generators of the system dy-
namic symmetry group. These states are specified by the interaction Hamiltonian
in such a way that the norm of the operator describing quantum corrections
in Equation 10.17 on these states is small. Usually, in physical applications,
semiclassical states have the form of localized states (for instance, coherent-like
states).

The semiclassical solution (10.18) allows us to calculate the mean values of
the operators corresponding to observables of a given quantum system leading to
drastically better results than the ‘‘naive’’ solution of the Heisenberg equations
of motion with decoupled correlators. f̂ being the element of the algebra of
observables { f̂ j, j = 1, 2, . . .} corresponding to a given quantum system, its average
value evolution can be computed as follows (Equation 10.16):

〈 f̂ j(t)〉 =
∫
M

dµ(ξ)W (0)
fj

(ξ)W (0)(ξ, t) (10.19)

where W (0)(ξ, t) – is the solution of Equation10.17 and W
(0)
fj

(ξ) is the Wigner symbol

of f̂ j. Differentiating both sides of the above equation with respect to time t, and
using Equation 10.16, one obtains

i∂t〈 f̂ j(t)〉 = ε

∫
M

dµ(ξ)W (0)
fj

(ξ, t){W (0)
H (ξ), W (0)(ξ, t)}

where W
(0)
H (ξ) is the Wigner symbol of the Hamiltonian. Making use of the Leibniz

rule, { f , {g, h}} = g{ f , h} + { f , g}h the above equation is transformed into the form

i∂t〈 f̂ j(t)〉 = ε

∫
M

dµ(ξ)W (0)(ξ, t){W (0)
fj

(ξ), W
(0)
H (ξ)}
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The Poisson brackets can be seen as a symbol of some (in general, nonlin-
ear) function F of elements of the algebra of observables, ε{W (0)

fj
(ξ), W

(0)
H (ξ)} =∑

k αjkWF( f̂ k)(ξ). Thus, one can write

i∂t〈 f̂ j(t)〉 =
∫
M

dµ(ξ)W(ξ, t)
∑

k

αjkWF( f̂ k)(ξ) =
∑

k

αjk〈F( f̂ k)(t)〉 (10.20)

On the other hand, the averaged Heisenberg equations can be written down in the
form similar to Equation 10.20:

d
dt

∂t〈 f̂ j(t)〉 = 1
i�

〈[ f̂ j(t), H]〉 =
∑

k

βjk〈F( f̂ k)(t)〉 (10.21)

and according to Equation 10.17 αjk → βjk + O(ε2), when ε → 0. This allows us to
use the semiclassical solution (10.18) for describing phenomena such as squeezing
and entanglement of certain quantum states.

It is interesting to note that the quasi-classical evolution equation for the Wigner
function does not lead to the classical equations of motion for the average values of
the system’s operators

∂t〈 f̂ j(t)〉 =
∑

k

βjkF(〈 f̂ k(t)〉) (10.22)

where βjk are the same as in Equation 10.21, in the sense that we do not arrive at
equations with decoupled correlators. The solutions of Equations 10.22 are usually
called parametric approximations. It is well known that such a ‘‘classical’’ solution
diverges from the exact one even for very small times for practically any initial
condition.

This means that even in the semiclassical limit some quantum features are
preserved. On the other hand, the quantum phenomena that are consequences of
the self-interference effect (like Schrödinger cats) are clearly beyond the scope of
such semiclassical approximation.

10.2
Atomic Quasi-distributions

Now we proceed with the discussion of some types of atomic quasi-distributions.
Instead of the atomic basis (Dicke basis) |k, A〉, k = 0, . . . , A (Equation 1.9), we
use the standard angular momentum basis |m, S〉, m = −S, . . . , S, S = A/2; the
relation between two bases is

|m, S〉 = |k = m + S, A = 2S〉 (10.23)

|k, A〉 = |m = k − A/2, S = A/2〉 (10.24)

so that

Sz|m, S〉 = m|m, S〉
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In particular, the coherent atomic states (1.17) in the angular momentum basis
(10.23) have the form

|θ, φ〉 = e−iϕSz e−iθSy |S, S〉 (10.25)

|θ, φ〉 =
S∑

m=−S

√
(2S)!

(S + m)!(S − m)!
e−im φ cosS+m θ

2
sinS−m θ

2
|m, S〉

We start by considering separately different types of atomic quasi-distributions.
After that we discuss a general case in the s-parameterized form.

10.2.1
P Function

The P function for an angular momentum is introduced as the decomposition
coefficient of the density matrix in the coherent state basis

ρ = 2S + 1

4π

∫
d�|n〉〈n|P(n) (10.26)

where |n〉 = |θ, φ〉 and n = (cos φ sin θ, sin φ sin θ, cos θ) indicate the point on the
sphere. It is easy to see that due to the normalization condition Trρ = 1 the
following relation is satisfied:

2S + 1

4π

∫
d�P(n) = 1

To invert Equation 10.26 we multiply it by the irreducible tensor operator (ITO)
T̂

(S)†
L,M (see Appendix 11.6) and take the trace, obtaining

Tr
(

T̂
(S)†
L,M ρ

)
= 2S + 1

4π

∫
d�〈n|T̂ (S)†

L,M |n〉P(n)

Matrix elements of the ITO (Equation 11.57) have the form

〈n| T̂
(S)†
L,M |n〉 =

√
4π

2S + 1
CS,S

S,S;L,0Y∗
LM(n)

where YLM(n) are spherical harmonics and CS,m′
S,m;L,M are the Clebsch–Gordan coef-

ficients. We the obtain the following Relation:√
4π

2S + 1
Tr
(

T̂
(S)†
L,M ρ

) (
CS,S

S,S;L,0

)−1 =
∫

d� Y∗
LM(n)P(n)

Multiplying by YLM(n′) and summing over L, M, we obtain owing to Equation 11.46,
the following expression:

P(n) =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

Tr
(

T̂
(S)†
L,M ρ

)
YLM(n)

(
CS,S

S,S;L,0

)−1
(10.27)
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which allows us to find the function P(n). We can represent Equation 10.27 as

P(n) = Tr
(
ρŵP(n)

)
(10.28)

where the kernel

ŵP(n) =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

T̂
(S)†
L,M YLM(n)

(
CS,S

S,S;L,0

)−1
(10.29)

is a normalized Hermitian operator, which satisfies

ŵP(n) = ŵ†
P(n), TrŵP(n) = 1,

2S + 1

4π

∫
d�ŵP(n) = I (10.30)

Using the expansion (Equation 11.52)

e−iωn·S =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

(−i)L χS
L(ω) Y∗

L,M (n) T̂
(S)
L,M (10.31)

where S = (Sx , Sy, Sz), and the orthogonality relation (11.54) for the generalized
characters (Equation 11.53) χS

L(ω), we represent the operator (10.29) in the integral
form

ŵP(θ, φ) =
∫ 2π

0
dω eiω n·Sκ(1)(ω) (10.32)

where the function κ(1)(ω) is defined as

κ(1)(ω) = 1
2π

2S∑
L=0

(−i)L 2L + 1
2S + 1

χS
L(ω)

(
CS,S

S,S;L,0

)−1

Obviously, we can introduce the P symbol for any operator f̂ in the same way as
the P(n) function is defined:

f̂ = 2S + 1
4π

∫
d�|n〉〈n|Pf (n)

10.2.2
Q Function

The Q function for an angular momentum is defined as the average value of the
density matrix in the coherent state |n〉

Q(n) = 〈n|ρ|n〉 (10.33)

and likewise, the Q-symbol for any operator f̂ is

Qf (n) = 〈n| f̂ |n〉
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It is easy to see that the average of an operator f̂ in a state with the density matrix
ρ can be calculated in two ways

〈 f̂ 〉 = Tr
(

f̂ ρ
)

= 2S + 1

4π

∫
d�Qρ(n)Pf (n) = 2S + 1

4π

∫
d�Q f (n)Pρ(n)

which are particular cases of the so-called overlap relation

Tr
(

f̂ ĝ
)

= 2S + 1
4π

∫
d�Qf (n)Pg (n) = 2S + 1

4π

∫
d�Pf (n)Q g (n) (10.34)

where Q f ,g (n) and Pf ,g (n) are Q and P symbols of the f̂ and ĝ operators.
The density matrix ρ can be expanded in the basis of the irreducible tensor

operators T̂
(S)
L,M (see Appendix 11.5) as

ρ =
2S∑

L = 0

L∑
M = −L

T̂
(S)
L,MTr

(
T̂

(S)†
L,M ρ

)
(10.35)

Substituting Equation 10.35 in Equation 10.33 and taking into account Equation
11.57, we obtain

Q(n) =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

Tr
(

T̂
(S)†
L,M ρ

)
YLM(n)CS,S

S,S;L,0 (10.36)

Owing to the properties of the spherical harmonics (Equation 11.43), it can be
easily seen that the following normalization condition is satisfied:

2S + 1

4π

∫
d�Q(n) = 1 (10.37)

The Q(n) function can be represented in a manner similar to Equation 10.28

Q(n) = Tr
(
ŵQρ

)
(10.38)

where the operator ŵQ is now defined as

ŵQ (n) = |n〉〈n| =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

T̂
(S)†
L,M YLM(n)CS,S

S,S;L,0 (10.39)

such that

ŵQ (n) = ŵ†
Q (n), TrŵQ (n) = 1,

2S + 1
4π

∫
d�ŵQ (n) = I (10.40)

Comparing Equations 10.29 and 10.39, we observe that the operators ŵQ (n) and
ŵP(n) are dual in the sense that

Tr
(
ŵQ (n)ŵP(n′)

) = 4π

2S + 1
δ(n, n′), n, n′ ∈ S2 (10.41)

where δ(n, n′) is the Dirac delta on the sphere,∫
d�f (n)δ(n, n′) = f (n′)
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Here f (n) is an arbitrary function on the sphere (see Equation 11.46). Also, (see
Equation 11.56) the following orthogonality relations are satisfied:

2S + 1

4π

∫
d�

(
ŵQ (n)

)
mm′

(
ŵP(n)

)
kk′ = δmk′ δm′k (10.42)

which is equivalent to the overlap relation (10.34).
Equation 10.36 can be inverted. Using the orthogonality of spherical harmonics

(Equation 11.42), we obtain from Equation 10.36 (by multiplying by Y∗
LM(n) and

integrating over the sphere)

Tr
(

T̂
(S)†
L,M ρ

)
=
√

2S + 1

4π

(
CS,S

S,S;L,0

)−1
∫

d� Y∗
LM(n)Q(n)

Substituting the above equation into Equation 10.35, the formula known as the
tomographic reconstruction relation is obtained, which allows us to reconstruct all
the elements of the density matrix of an angular momentum system by simply
measuring the corresponding Q(n) function (the diagonal elements in the basis of
the coherent states) [111, 112],

ρ =
√

2S + 1

4π

2S∑
L=0

L∑
M=−L

(
CS,S

S,S;L,0

)−1
T̂

(S)
L,M

∫
d� Y∗

LM(n)Q(n) (10.43)

The operator ŵQ (n) can be represented in the integral form in a way similar to
Equation 10.32,

ŵQ (n) =
∫ 2π

0
dω eiω n·Sκ(−1)(ω) (10.44)

where, in this case, the function κ(−1)(ω) has a very simple form

κ(−1)(ω) = 1
2π

2S∑
L=0

(−i)L 2L + 1
2S + 1

χS
L(ω)CS,S

S,S;L,0 = 1
2π

e−iωS (10.45)

Thus, Equation 10.44 acquires a simple form

ŵQ (n) = 1
2π

∫ 2π

0
dω eiω (n·S−S) (10.46)

and the function Q(n) is represented as a Fourier transform

Q(n) = 1

2π

∫ 2π

0
dωTr

(
eiω n·Sρ

)
e−iω S (10.47)

The inversion formula (10.43) can also be written as

ρ =
∫

d�

∫ 2π

0
dω e−iω n·Sg(ω)Q(n) (10.48)

where

g(ω) = 1

8π2

2S∑
L=0

iL (2L + 1) χS
L(ω)

[
CS,k

S,k;L,0

]−1

is a function that does not depend on the system characteristics.
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10.2.3
Stratonovich–Weyl Distribution

The self-dual kernel is defined to satisfy the following overlap relations (compare
with Equations 10.41 and 10.42):

Tr
(
ŵS(n)ŵS(n′)

) = 4π

2S + 1
δ(n, n′) (10.49)

and

2S + 1

4π

∫
d�

(
ŵS(n)

)
mm′

(
ŵS(n)

)
kk′ = δmk′δm′k (10.50)

The Wigner (or also Stratonovich–Weyl) distribution [110, 113] (see also [18]) is
defined as

W(n) = Tr
(
ρŵS(n)

)
(10.51)

where

ŵS(n) =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

T̂
(S)†
L,M YLM(n) (10.52)

It can be easily seen that the operator ŵS(n) has the same properties as the operators
ŵP(n) and ŵQ (n) (10.30), (10.40):

ŵS(n) = ŵ†
S(n), TrŵS(n) = 1,

2S + 1

4π

∫
d�ŵS(n) = I (10.53)

which imply that the quasi-distribution W(n) is real and normalized according to

2S + 1

4π

∫
d�W(n) = 1

The overlap relations (Equations 10.49 to 10.50) determine the procedure for
calculation of the average values

〈 f̂ 〉 = Tr
(

f̂ ρ
)

= 2S + 1

4π

∫
d�Wf (n)Ww(n)

where Wf (n) is the W-symbol of the operator f̂ , and, in general, we have

Tr
(

f̂ ĝ
)

= 2S + 1

4π

∫
d�Wf (n)Wg (n)

The inversion formula for Equation 10.51 is obtained in the same way as for
Equation 10.43:

ρ =
√

2S + 1

4π

2S∑
L=0

L∑
M=−L

T̂
(S)
L,M

∫
d� Y∗

LM(n)W(n) (10.54)
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The following is an integral representation for the Wigner operator ŵS(n), [114],

ŵS(n) =
∫ 2π

0
dω eiω n·Sκ(0)(ω) (10.55)

where

κ(0)(ω) = 1

2π

2S∑
L=0

(−i)L 2L + 1

2S + 1
χS

L(ω) (10.56)

One can show that the function κ(0)(ω) in the limiting case of large spin (large
number of atoms), S � 1, has the asymptotic form

κ(0)(ω) → (−1)S
[
δ(ω − π) − i

S

∂

∂ω
δ(ω − π)

]
(10.57)

where the limit is understood in a weak sense.

10.2.4
s-Ordered Distributions

The operators ŵP(n), ŵQ (n), and ŵS(n) can be written in the following way:

ŵ(s)(n) =
√

4π

2S + 1

2S∑
L=0

L∑
M=−L

T̂
(S)†
L,M YLM(n)

(
CSS

SS,L0

)−s

where different operators correspond to the different values of the parameter s

ŵ(1)(n) = ŵP(n), ŵ(−1)(n) = ŵQ (n), ŵ(0)(n) = ŵS(n)

One can obviously write

ŵ(s)(n) = D(θ, ϕ)T (s)
z D†(θ, ϕ) (10.58)

where D(θ, φ) = exp
[− θ

2

(
S+ e−iφ − S− eiφ

)]
is the displacement operator on the

sphere (see Appendix 11.2) and the diagonal operator T
(s)
z is defined by its integral

representation

T
(s)
z =

∫ 2π

0
dω eiω Szκ(s)(ω) (10.59)

κ(s)(ω) = 1

2π

2S∑
L=0

(−i)L 2L + 1

2S + 1
χS

L(ω)
(

CS,S
S,S;L,0

)−s
(10.60)

The operators ŵ(s)(n) are covariant with respect to SU(2) rotations, that is, the
following is satisfied:

T(g)ŵ(s)(n)T−1(g) = ŵ(s)(g−1◦n), g ∈ SU(2) (10.61)
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where T(g) are operators of the 2S + 1-dimensional unitary irreducible representa-
tion of the SU(2) group. Indeed, from Equations 11.45 and 11.49, we obtain (see
Appendix 11.6)

T(g)ŵ(s)(n)T−1(g) =
√

4π

2S + 1

2S∑
L=0

L∑
M,K=−L

D
(L)∗
KM (g)T̂ (S)†

L,K YLM(n)
(
CSS

SS,L0

)−s

=
√

4π

2S + 1

2S∑
L=0

L∑
K=−L

T̂
(S)†
L,K YLK (g−1◦n)

(
CSS

SS,L0

)−s

= ŵ(s)(g−1◦n)

which implies the covariance of the s-ordered quasi-distributions W (s)(n):

W̃ (s)(n) = W (s)(g◦n)

Here, W̃ (s)(n) is the quasi-distribution corresponding to the transformed density
matrix ρ̃ = T−1(g)ρT(g).

In terms of coefficients of expansion of an arbitrary operator f̂ in the basis of
ITO

f̂ =
2S∑

L=0

L∑
M=−L

fLMT̂
(S)
LM

the s-parameterized symbol has a simple form

W
(s)
f (θ, φ) = 2

√
π√

2S + 1

∑
L,M

(
CSS

SS,L0

)−s
fLMYLM(θ, φ) (10.62)

For instance, the s-parameterized symbols of su(2) algebra generators are

W
(s)
Sz

(θ, φ) =
(

S

S + 1

)−s/2 √
S (S + 1) cos θ (10.63)

W
(s)
S± (θ, φ) =

(
S

S + 1

)−s/2 √
S (S + 1) sin θ e±iφ (10.64)

10.2.5
Star Product

The differential form of the s-ordered star product ∗s (10.15) L̂fg (�) is given by the
expression [115, 116]:

W
(s1)
f ∗s W

(s2)
g = L̂

(s)
fg

(
W

(s1)
f W

(s2)
g

)
(10.65)

L̂
(s)
fg (θ, φ) = NS

∑
j

aj F̃s−1(L2)
[(

S+(j)F̂1−s1 (L2)
)

f
⊗
(

S−(j)F̂1−s2 (L2)
)

g

]
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where we use the notation Âf ⊗ B̂g (Wf Wg ) = (ÂWf )(B̂Wg ), and

NS = √
2S + 1 [(2S + 1)! (2S)!]s/2 , aj = (−1)j

j!
(
2S + j + 1

)
!

(10.66)

Here, L2 is a Casimir operator on the sphere

L2 = −
[
∂2
θ + cot θ∂θ + 1

sin2 θ
∂2
φ

]
(10.67)

such that

F̂(L2)YL,M(θ, φ) = F(L)YL,M(θ, φ) (10.68)

with

F(L) =
√

(2S + L + 1)! (2S − L)! (10.69)

In other words, F̂ = ∑
L,M F(L)|L, M〉〈L, M|. The symbolic powers S±(j) are intro-

duced according to

S±(j) = �
j−1
k=0

(
k cot θ − ∂θ ∓ i

sin θ
∂φ

)
The number of terms in the sum (10.65) is finite because the corresponding phase
space for the SU(2) group is bounded; more precisely,

S±(j)W
(s)
f (θ, φ) = 0, j > deg f̂ (10.70)

where the degree of nonlinearity, deg f̂ , (in the generators of the su(2) algebra) of
an operator f̂ , is defined by the maximum value of l, such that flk �= 0.

It is worth noting that although the operator function F̂(L2) enters explicitly into
Equation 10.65, nevertheless, the property (10.68) is sufficient to determine the
action of L̂fg(θ, φ) on the product of any pair of symbols W

(s1)
f and W

(s2)
g .

One can observe from Equation 10.65 that the star product acquires the simplest
form for the P-symbol, Pf (θ, φ) = W

(s=1)
f (θ, φ),

Pfg (θ, φ) = (2S + 1)!
∑

j

aj

(
S+( j)Pf (θ, φ)

) (
S−( j)Pg (θ, φ)

)
where aj is defined in Equation 10.66. For the Q- symbol, Q fg (θ, φ) = W

(s=−1)
f (θ, φ)

and the Stratonovich–Wigner W-symbol, Wf (θ, φ) = W
(s=0)
f (θ, φ), we have, corre-

spondingly,

Q fg (θ, φ)= 1

(2S)!

∑
j

a−2
j F̂(L2)

(
S+( j)F̂2(L2)Q f (θ, φ)

) (
S−( j)F̂2(L2)Q g (θ, φ)

)
Wfg (θ, φ)=√

2S+1
∑

j

aj F̂−1(L2)
(

S+( j)F̂(L2)Wf (θ, φ)
) (

S−( j)F̂(L2)Wg (θ, φ)
)
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Various mixed relations are also possible if we choose different values for the
parameter s parameter in Equation 10.65; for example, we can compute the Wigner
symbol Wfg (θ, φ) starting from the Q symbols Q f (θ, φ) and Qg (θ, φ).

To show how the expression (10.65) works, we calculate the s-ordered sym-
bol for the operator S2

z starting with the symbol (10.63). First, we note that
W

(s)
Sz

(θ, φ) ∼ Y1m(θ, φ), m = 0, ±1, and hence, F̂(L2)Y1m(θ, φ) = F(1)Y1m(θ, φ). Ow-
ing to the property (10.70) only two terms ( j = 0, 1) contribute to the sum in
Equation 10.65:

W
(s1)
Sz

∗ W
(s2)
Sz

= NSF2−s1−s2 (1)F̃s−1(L2)
[

1

(2S + 1)!
W

(s1)
Sz

W
(s2)
Sz

− 1

(2S + 2)!
S

(1)
+ W

(s1)
Sz

S
(1)
− W

(s2)
Sz

]
(10.71)

where

S±(1) = − ∂

∂θ
∓ i

sin θ

∂

∂φ
(10.72)

Substituting Equation 10.63 into Equation 10.71, we get after some algebraic
simplification,

W
(s1)
Sz

∗s W
(s2)
Sz

= NSF2−s1−s2 (1)F̃s−1(L2)
(

S

S + 1

)− s1+s2
2

× S (S + 1)

(2S + 2)

[
(2S + 3)

(
cos2 θ − 1

3

)
+ 2S

3

]
and because cos2 θ − 1

3 ∼ Y20(θ, φ), we obtain

W
(s1)
Sz

∗s W
(s2)
Sz

= NSF2−s1−s2 (1)
(

S

S + 1

)− s1+s2
2 S (S + 1)

(2S + 2)!

×
[

Fs−1(2) (2S + 3)

(
cos2 θ − 1

3

)
+ Fs−1(0)

2S

3

]
where

F(2) =
√

(2S − 2)!(2S + 3)!

F(1) =
√

(2S − 1)!(2S + 2)!

F(0) =
√

(2S)!(2S + 1)!

Finally, we arrive at the following expression for W
(s)

S2
z
:

W
(s)

S2
z
(θ, φ) = 1

2
(S(2S − 1))(1−s)/2((2S + 3)(S + 1))(1+s)/2 (cos2 θ − 1/3

)
+ S (S + 1)

3
(10.73)
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Correspondence Rules
The explicit form of the star-product also allows us to find the correspondence
rules [116] (see also [117]):

ρSz

Szρ

 ↔


.(
∓lz/2 + �

(s)
0 (φ, θ)

)
W (s)(θ, φ)

.

(10.74)

ρS±

S±ρ

 ↔


.(
∓l±/2 + �

(s)
± (φ, θ)

)
W (s)(θ, φ)

.

(10.75)

where l±,z are the first-order differential operators

l± = e±iφ (±∂θ + i cot θ∂φ

)
, lz = −i∂φ (10.76)

It is worth noting that l±,z satisfy the su(2) algebra commutation relations.
The �

(s)
±,0 operators have a simple form for the Q and P functions,

�
(s)
0 = 1

2

(
1

ε
cos θ + s cos θ + s sin θ∂θ

)
(10.77)

�
(s)
± = e±iφ sin θ

2ε
∓ s

2

[
cos θl± − e±iφ sin θ

(
lz ± 1

)]
where s = ±1 and ε = (2S + 1)−1, but for the Wigner function (s = 0) they are quite
involved

�
(0)
0 = 1

4ε
cos θ�(L2) − ε

4
(cos θ + 2 sin θ∂θ) �−1(L2) (10.78)

�
(0)
± = e±iφ sin θ

4ε
�(L2) ± ε

4

[
2 cos θl± − e±iφ sin θ

(
2lz ± 1

)]
�−1(L2)

where the function �(L2) is defined as follows:

�(L2) =
[

2 − ε2 (2L2 + 1
)+ 2

√(
1 − ε2L2

)2 − ε2

]1/2

(10.79)

and L2 is the differential realization of the su(2) Casimir operator (10.67).

10.2.6
Evolution Equations

The explicit expression for the star product and/or the correspondence rules
(Equations 10.74 to 10.75) allow us to write the evolution equation for the
quasi-distribution functions. In the simplest case of linear Hamiltonians

H = ω0Sz + gS+ + g∗S−
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the evolution has the classical Liouville form

∂tW
(s) = 1√

S (S + 1)
{W (s), W

(s)
H }P

where the symbol of the Hamiltonian is

W
(s)
H (θ, φ) =

(
S

S + 1

)−s/2 √
S (S + 1)

(
ω0 cos θ + g sin θ eiφ + g∗ sin θ e−iφ)

and {. . . , . . .}P means the Poisson brackets defined on the sphere:

{. . . , . . .}P = 1
sin θ

(
∂φ ⊗ ∂θ − ∂θ ⊗ ∂φ

)
For nonlinear Hamiltonians the evolution equations are essentially more involved.
In particular, for the simplest nonlinear Hamiltonian, which admits an exact
solution, the finite Kerr Hamiltonian

H = χS2
z (10.80)

we obtain, taking into account Equation 10.73, the following equations for P, Q ,
and W functions:

∂tP = −
√

(2S + 3)(S + 1)

S(2S − 1)
[2 (S + 1) cos θ + sin θ∂θ] ∂φP

∂tQ = −
√

S(2S − 1)
(2S + 3)(S + 1)

[2S cos θ − sin θ∂θ] ∂φQ

∂tW =−
[

2S + 1
2

cos θ�(L2) − 1
2(2S + 1)

(cos θ + 2 sin θ∂θ) �−1(L2)
]

∂φW

10.2.7
Large Representation Dimensions (Semiclassical Limit)

Asymptotic Form of Symbols
Usually, explicit expressions for the symbols of operators and states are quite
involved, especially for the Wigner symbols. Nevertheless, in the limit of large
spin, S � 1, such expressions are essentially simplified and allow us to establish
an intuitive relation between the operators and their geometric representation.

1. Angular momentum states |k, S〉. For the eigenstates of Sz, we obtain from the
integral representations (Equations 10.58 to 10.60)

Ŵ (s)(n) =
∫ 2π

0
dω eiω n·Sκ(s)(ω)

and

W
(s)
k (θ, φ) =

∫ 2π

0
dω〈k, S| eiω n·S|k, S〉κ(s)(ω)

=
∫ 2π

0
dω dS

kk (β) e−i(α+γ)κ(s)(ω) (10.81)
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where we have used the Euler angles to parameterize the group element
exp(iω n · S). Recall that the Euler angles α, β, γ are related to the polar parameters
(ω, θ, φ) according to

sin
β

2
= sin θ sin

ω

2
, tan

α + γ

2
= cos θ tan

ω

2

In Equation 10.81,

dS
kk (β) = 〈k, S| e−iβSy |k, S〉

is the Wigner d function. As expected, the symbol (Equation 10.81) does not
depend on the angle φ, i.e. geometrically it is invariant under rotation around
the z axis.

2. SU(2) coherent states |ξ〉. For simplicity, we consider a coherent state located on
the equator |ξ = 1〉 ≡ |θ=π/2, φ=0〉 (which is an eigenstate of the operator Sx,
Sx|π/2, 0〉 = (S/2)|π/2, 0〉), such that

|π/2, 0〉 = 1

2S

S∑
k=−S

√
(2S)!

(S + k)!(S − k)!
|k, S〉 (10.82)

The density matrix is

ρ =
S∑

k,n=−S

ckc∗
n|k, S〉〈n, S|, ck = 1

2S

√
(2S)!

(S − k)!(S + k)!

and the integral representation for its symbol takes the form

W
(s)
ξ=1(θ, φ) =

∫ 2π

0
dω〈π/2, 0| eiω n·S|π/2, 0〉κ(s)(ω)

=
∫ 2π

0
dωI(θ, φ, ω)κ(s)(ω) (10.83)

where

I(θ, φ, ω) =
S∑

k,n=−S

ckc∗
n〈n, S| e−iβSy |k, S〉 e−iαn−iγk

=
(

cos
β

2
cos

α + γ

2
+ i sin

β

2
sin

α − γ

2

)2S

and (α, β, γ) are the Euler angles, which can be expressed in terms of polar
angles according to

cos
β

2
cos

α + γ

2
= cos

ω

2
, tan

α + γ

2
= cos θ tan

ω

2
,

α − γ

2
= φ − π

2
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giving

I(θ, φ, ω) =
(

cos
ω

2
− i sin

ω

2
sin θ cos φ

)2S

The simplest form for W
(s)
k (θ, φ) and W

(s)
ξ=1(θ, φ) is obtained for the Wigner

symbol, s = 0. Using the asymptotic form (10.57) of the function κ(0)(ω), we
immediately obtain

W
(0)
k (θ, φ) � (−1)S+k dS

kk (2θ)

[
1 + k

S
cos θ

]
, |k| ∼ S (10.84)

W
(0)
ξ=1(θ, φ) � (sin θ cos φ)2S−1 [1 + sin θ cos φ] (10.85)

In particular, the Wigner function corresponding to the state |S, S〉 takes the
following simple form:

W
(0)
k=S(θ, φ) � cos2S θ [1 + cos θ]

It is worth noting that the above equation can be rewritten as follows:

W
(0)
ρ (n (θ, φ)) � f 2S−1(n)

[
1 + f (n)

]
where f (n) = nx. Then, from the covariance property, one can easily recover the
Wigner function for an arbitrary coherent state

W
(0)
g◦ρ(n (θ, φ)) = Wρ(g◦n (θ, φ))

Here g◦ρ = T(g) �T−1(g), and T(g) is the operator of finite rotation in the (2S + 1)-
dimensional representation of the su(2) algebra.

Semiclassical Evolution
The approximate form of the evolution equation in the limit S � 1, follows from
the star-product expression (Equation 10.65),

∂tW
(s) = 2ε{W (s), W

(s)
H }P + ε2s

[
L2{W (s), W

(s)
H }P − {L2W (s), W

(s)
H }P

]
+ O(ε3)

where ε = (2S + 1)−1 
 1. For the Wigner function, s = 0 and the second term
disappears:

∂tW
(0) = 2ε{W (0), W

(0)
H }P + O(ε3) (10.86)

In other words, the dynamics of W (0) (θ, φ) is governed by the classical Liouville
equation up to third order on the small parameter ε, which describes the motion of
every point of the initial distribution on the sphere along its classical trajectory.

It is worth noting that in the semiclassical limit, the symbol of an operator f̂ is
scaled by a power of ε: W

(s)
f (θ, φ) ∼ ε−deg f , where deg f is the degree of nonlinearity

of f̂ . This allows us to estimate the order of corrections neglected in Equation 10.86.
For instance, for quadratic Hamiltonians the correction would be of order ε, while
the Liouville term is ∼ε−1.
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We would like to stress that in this approach we start formally with the exact
evolution equation for the Wigner function (as it follows from the star product
(10.65)). Expanding this in powers of a natural small parameter (the inverse
representation dimension), we come to a Liuoville type equation (Equation 10.86),
which has a typical solution where every point of the initial distribution moves along
its classical trajectory. Further on, we can, in principle, find the classical oscillation
period as a function of the initial energy, T(E), which may give us information
about the quantum transition frequencies, 2π/T(E) = ω(E) → (Ek+1 − Ek)/� and
the number of quantum states in the unit interval of energy.

Example 10.1 As a nontrivial example, we analyze the finite Kerr Hamiltonian
(10.80), [118, 119]. The approximate evolution equation for W(�) ≡ W (0) (θ, φ) is
immediately obtained using Equation 10.73:

∂tW(�) = −χ

ε
cos θ∂φW(�) + O(ε) (10.87)

leading to a simple solution

W (�|t) = W
(
θ(t), φ(t)

) = W

(
θ, φ − χt

ε
cos θ

∣∣∣∣ t = 0
)

(10.88)

The average values of the spin operators evolve according to Equations 10.16 and
10.19, and, for the initial coherent state Equation 10.82, they can be easily evaluated,

〈Sx(t)〉 =
√

S (S + 1)	(S + 3/2)
(

2

z

)S+1/2

JS+1/2(z) (10.89)

〈Sy(t)〉 = 〈Sz(t)〉 = 0, z = χt (2S + 1)

which is numerically very close to the exact solution (1.30): 〈Sx(t)〉 = S cos2S−1 χt
It is more interesting to evaluate spin fluctuations (spin squeezing) using the

semiclassical result (10.88). Although analytical integration can be performed and
corresponding analytical expressions for (∆s (t))2 can be found, we are interested
here in the numerical comparison of the the exact results with those obtained from
the Wigner function method. We present this comparison in Figure 10.1. One may
observe a good agreement between these two curves up to times χt ∼ 1.

Following the strategy outlined in Section 10.2.7, we obtain the semiclassical
evolution equation for average values of the spin operators and the second order
correlators:

∂t〈Sj〉 = −iαSχ
〈[

Sj, S2
z

]〉
, ∂t

〈
Sjk
〉 = −iβSχ

〈[
Sjk, S2

z

]〉
(10.90)

where Sjk = {
Sj, Sk

}
+, j, k = x, y, z and

αS = (1 − 4ε2)−1/2 = 1 + O(ε2), βS =
√

1 − 4ε2

1 − 9ε2
= 1 + O(ε2)
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Figure 10.1 Solid line: exact quantum evolution of spin
fluctuations (∆s (t))2 (Equation 1.31); dotted line: semi-
classical approximation for spin fluctuations; χ = 1,
S = 50.

Clearly, Equation 10.90 coincide with the corresponding averaged quantum Heisen-
berg equations up to ε2.

On the other hand, the solution of the classical equations of motions, corre-
sponding to the approximation of decoupled correlators

∂t〈Sz〉 = 0, ∂t〈Sx〉 = −2χ〈Sy〉〈Sz〉, ∂t〈Sy〉 = 2χ〈Sx〉〈Sz〉

has the form

〈Sx(t)〉cl = 〈Sx(0)〉 cos 2〈Sz(0)〉χt − 〈Sy(0)〉 sin 2〈Sz(0)〉χt (10.91)

〈Sy(t)〉cl = 〈Sx(0)〉 sin 2〈Sz(0)〉χt + 〈Sy(0)〉 cos 2〈Sz(0)〉χt

One can see that the ‘‘classical solution’’ diverges from the exact one (Equation
1.31) even for very small times. Indeed, the Taylor expansion of the exact solution
(1.31) gives 〈Sx(t)〉 ≈ S − S(S − 1/2)(χt)2 + O

(
t4
)
, while the ‘‘classical solution’’

(10.91) has quite a different behavior – for the initial coherent state (10.82) it just
maintains a constant value, 〈Sx(t)〉cl = S.

One can observe that, according to the solutions (10.88), different parts of the
initial distribution rotate with different velocities (depending on the angle θ), which
leads to a deformation of the initial distribution (without the self-interference) and
eventually to spin squeezing.

Note, that the dynamics of an initial coherent state located close to the pole,
where the effect of self-interference becomes important much earlier than for the
equatorial coherent states, cannot be well described in terms of classical trajectories
(10.88).

In a similar way, the semiclassical approach can be applied to multipartite spin
(distinguishable atomic systems). For instance, the Wigner function for bipartite
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system of two spins S1 and S2 is defined as

W (�1, �2) = Tr
(
ρŵ

(0)
1 (�1)ŵ(0)

2 (�2)
)

(10.92)

where ŵ(0)(�) is the single particle operator (10.52).
The inversion formula (Equation 10.35) now reads as

ρ = 1

(4π)2ε1ε2

∫
d�1 d�2ŵ

(0)
1 (�1)ŵ(0)

2 (�2)W (�1, �2) (10.93)

where ε1,2 = (2S1,2 + 1)−1.

Example 10.2 Let us consider the simplest Hamiltonian that induces quantum
correlations for some initial states:

H = χS
(1)
z ⊗ S

(2)
z (10.94)

The equation of motion for the bipartite Wigner function W (�1, �2) in the limit of
large spins, S1, S2 � 1, can be obtained using the correspondence rules (Equation
10.74)

∂tW (�1, �2) = −χ

(
1

2ε2
cos θ2∂φ1 + 1

2ε1
cos θ1∂φ2

)
W (�1, �2) (10.95)

with a simple solution

W (�1, �2|t) = W

(
θ1, φ1− χt

2ε2
cos θ2; θ2, ;φ2− χt

2ε1
cos θ1

∣∣∣∣ t = 0
)

(10.96)

where the neglected terms are of order ε1,2. One can observe that the Wigner
function (10.96) describes a sort of ‘‘entanglement’’ in the sense that the dynamic
variables of both systems become interdependent during evolution. For initial pure
states |ψ(0)〉, we quantify entanglement in terms of partial trace of the density
matrix, ρ1(t) = Tr2|ψ(t)〉〈ψ(t)|, so that the entanglement measure we adopt is

P(t) = Tr1ρ
2
1(t) (10.97)

In terms of the Wigner function, this reads as

P(t) = 1

4πε1

(
1

4πε2

)2 ∫
d�1 d�2 d�′

2W(�1, �2|t)W(�1, �′
2|t) (10.98)

Let as assume that initially each subsystem is in the equatorial coherent state
(10.82):∣∣ψ(0)

〉 = ∣∣∣θ1 = π

2
, ϕ1 =0

〉
1

∣∣∣θ2 = π

2
, ϕ2 =0

〉
2

= 1
2S1+S2

S1∑
k=−S1

S2∑
n=−S2

γS1kγS2n|k, S1〉1|n, S2〉2 (10.99)

where γSk are defined in Equation 10.82. The above state is not an eigenstate of the
Hamiltonian (10.94), and therefore, spin subsystems get entangled in the course of
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evolution. This entanglement has a periodic nature and can be easily characterized
analytically owing to the simplicity of Equation 10.94. In particular, the reduced
density matrix is

ρ1(t) = 1

22(S1+S2)

S1∑
k1,k2=−S1

γS1k1γS1k2 eiχt(k1−k2)S2

×
(

1 + e−iχt(k1−k2)
)2S2 |k1, S1〉11〈k2, S1|

and the exact expression for the entanglement measure (Equation 10.97) takes the
form

P(t) = 1

24S2

4S2∑
n=0

C4S2
n cos4S1

χt(n − 2S2)

2
(10.100)

where C4S2
n = n!

(4S2)!(n−4S2)! are binomial coefficients.
On the other hand, in the limit of large spins, we can estimate the entanglement

using Equation 10.98, taking into account the approximate form of the bipartite
Wigner function

W(�1, �2|t) �
(

sin θ1 cos(φ1 − χt

2ε2
cos θ2)

)2S1−1

×
(

1 + sin θ1 cos(φ1 − χt

2ε2
cos θ2)

)

×
(

sin θ2 cos(φ2 − χt

2ε1
cos θ1)

)2S2−1

×
(

1 + sin θ2 cos(φ2 − χt

2ε1
cos θ1)

)
(10.101)

where the approximate expression (10.85) for the coherent state of the type (10.82)
has been used.

In Figure 10.2 the evolution of the entanglement measure obtained from the
semiclassical approach (Equations 10.100 and 10.98) is compared to the exact result
(Equation 10.101). Two spins are taken to be S1 = S2 = 12. One can observe a
remarkable coincidence of these curves.

10.3
Field Quasi-distributions

10.3.1
P Function

According to the general approach outlined in Section 10.2 of this chapter, the P(α)
function is introduced as the coefficient of expansion of the field density matrix ρ

over the coherent states:
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Figure 10.2 Evolution of the entanglement measure
(10.97) from exact expression (10.100) (solid line); from
semiclassical approximation (dotted line); S1 = S2 = 12.

ρ = 1

π

∫
d2α P(α) |α〉〈α| (10.102)

The normalization condition

Tr ρ = 1

π

∫
d2α P(α) = 1

follows from the unitary trace Tr ρ = 1. To invert Equation 10.102 we multiply it
by exp(γ(a† − β∗)) exp

(−γ∗(a − β
)
), so that after tracing and integrating over γ one

obtains

P(α) = 1

π

∫
d2γ eγ∗β−γβ∗

Tr
(
ρ eγa†

e−γ∗a
)

= Tr
(
ρŵP(α)

)
where

ŵP(α) = 1

π

∫
d2γ eγ(a†−β∗)e−γ∗(a−β)

Usually, the P function is singular and may contain the Dirac δ function and its
derivatives. For example, for a coherent state |β〉,

ρ(β) = |β〉〈β| =
∫

d2α δ(2)(α − β)|α〉〈α|
which means that the function P of the coherent state |β〉 is

Pβ(α) = πδ(2)(α − β)

The P-symbol for any operator f̂ is defined in the same way as in Equation 10.102

f̂ = 1
π

∫
d2α Pf (α) |α〉〈α|
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10.3.2
Q Function

The Q function is defined as the average value of the density matrix in the coherent
state

Q(α) = 〈α|ρ|α〉 = Tr (ρ|α〉〈α|) = Tr
(
ρŵQ (α)

)
(10.103)

where (see Equation 3.77)

ŵQ (α) = 1

π

∫
d2γ eγ(a†−β∗)e−γ∗(a−β)−|γ|2

The Q function is obviously normalized according to

1

π

∫
d2α Q(α) = 1

To invert Equation 10.103 we make use of the expansion of the density matrix in
the basis of the displacement operators ( 3.75), so that after multiplying (Equation
10.103) by exp (αβ∗ − α∗β) and integrating over α, we obtain

Tr
(
ρD(β)

) = 1

π2
e|β|2

∫
d2αQ(α) eαβ∗−α∗β

and finally,

ρ = 1

π2

∫
d2β e−βa†

e−β∗a
∫

d2αQ(α) eαβ∗−α∗β

It is easy to relate the functions P(α) and Q(α):

Q(α) = 〈α|ρ|α〉 =
∫

d2β P(β) 〈β|α〉〈α|β〉 =
∫

d2β P(β) e−|α−β|2 (10.104)

One can see that the Q(α) function is in a way a smoothed P(α) function.
Because of such ‘‘smoothness’’, it is quite appropriate to use the Q func-
tion for representation purposes. For instance, the Q function of the coherent
state |β〉 is Qβ(α) = |〈α|β〉|2 = e−|α−β|2 , while for the number state |n〉 it has the
form Qn(α) = |〈α|n〉|2 = e−|α|2 |α|2n/n!. Usually, the function Q(α) is represented
by contour lines in the phase plane (q = √

2Reα, p = √
2Imα). In this case, the

function Q(α) for a coherent state |β〉 is represented by circles centered at the point
(q0 = √

2Re β, p0 = √
2Imβ) and mainly localized within a circle of unit radius. A

number state |n〉 is represented as a ring centered at the origin of the phase plane
with the radius

√
n and unit width.

Defining the Q-symbol of an operator f̂ as Qf (α) = 〈α| f̂ |α〉, we can represent

its expectation value 〈 f̂ 〉 = Tr
(

f̂ ρ
)

using Equation 10.102 as follows

〈 f̂ 〉 = Tr
(∫

d2α

π
P(α)|α〉〈α| f̂

)
=
∫

d2α

π
P(α)Qf (α) =

∫
d2α

π
Pf (α) Q(α)
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10.3.3
Wigner Function

The Wigner operator is introduced as

ŵ(α) = 1

π

∫
d2η eη∗α−α∗η D(η) (10.105)

where D(η) is the displacement operator (3.55) and the Wigner function of the
density matrix ρ is

W(α) = Tr
(
ŵ(α)ρ

) = 1
π

∫
d2η eη∗α−α∗η Tr

(
D(η)ρ

)
(10.106)

We also define the Wigner symbol for any operator f̂ as

Wf (α) = Tr
(

ŵ(α) f̂
)

(10.107)

The inversion operation for Equation 10.106 is very simple

ρ = 1

π

∫
d2αŵ(α)W(α)

The Wigner function is normalized according to

1

π

∫
d2αW(α) = Trρ = 1

The self-duality property allows us to calculate the expectation value of an operator
f̂ in a state with the density matrix ρ as

〈 f̂ 〉 = Tr
(

f̂ ρ
)

= 1

π

∫
d2αW(α)W f (α)

In particular, if f̂ = ρ,

1

π

∫
d2αW2(α) = Trρ2

We note that after the change of variables

a = q̂ + ip̂√
2

, α = q + ip√
2

, η = −y1 + iy2√
2

, D(α) ≡ ei(y1 p̂+y2 q̂)

we can represent the Wigner operator in a different form:

ŵ(α) ≡ ŵ(p, q) = 1
2π

∫
dy1dy2 eiy1(p̂−p)+iy2(q̂−q)

It is clear that in the classical limit, when the operators p̂ and q̂ commute, the
Wigner operator is reduced to

ŵ(p, q) → 2πδ(p̂ − p)δ(q̂ − q)
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The Wigner function W(p, q) is a nonsingular function, but it can take on negative
values. It can be proven that if the Wigner function of a pure state is positively
defined, then, this function is a Gaussian.
The connection with functions Q and P is given by the equations

W(α) = 2

π

∫
P(β) e−2|α−β|2 d2β , Q(α) = 2

π

∫
W(β) e−2|α−β|2 d2β

For a coherent state |β〉, we have

Wβ(α) = 2 e−2|α−β|2

All these distributions are related to the Heisenberg–Weyl group and can be
considered to be particular cases of a more general construction – the s-ordered
distribution function, which we consider next.

10.3.4
s-Ordered Distributions

Let us introduce the following operator [120]

ŵ(s)(α) = 1

π

∫
d2ξD(ξ) eαξ∗−α∗ξ +s|ξ|2/2 (10.108)

where D(ξ) is the displacement operator (3.55). Note that the operator (10.108) can
be represented by

ŵ(s)(α) = D(α)T(s)D†(α) (10.109)

where

T(s) = 1

π

∫
d2ξD(ξ) es|ξ|2/2 = 2

1 − s

(
s + 1

s − 1

)a†a

(10.110)

TrT(s) = 1, T†(s) = T(s)

The above integral converges for values s < 1. In particular,

T(0) = 2(−1)a†a, T(−1) = |0〉〈0| (10.111)

T(s)|α〉 = 2

1 − s
exp

[
|α|2

2

(∣∣∣∣ s + 1

s − 1

∣∣∣∣2 − 1

)]
| s + 1

s − 1
α〉

Note that the operator T(0) is proportionate to the parity operator, so we have

T(0) f (a, a†)T−1(0) = f (−a, −a†)

where f (a, a†) is an arbitrary function of the creation–annihilation operators.

It can easily be seen that the operator ŵ(α, s) is Hermitian and normalized

ŵ(s)(α) = ŵ(s)(α)†, Tr ŵ(s)(α) = 1,
1
π

∫
d2α ŵ(s)(α) = I (10.112)
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and also satisfies the following overlap relations:

Tr
[
ŵ(s)(α)ŵ(−s)(β)

] = πδ2(α − β) (10.113)

1

π

∫
d2α

(
ŵ(s)(α)

)
mḿ

(
ŵ(−s)(α)

)
kḱ = δmḱδḿk (10.114)

We can observe that the operators ŵ(s)(α) and ŵ(s′)(α), s′ > s are related to each other
by the following relation:

ŵ(s′)(α) = 2
π (s′ − s)

∫
d2βŵ(s)(β) exp

[
− 2

(s′ − s)
|α − β|2

]
= exp

[
s′ − s

2

∂2

∂α∂β

]
ŵ(s)(α)

We assign an s-ordered symbol to any operator f̂ according to

W
(s)
f (α) = Tr

(
f̂ ŵ(s)(α)

)
In a particular case of the density matrix, the corresponding symbol is called the
s-ordered distribution function:

W (s)(α) = Tr
(
ŵ(s)(α)ρ

)
This distribution function has the following properties, which are the consequence
of Equations 10.112 to 10.114:

1. W (s)(α) is real:

W (s)(α) = W (s)(α)∗ (10.115)

2. W (s)(α) is normalized:

1

π

∫
d2αW (s)(α) = 1 (10.116)

3. In terms of the density matrix, the function W (s)(α) is given as:

W (s)(α) = 2

1 − s

∞∑
n=0

(
s + 1

s − 1

)n

〈n|D†(α)ρD(α)|n〉 (10.117)

4. The following overlap relation is satisfied:

1
π

∫
d2αW

(s)
f (α)W (−s)

g (α) = Tr( f̂ ĝ) (10.118)
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5. The following inversion formula is valid:

ρ = 1
π

∫
d2α ŵ(−s)(α)W (s)(α) (10.119)

As a simple example, we write the s-symbols of the operators a, a† and a†a:

W
(s)
a (α) = α, W

(s)
a† (α) = α∗, W

(s)
a†a

(α) = |α|2 − s + 1
2

By direct calculations, it is easy to prove the following relations satisfied by the
operator ŵ(s)(α):

aŵ(s)(α) =
(

α − 1 + s

2
∂α∗

)
ŵ(s)(α), a†ŵ(s)(α) =

(
α∗ + 1 − s

2
∂α

)
ŵ(s)(α)

(10.120)

ŵ(s)(α)a =
(

α + 1 − s

2
∂α∗

)
ŵ(s)(α), ŵ(s)(α)a† =

(
α∗ − 1 + s

2
∂α

)
ŵ(s)(α)

From Equation 10.120, it is easy to obtain the following correspondence rules:

aρ → (
α + 1−s

2 ∂α∗
)

W (s)(α), a†ρ →
(

α∗ − 1 + s

2
∂α

)
W (s)(α) (10.121)

ρa → (
α − 1+s

2 ∂α∗
)

W (s)(α), ρa† →
(

α∗ + 1 − s

2
∂α

)
W (s)(α)

In general, the star product is defined as [109]

W
(s)
f (α) ∗ W

(s)
g (α) = exp

[
− s

2

(
∂

(f )
α ∂

(g)
α∗ + ∂

(f )
α∗ ∂

(g)
α

)]
exp

[
1

2

(
∂

(f )
α∗ ∂

(g)
α − ∂

(f )
α ∂

(g)
α∗
)]

W
(s)
f (α)W (s)

g (α) (10.122)

Equation 10.119 is fundamental for the so-called quantum tomography, a method
that allows to reconstruct the density matrix by measuring the probabilities-diago-
nal elements of the displaced density matrix. In particular, for the value of the
parameter s = 0, using Equations 10.117 and 10.119, we obtain

ρ = 2

π

∫
d2αŵ(0)(α)

∞∑
n=0

(−1)n 〈n|D†(α)ρD(α)|n〉

where

ŵ(0)(α) = 2D(α)(−1)a†aD†(α)

We consider some particular cases:

1. In the case when s = −1 it can easily be seen that the function W (−1)(α) is the
Husimi Q(α) function (10.104). Since

ŵ(−1)(α) = D(α)|0〉〈0|D†(α) = |α〉〈α|
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we have

W (−1)(α) = 〈0|D†(α)ρD(α)|0〉 = Q(α)

2. In the case when s = 0, the function W (s=0)(α) coincides with the Wigner
function W(α) (10.105), (10.106)

ŵ(0)(α) = 2D(α)(−1)a†aD†(α)

W (0)(α) = 2
∞∑

n=0

(−1)n 〈n|D†(α)ρD(α)|n〉

or in the integral representation

W (0)(α) = 1
π

∫
d2ξ eαξ∗−α∗ξ Tr(ρD(ξ))

3. In the marginal case when s = 1, the integral (10.110) formally diverges.
However, using the inversion formula (10.119) and Equation 10.111 we obtain

ρ = 1
π

∫
d2αD(α)|0〉〈0|D†(α)W (1)(α) = 1

π

∫
d2α|α〉〈α|W (1)(α)

thus the function W (1)(α) is the Glauber function P(α) (10.102):W (1)(α) = P(α).

Constructions similar to the s-ordered quasi-distribution functions can also be
developed for more complicated dynamic groups.

10.4
Miscellaneous Applications

Here we consider two representative examples that apply the method of the quasi-
distribution function. The first system, which we treat in the semiclassical way, is
the well-known Kerr Hamiltonian. In this example, we just demonstrate that such
an effect as field squeezing can be treated semiclassically. The second example is
a nontrivial application of semiclassical ideology to the Dicke model in the most
nonlinear regime, where all the others perturbation approaches fail to predict both
the spectrum and the system dynamics.

10.4.1
Kerr Hamiltonian

Let us consider the simplest nonlinear Hamiltonian, already analyzed in Chapter
4 (slightly modified to avoid an unnecessary phase factor)
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H = χ

2

(
â†)2

â2 (10.123)

The Wigner function (s = 0) obeys the following differential equation:

i∂tW
(0) = χ

(|α|2 − 1
) (

α∗ ∂W (0)

∂α∗ − α
∂W (0)

∂α

)
−χ

4

(
α∗ ∂3W (0)

∂α∗∂α∗∂α
− α

∂3W (0)

∂α∂α∂α∗

)

which in polar coordinates, α = r eiφ, reads

∂tW
(0) = χ(r2 − 1)

∂W (0)

∂φ
− χ

16

(
1
r2

∂3

∂φ3
+ ∂3

∂r2∂φ
+ 1

r

∂3

∂φ2∂r

)
W (0) (10.124)

In the semiclassical limit, |α|2 = r2 � 1, the Wigner function dynamic is approxi-
mately (for times χt 
 1) described by the first order equation

∂tW
(0) = χ(r2 − 1)∂φW (0)

which can be easily solved:

W (0)(r, φ|t) = W (0)(r, φ = φ0 − χt + r2χt)

In particular, for the initial coherent state |β〉, the Wigner function acquires the
form

W
(0)
β (r, φ|t) = 2 exp

(
−2

∣∣∣r eiφ0−iχt+ir2χt − β

∣∣∣2) (10.125)

so that the average value of any field operator can be computed using the standard
form (10.13), for instance,

〈a(t)〉 = 1

π

∫
d2αW (0)(α|t)W (0)

a (α)

where W
(0)
a (α) = α, giving

〈a(t)〉 = β

(1 + iχt/2)2
exp

(
−2|β|2 + iχt + 2|β|2

1 + iχt/2

)
which coincides with the exact result〈

â(t)
〉 = β e−|β|2[1−exp(iχt)] (10.126)

for times χt 
 1. In a similar way, the second-order moments are calculated:

〈a2(t)〉 = 1

π

∫
d2αW(α)Wa2 (α) = 1

π

∫
d2αW(α)α2

giving

〈a2(t)〉 = β2

(1 + iχt)3
exp

(
−2|β|2 + 2iχt + 2|β|2

1 + iχt

)
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Taking into account that 〈a†a(t)〉 = |β|2, we obtain for the fluctuation of
q̂θ = (a eiθ + a†e−iθ)/

√
2,

S = min
θ

σq
θ

= 1 + 2
(〈

a†a
〉− |〈a〉|2)− 2

∣∣〈a2〉− 〈a〉2
∣∣

the following expression

S = 1 + 2r2 − r3τ + rτ − 2r
√

1 + r2 + r2τ
2 + 3r2

√
1 + r2

(10.127)

where r = |β|2χt, τ = χt. In the limit r � 1, Equation 10.127 immediately leads to

S ≈ 1

4r2
+ 2r3τ

giving the minimum value of S as well as the best squeezing time τmin

Smin ≈ 21/3|β|−2/3, τmin ≈ 4−1/3|β|−5/3

which coincide with the result obtained from the exact calculations [121] in the
same limit r � 1.

10.4.2
The Dicke Hamiltonian

As we have already seen, for the Dicke model, the interaction Hamiltonian is

Hint = g
[
a†S− + aS+

]
(we focus on the resonance case only). In the regime where the number of
excitations is less than the number of atoms, N < A, it can be rewritten as follows
(Equation 6.31):

Hint = g
(

L+
√

A − N/2 + Lz +
√

A − N/2 + LzL−
)

where L±,z are generators of (N + 1)-dimensional representation of the su(2)
algebra. In Chapter 6, we have studied in detail the quasi-linear cases, N 
 A and
A 
 N, when the square roots can be expanded in series of the small parameter
ε = (A − N/2 + 1/2)−1, or ε = (N − A/2 + 1/2)−1 so that nonlinear terms in
the su(2) generators were taken into account in a perturbative manner. The case
when N ∼ A is essentially nonlinear and the standard perturbation theory fails
to describe even short-time behavior in this regime. Here, we consider the most
nonlinear case the – Dicke Hamiltonian, when A = N + 1. We study the system
dynamics in a semiclassical limit N = 2S � 1. The interaction Hamiltonian takes
the form

Hint = g
(

S+
√

S + 1 + Sz +
√

S + 1 + SzS−
)

(10.128)

where we have used notations of angular momentum operators (S±,z), acting in
the (2S + 1)-dimensional Hilbert space in a standard way.
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We start the calculation of the s-ordered symbols ( restricting ourselves to s = −1
and s = 0) of the Hamiltonian (10.128) with the observation that the interaction
Hamiltonian can be rewritten as follows:

Hint = g

√
2

ε

∞∑
n=0

cn(ε/2)n{Sz, {...{Sz, Sx}+}}+

where ε = (2S + 1)−1 and the coefficients cn are defined from the square root
expansion

√
1 + x =

∞∑
n=0

cnxn

Making use of the explicit expression for the correspondence rules (Equations
10.74 and 10.75), we may see that

W
(s)
{Sz,Sx}+ (�) = W

(s)
Sz

(�) ∗ W
(s)
Sx

(�) + W
(s)
Sx

(�) ∗ W
(s)
G (�) = 2�

(s)
0 (φ, θ)W (s)

Sx
(�)

where

W
(s)
Sx

(�) =
(

S

S + 1

)−s/2 √
S(S + 1) cos φ sin θ

and �
(s)
0 (φ, θ) is defined in Equations 10.77 and 10.78. Thus, the symbol of Equation

10.128 is obtained using the star-product technology:

W
(s)
Hint

(�) = 2g
√

S(S + 1)
(

S

S + 1

)−s/2 √
S + 1/2 + �

(s)
0 (φ, θ) cos φ sin θ

(10.129)
In the semiclassical limit, S � 1, the expression for �

(0)
0 (φ, θ) is simplified

�
(0)
0 (φ, θ) ≈ 1

2ε
cos θ − ε

4

(
cos θ + sin θ∂θ + cos θL2)

so that in the leading order of magnitude we reduce Equation 10.129 for s = 0
(Wigner function) to

W
(0)
Hint

(�) ≈ 2g

√
1 − ε2

(2ε)3

√
1 + cos θ

(
1 − ε2

2

) (
1 + tan θ∂θ + L2

)
cos φ sin θ

Taking into account that
(
tan θ∂θ + L2

)
cos φ sin θ = 3 cos φ sin θ, we finally obtain

W
(0)
Hint

(�) ≈ 2g

√
1 − 3ε2

(2ε)3

√
1 + 2ε2 + cos θ cos φ sin θ (10.130)

The exact Q-symbol of the interaction Hamiltonian is immediately calculated since
�

(−1)
0 W

(−1)
Sx

(�) = (S − 1/2) cos θW
(−1)
Sx

(�), giving

W
(−1)
Hint

(�) ≈ 2gS3/2
√

1 + (1 − 2ε) cos θ cos φ sin θ (10.131)
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which in the leading order on the parameter ε coincides with the naive expansion
for the classical Hamiltonian,

Hcl = 2gS
√

1 + S + S cos θ cos φ sin θ

obtained from Equation 10.128 by substituting Sz → S cos θ, S± → S sin θ e±iφ.
As was discussed in Section 10.2.6, in the evolution equation for the Wigner

function the first-order corrections to the classical equations of motion disappear
in the semiclassical limit ( see Equation 10.86), and the description of the quantum
evolution in terms of the Wigner function is very convenient in the vicinity of
the stable points of the corresponding classical motion. In the region close to
the classical separatrix, we cannot, in general, arrive at such a conclusion. In this
section, we study the semiclassical dynamics of the Dicke model in the semiclassical
limit, using, as a basic tool the Q-symbol of the interaction Hamiltonian (10.131),
which is suitably rewritten as follows:

W
(−1)
Hint

(�) ≈ 2gS3/2
√

1 + 2ε + cos θ cos φ sin θ (10.132)

The symbol (Equation 10.132) can be considered as the classical energy, and thus,
provides the information about stable points, where

∂θW
(−1)
Hint

(�0) = ∂φW
(−1)
Hint

(�0) = 0

We have the stable points

cos θ0 ≈ 1

3
− 1

6S
, φ0 = 0, π

The semiclassical evolution is defined by the classical trajectories on the sphere:
W

(−1)
Hint

(θ, φ|t) = W
(−1)
Hint

(θ0, φ0|t = 0), where θ(t) and φ(t) are the solution of the
following classical equations of motion (with the initial conditions θ(t = 0) = θ0,
φ(t = 0) = φ0):

dθ

dτ
= − 1

sin θ

∂W
(−1)
Hint

∂φ
= sin φ

√
S cos θ + S + 1 (10.133)

where τ = 2Sgt. From the conservation of energy,

S cos φ sin θ
√

S + 1 + S cos θ = C (10.134)

it follows that

sin φ =
√

1 − C2

S2 sin2 θ(S cos θ + S + 1)

and we have the solution of the classical equations of motion in the form

τ − τ0 =
∫ x2

x

dx√
(1 − x2)(x + 1 + 1/S) − C2/S3

=
∫ x2

x

dx√
(x2 − x) (x − x1+) (x − x1−)
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where x = cos θ, and the turning points x1− < x1+ < x2 ≤ 1 are the roots of the
cubic equation(

1 − x2) (x + 1 + 1/S) − C2/S3 = 0 (10.135)

so that

2√
x2 − x1−

F

(
arcsin

√
x2 − x

x2 − x1+
,

√
x2 − x1+
x2 − x1−

)
= τ − τ0 (10.136)

where F(ψ, κ) is the elliptic integral of first kind. Inverting Equation 10.136 we
may, in principle, determine the classical trajectories for θ(t) and φ(t).

The period of classical motion

2
∫ x2

x1+

dx√(
1 − x2

)
(x + 1 + 1/S) − C2

= 2
∫ x2

x1+

dx√
(x2 − x) (x − x1+) (x − x1−)

= T

also provides information about the spectral density of states in the large S limit:

∆E = 2π

T(E)
(10.137)

Where, in the quantum domain, we may write: ∆E = Ek+1 − Ek, T(E) = T((Ek+1 +
Ek)/2). Here, ∆E corresponds to a quantum transition frequency and determines
the number of quantum states in the unit interval of energy.

For the roots of the cubic Equation 10.135, which determines the classical turning
points, we can find the following approximation:

x1± ≈ −1 + 1

2S

(
−1 ±

√
1 + 2C2/S

)
, x2 ≈ 1 − C2

4S3
(10.138)

We observe that when the initial energy is close to its minimum value, C ≈
−S3/2√32/27, the roots are well separated

x1− < −1 < x1+ < x2 < 1

and thus, the classical dynamic is quasi-regular, with the oscillation period

4√
x2 − x1−

K

(√
x2 − x1+
x2 − x1−

)
= T (10.139)

where K(κ) is the complete elliptic integral of first kind. Nevertheless, in the
region close to the separatrix, when the initial energy is close to zero, C ∼ 0, the
roots x1− and x1+ become very close, x1+ − x1− ∼ 1/S 
 1, which is reflected in
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Figure 10.3 Quasi-classical dynamics of the Dicke
model, S=100. (a) Classical turning points (roots of
Equation 10.135) as functions of energy. (b) Oscillation
frequency (Equation 10.137) as a function of energy.

the quasi-singular behavior of the transition frequencies at zero energy. We
show the behavior of the classical turning points (exact roots of the cubic
Equation 10.135 as functions of the initial energy C in Figure 10.3. The os-
cillation frequency (10.137) is also shown as a function of the energy. The
singular behavior of the oscillation frequency at zero energy can be noted.
These semiclassical results are in a good correspondence with the results
obtained by the numerical diagonalization of the Dicke-model Hami-
ltonian.

Using the approximation (10.138) for the turning points, one can find the
asymptotic for the oscillation period (Equation 10.139):

T ≈ − 1√
2

ln
(

1

S2
+ 2C2

S3

)
Thus a logarithmic behavior arises, leading to a high density of energy spectrum at
the region close to zero energy. The energy spectrum density becomes divergent
in the classical limit.
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10.5
Problems

10.1 Prove that

WSj (θ, φ) =
√

S (S + 1)nj (10.140)

W 1
2

{
Sj ,Sk

}
+

(θ, φ) = 1

2

√
(2S + 3) (2S − 1) S (S + 1)njnk,

j �= k (10.141)

WS2
j
(θ, φ) = 1

2

√
(2S + 3) (2S − 1) S (S + 1)

(
n2

j − 1

3

)
+S (S + 1)

3
(10.142)

where nj are the components of the unitary vector,

n = (sin θ cos φ, sin θ sin φ, cos θ)

10.2 Prove that the Wigner function of an eigenstate, |k, S〉 of the operator Sz, has
the form

Wk(θ, φ) = 2
√

π√
2S + 1

2S∑
L=0

√
2L + 1
2S + 1

Y∗
L,0(θ, φ)CSk

Sk, L0

10.3 Prove that the Stratonovich–Weyl symbol of a superposition of atomic
coherent states (the Schrdinger cat state on the sphere)

|ψ〉 = 1√
2

(
|θ = π

2
, φ = 0〉 + |θ = π

2
, φ = π〉

)
in the limit S � 1, has the form

W (θ, φ|t) = f (θ, φ|t)2S − Re
(
f (θ, φ + π/2|t) + i cos θ

)2S

where f (θ, φ) = nx

10.4 Find the semiclassical evolution equation for the Hamiltonian

H = χ
(
S2

+ + S2
−
)

and solve it.
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10.5 Prove that the asymptotic form of the operators �
(0)
0,±(φ, θ) in the semiclassical

limit, S � 1, is given as follows:

�
(0)
0 (θ, φ) ≈ 1

2ε
cos θ − ε

4

(
cos θ + sin θ∂θ + cos θL2)

�
(0)
± (θ, φ) ≈ e±iφ sin θ

4ε
± ε

4

[
2 cos θl± − e±iφ sin θ

(
2lz ± 1 ± L2)]

10.6 Prove the following representations for the operator : ŵ(α, s)

ŵ(s)(α) = e− 2
1−s |α|2 e

2
1−s αa†

T(s) e
2

1−s α
∗a

ŵ(s)(α) = e
2

1+s |α|2 e− 2
1+s α

∗aT(s) e− 2
1+s αa†

ŵ(s)(α) = e− 2
1−s |α|2 T(s) e

−2
1+s αa†

e
2

1−s α
∗a

10.7 Prove that in the limit N � 1, the Q function of a number state |N〉 is
approximated as

Q(α) ≈ 1√
2π|α| exp

[
− (N − |α|2)2

2|α|2
]

10.8 Prove that the P function for the number state |1〉 is of the form

P(α) = δ(2)(α) + ∂α∗∂αδ
(2)(α)

10.9 Find the Q function of the squeezed state

S(η)|α〉, η = r eiθ

and analyze it in the limit |α| � 1.
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11
Appendices

11.1
Lie Groups and Lie Algebras

11.1.1
Groups: Basic Concepts

In this appendix, we give an overview of some basic facts about group theory and
the theory of Lie algebras [70, 122], which are used throughout the book (without
attempting to approach these with mathematical rigor and rather appealing to the
intuition of the reader). We begin with the definition of a group.

A set of elements G = {g1, g2, . . .} is called a group if it has the following properties:

1. For any of the elements g1, g2, g3 ∈ G, a composition law g1 · g2 ∈ G is defined
such that (g1 · g2) · g3 = g1 · (g2 · g3).

2. There is an identity element e, such that g · e = e · g = g.

3. For every g ∈ G there is an inverse element g−1 ∈ G, such that
g · g−1 = g−1 · g = e.

In general, the elements of a group do not commute with each other: g1 · g2 �= g2 · g1.
If, however, g1 · g2 = g2 · g1 for every pair of elements g1, g2 ∈ G, the group is called
Abelian.
The center of a group is the set of elements of the group that commute with every
element of this group.
A subset H of the group G that by itself is a group is called a subgroup of G.
A subgroup H ⊂ G is called invariant if for each h ∈ H and any g ∈ G , the relation
ghg−1 ⊂ H is satisfied.
A group is called simple if it has no invariant subgroups.
A group is called semisimple if it has no invariant Abelian subgroups.
The right coset CR = G/H, where H is a subgroup of G is defined as a set of
elements CR = gH = {gh : h ∈ H} so that any element g ∈ G can be represented as
g = ckhj, where hj ∈ H and ck ∈ CR. The element ck, which is called the right coset
representative, is not unique.

A Group-Theoretical Approach to Quantum Optics: Models of Atom-Field Interactions
Andrei B. Klimov and Sergei M. Chumakov
Copyright  2009 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
ISBN: 978-3-527-40879-5
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Likewise, the left coset spaces CL = H\G is defined as CL = Hg = {hg : h ∈ H},
such that any element of the group g ∈ G can be represented in the form g = hjc̃k,
where hj ∈ H and c̃k ∈ CL.

If the subgroup H is invariant, the right and left coset spaces coincide and have
the structure of a group, called the factor-group G/H.

The set of all nonsingular linear transformations of an n-dimensional vector
space forms a group denoted by GL(n, R) or GL(n, C), depending on whether
entries can be complex or are restricted to be real. The notation GL(n, C) stands for
general linear group of transformations of the n-dimensional vector space over the
complex field.

The group GL(n,C ) has several subgroups that are important in physics. The
subgroups of GL(n,C ) for which the determinant of the corresponding linear
transformations is equal to 1 are called special. They are denoted by the prefix S,
so that SL(n,C ) is the group of special (i.e. det g = 1) linear transformations in the
n-dimensional space over the complex field.

Within the GL(n,R) and GL(n,C) groups, there are various subgroups character-
ized by the conservation of some (invariant) properties of the vectors on which they
act. The following are among these:

1. Orthogonal groups O(p, q), p + q = n: These are groups of transformation of a
real n-dimensional vector space, which preserve the quadratic form x2

1 + · · · +
x2

p − x2
p+1 − · · · x2

p+q.

2. Unitary groups U(p, q) or su(p, q): These are groups of transformations of
a complex n-dimensional vector space, which preserve the quadratic form
|x1|2 + · · · + |xp|2 − |xp+1|2 − ..|xp+q|2.

If group elements are parametrized by a set of continuous parameters, the
corresponding group is called continuous. GL(n, R), SL(n, R), O(p, q), U(p, q), and
su(p, q) are all examples of continuous groups.

The continuous groups that depend analytically on the parameters are called
Lie groups. In such cases, an element of the group depending on n parameters is
usually written as g (α1, α2, . . . , αn) ∈ G.

The parameterization is often chosen so that, in the neighborhood of the identity,
g is written as the exponential

g (α1, α2, . . . , αn) = exp

(
−i

n∑
k=1

αkLk

)
(11.1)

where the operators Lk

Lk = i
∂g (α1, α2, . . . , αn)

∂αk
|α=0

are called (infinitesimal) generators of the group. The infinitesimal generators form
the Lie algebra associated with the Lie group under discussion. Lie algebras are
usually denoted by lower case letters, for instance, gl(n, C) is the Lie algebra of the
group GL(n, C). Likewise, su(p, q) is the Lie algebra of the group su(p, q).
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The maximum number of linearly independent generators of the group that
commute with each other determine the rank of the group.

A Lie group is said to be compact if every element is parameterized by a finite
number of bounded parameters. Otherwise, it is called a noncompact group.

Elements Ck commuting with each other and with every generator in the algebra
are called Casimir elements. In a semisimple group of rank k there are k different
Casimir elements.

11.1.2
Group Representations

The correspondence that assigns to each element g ∈ G a linear operator that acts
in a vector space V : g → T(g), such that

T(g2)T(g1) = T(g2g1)

is called a representation of the group G over the space V (representation space). In
this case, we have

1. T(e) = I

2. T(g−1) = T−1(g)

3. det T(g) �= 0

The Casimir element in the representation space V is put in correspondence with
a Casimir operator Ĉ.

The representation is called unitary if the operators T(g) conserve the scalar
product in the space V :(

T(g)x, T(g)y
) = (

x, y
)

for any x, y ∈ V and g ∈ G. In this case,

T−1(g) = T(g−1)

is satisfied. For compact groups the property T†(g) = T−1(g) = T(g−1) is also
fulfilled. Two representations T1(g) and T2(g) that act on the spaces V1 and
V2 are called equivalent if there is an operator S, such that ST1(g) = T2(g)S, or
T2(g) = ST1(g)S−1.

The subspace W of the representation space V is called invariant if T(g)W ⊂ W
for any g ∈ G and any vector in W.

A representation T(g) is called reducible if the representation space V contains
invariant subspaces. Otherwise, the representation is called irreducible.

The following irreducibility criterion (Schur’s Lemma) is widely used: Let T(g) be
a unitary representation in the space V , then T(g) is irreducible if any (bounded)
linear operator, which commutes with all elements of the group, is proportional to
the identity operator. Thus, the Casimir operators are proportional to the identity
operator: Ĉk = λk I in an irreducible unitary representation. This property allows
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all the irreducible representations to be uniquely determined and classified by the
set of eigenvalues of the Casimir operators λk to be classified.

All the irreducible unitary representations of a compact group are finite
dimensional. All the irreducible unitary representations (except unidimensional
representations) of a noncompact group are infinite dimensional.

11.1.3
Lie Algebras

The vector space L is called a Lie algebra if for any Lk, Lj ∈ L a bilinear operation,
called the Lie bracket, is defined such that, (Lk, Lj) → [Lk, Lj] ∈ L satisfies the
following relations:

1. [Lk, Lj] = −[Lj, Lk]

2. [Lk, aLj + bLm] = a[Lk, Lj] + b[Lk, Lm]

3. [Lk, [Lj, Lm]] + [Lm, [Lk, Lj] + [Lj, [Lm, Lk] = 0 (Jacobi identity)

All these properties are automatically satisfied if the Lie bracket has the form of a
commutator: [Lk, Lj] = LkLj − LjLk.

Since a Lie algebra L is a linear space, a basis {Ej} can be chosen in this space,
such that

[Ek, Ej] =
∑

m

ckjmEm

where ckjm are called structure constants and satisfy the conditions

• ckjm = −cjkm, (antisymmetry);

• ∑
m ckjmcmpq +∑

m cjpmcmkq +∑
m cpkmcmjq = 0, (a consequence of the Jacobi

identity).

The structure constants completely determine the structure of the algebra. From
the structure constants, the so-called metric tensor can be constructed

gjk =
∑
l,m

cjlmckml

From the basis elements {Ej}, a set of monomials of the type

{Ej, EjEk, EjEkEl, . . .}
inequivalent under commutation, can be constructed. This set has the structure of
a Lie algebra and is called the universal enveloping algebra.

A set of linearly independent generators of a Lie group span the corresponding
Lie algebra. On the other hand, the elements exp

(−i
∑

k αkLk
)
, where Lk are

generators of a Lie algebra, form the corresponding Lie group.
The Lie algebra is said to be commutative if [Lk, Lj] = 0, for all Lk, Lj ∈ L.
A subspace M ⊂ L is called a subalgebra of L if for any Lk, Lj ∈ M, [Lk, Lj] ∈ M

is satisfied.
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The center of the algebra, denoted by Z, is formed by the elements of the algebra
that commute with all the elements of the algebra.

The Casimir operators are the elements of the universal enveloping algebra
although they are not elements of the algebra itself. A quadratic Casimir element
is always given by

C2 = gkjLkLj

where gkj are elements of the matrix that corresponds to the inverse metric tensor
gkj = (g−1)kj.

The subalgebra M ⊂ L is called an ideal of L if [M,L] ⊂ M.

The Lie algebra L is called simple ( or semisimple) if it does not contain an ideal
(or commutative ideal). An algebra is semisimple if det gkj �= 0 (Cartan criterion).
The largest commutative subalgebra of a semisimple algebra is called the Cartan
subalgebra; the dimension of the Cartan subalgebra is the rank of this algebra.

We define the sequence L0 = L, Lk = [Lk−1,Lk−1] , so that each Lk is ideal in
L. The L algebra is said to be soluble if there is a number k0 such that Lk = 0, for
all k > k0.

We define another sequence L0 = L, Lk = [Lk−1,L] , so that each Lk is also ideal
in L. The L algebra is called a nilpotent if there is a number k0 such that Lk = 0,
for all k > k0. Thus, a nilpotent algebra is soluble.

The correspondence that assigns a linear operator that acts on a vector space V :
Lk → T(Lk), to each element Lk ∈ L such that

1. T(Lk) + T(Lj) = T(Lk + Lj)

2. T(aLk) = aT(Lk)

3. T([Lk, Lj]) = [T(Lk), T(Lj)]

is called a representation of the L algebra in the space V (representation space), and
obviously the relation

[T(Ek), T(Ej)] =
∑

m

ckjmT(Em)

is fulfilled.
The concepts of reducibility and irreducibility for Lie algebras are the same as the

corresponding concepts for the groups. To find the representation of the algebra
in a space V means to determine the matrix elements of the generators of the
algebra in this space. In each invariant subspace with certain values of the Casimir
operators, the basis elements can be chosen as eigenstates of the operators of the
Cartan subalgebra.

For a Lie algebra, one can always construct a so-called adjoint representation,
whose dimension is equal to the dimension of the algebra. In this representation,
each generator (element of the algebra basis) is represented by a matrix C( j) whose
elements are the structure constants:

Ej → (C( j))kl = cjkl
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The matrixes C( j) satisfy all the properties of a representation, for example,

[C( j), C(k)]lm =
∑

n

cjkn(C(n))lm

11.1.4
Examples

Before proceeding to consider concrete algebras, let us overview a special case
where two operators L and M form the so-called ladder algebra:

[L, M] = L (11.2)

Let |m〉 be the eigenstate of M with the eigenvalue m

M|m〉 = m|m〉
then, we have from Equation 11.2,

[L, M]|m〉 = L|m〉 = (mL − ML) |m〉
and the state L|m〉 is an eigenstate M with the eigenvalue m − 1:

ML|m〉 = (m − 1) L|m〉
Thus, the operator L is a down-ladder operator, with respect to the eigenstates of
the operator M. The consecutive application of operator L constructs an eigenstate
ladder for the operator M with equidistant eigenvalues Ln|m〉 ∼ |m − n〉. If the
operator M is Hermitian, the operator L† will play the role of a raising operator:
[L†, M] = −L†, L†n|m〉 ∼ |m + n〉. If the spectrum of the operator M is bounded
from below (or from above), the application of the operator L (L†) to this state yield
zero: L|mmin〉 = 0 (L†|mmax〉 = 0).

When [L, M] = µL, the following disentangling formula is useful in applications

eL+M = exp
[

L
1 − e−µ

µ

]
exp(M)

1. Heisenberg–Weyl Group H(1) and Algebra h(1)
The group H(1) is a noncompact Lie group. It is also non-semisimple, as is
shown later. Group elements depend on three parameters (s; x, y) and satisfy the
composition rule:

g(s1; x1, y1)g(s2; x2, y2) = g(s1 + s2 + x1y2 − y1x2; x1 + x2, y1 + y2)

Nonunitary representations of this group include representations by triangular
matrices in finite dimensions. The center of the group is formed by the elements
g(s; 0, 0). Besides the center, the group H(1) has two Abelian subgroups formed by
the elements g(s; x, 0) and g(s; 0, y). The group elements can be represented in the
form (11.1) as follows:
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g(s; x, y) = exp [isI] D (α) , D (α) = exp
[
αa† − α∗a

]
(11.3)

where α = (−x + iy)/
√

2. The generators a†, a and I satisfy the following commu-
tation relations:

[a, a†] = I, [a, I ] = [a†, I ] = 0 (11.4)

and form the h(1) algebra, which has two abelian subalgebras {a, I} and {a†, I},
which are simultaneously (abelian) ideals. Thus, the algebra h(1) is neither simple
nor semisimple.

To construct a unitary representation of the h(1) algebra, it is convenient to intro-
duce a new Hermitian operator n̂ = a†a. The generators of the extended algebra,
a†a, a†, a, and I satisfy the following commutation relations in addition to (11.4):

[n̂, a†] = a†, [n̂, a] = −a, [n̂, I ] = 0 (11.5)

The eigenstates of n̂ form an orthonormal basis in an infinite-dimensional Hilbert
space H

n̂|n〉 = ωn|n〉, 〈n|k〉 = δkn

and satisfy the following resolution of the identity:∑
n

|n〉〈n| = I

Besides, the operator n̂ is positively defined, so its average over any state in H is
nonnegative:

〈ψ|n̂|ψ〉 =
∑

n

〈ψ|a†|n〉〈n|a|ψ〉 =
∑

n

|〈n|a|ψ〉|2 ≥ 0, |ψ〉 ∈ H

and is equal to zero on the state |0〉, which satisfies the condition

a|0〉 = 0

In a view of Equation 11.5, the operators (n̂, a) and (n̂, a†) form two ladder
subalgebras: raising and lowering. The state |0〉 = |n=0〉 is the lowest state
(‘‘vacuum state’’) in the space of the eigenstates of the operator n. From this state,
the whole basis can be constructed by applying the raising operator a†. The spectrum
of operators n̂ is the entire set of nonnegative values, n = 0, 1, 2, . . . . The application
of the operators a† and a (commonly called creation and annihilation operators) to
the basis elements can be found with the standard techniques. It is clear that

a|n〉 = λn|n − 1〉, a†|n〉 = λ̃n|n + 1〉
thus,

λn = 〈n − 1|a|n〉, λ̃n = 〈n + 1|a†|n〉 = 〈n|a|n + 1〉∗ = λ∗
n+1

and, λ0 = 0. Since

〈n|n̂|n〉 = n = 〈n|a†|n − 1〉〈n − 1|a|n〉 = |λn|2

we have λn = √
n, which determines the matrix elements of the operator in the

representation space. Finally, the basis in the representation space is constructed as
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|n〉 = a†n

√
n!

|0〉

The following ordering formulae hold:

(
a + a†)n =

[n/2]∑
k=0

n−2k∑
l=0

(
−1

2

)k n!

k!l!
(
n − 2k − l

)
!
ala†n−2k−l

=
[n/2]∑
k=0

n−2k∑
l=0

1

2k

n!

k!l!
(
n − 2k − l

)
!
a†lan−2k−l

ama†n =
min(m,n)∑

k=0

n!m!

k!
(
n − k

)
!
(
m − k

)
!
a†n−kam−k

a†man =
min(m,n)∑

k=0

(−1)k n!m!

k!
(
n − k

)
!
(
m − k

)
!
an−ka†m−k

exp
(
µa†a

) =
∞∑

k=0

(eµ − 1)k

k!
a†kak

2. The su(2) Algebra and the su(2) Group
Let us consider the group of 2 × 2 unitary matrices with unit determinant [123]:

g =
[

a b
−b∗ a∗

]
, |a|2 + |b|2 = 1 (11.6)

where a = a1 + ia2 b = b1 + ib2 (a1, a2, b1, b2 are real numbers and a∗ stands for
complex conjugation). The group manifold is a three-dimensional sphere, and thus
the group is compact. The elements of the center are formed by the matrixes I and
−I. The generators of the group can be chosen as Hermitian operators Sx , Sy,Sz,
where S = σ/2 and σj, j = x, y, z are the Pauli matrices

σx =
[

0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
These matrices satisfy the following properties:

1. Commutation relations:

[σk, σj] = 2iεkjlσl

2. Pauli matrix algebra:

σ2
x,y,z = I, σkσj = δik + iεkjlσl

where εkjl is the Levi–Civita antisymmetrical tensor.
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3. Any function of the matrixes σl is reduced to a linear polynomial:

f (σ) = a + (bσ), a = 1

2
Tr
(
f
)

, b = 1

2
Tr
(
σf
)

where σ is a vector constituted by the matrices σx, σy, σz.

4. Decomposition of the exponential: This is a special case of the above property
given by

exp [iφ (σn)] = cos φ + i (σn) sin φ

From the operators Sx, Sy,Sz, the non-Hermitian raising and lowering operators
S± can be constructed

S± = Sx ± iSy

which satisfy the following commutation relations:

[Sz, S±] = ±S±, [S+, S−] = 2Sz

The operators Sx , Sy,Sz form the basis of the su(2) algebra. This algebra is simple
(and thus is semisimple) and the metric tensor is proportional to the Kroneker
symbol: gkj = 2δkj. The Cartan subalgebra contains only one element, which is
traditionally chosen to be Sz; thus, the su(2) algebra is of rank 1. The Casimir
operator is given by

C2 = S2
x + S2

y + S2
z = S2

z + 1
2

(S+S− + S−S+)

Any unitary irreducible representation of the su(2) algebra is characterized by a non-
negative integer or a half-integer number S = 0, 1/2, 1, 3/2, . . .; the representation
dimension is N = 2S + 1 and the value of the Casimir operator is (1 + N/2) N/2.
Within each irreducible representation subspace, the basis elements can be chosen
as eigenstates of the Cartan element Sz. Since the pairs (S+, Sz) and (S−, Sz)
form raising and lowering ladder subalgebras, the operator Sz has an equidistant
spectrum

Sz|k, N〉 =
(

k − N

2

)
|k, N〉, 〈m, N|k, N〉 = δmk, k = 0, 1, . . . , N (11.7)

and the following resolution of the identity takes place:

N∑
k=0

|k, N〉〈k, N| = I

The representation of the su(2) algebra in each subspace is constructed in the same
way as was done for the oscillatory algebra and the matrix elements of the operators
S± are

S+|k, N〉 =
√

(k + 1)(N − k)|k + 1, N〉
S−|k, N〉 =

√
k(N − k + 1)|k, N〉
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so that

|k, N〉 =
√

k!(N − k)!

N!
Sk

+|0, N〉, S−|0, N〉 = 0

In terms of the operators Sx , Sy, and Sz, an arbitrary element of the su(2) group can
be parameterized in the following ways:

1. Euler parameterization:

g = e−iϕSz e−iθSy e−iψSz (11.8)

where the Euler angles take values in the intervals

0 ≤ θ < π, −2π ≤ ψ < 2π, 0 ≤ ϕ < 2π

2. Polar parameterization:

g = e−iω(S·n) (11.9)

where S = (
Sx , Sy, Sz

)
is the operator vector and n = (sin � cos �, sin � sin

�, cos �) is the unit vector that indicates the direction of the rotation axis with
the angle ω.

3. Gauss (normal) parameterization:

g = eaS+ebSz ecS− (11.10)

4. Cayley–Klein parameterization: The parameters here are the matrix elements a
and b of the two-dimensional representation (11.6); they are related to the Euler
angles as

g =
[

a b
−b∗ a∗

]
=
 e−i(ϕ+ψ)/2 cos (θ/2) −e−i(ϕ−ψ)/2 sin (θ/2)

ei(ϕ−ψ)/2 sin (θ/2) ei(ϕ+ψ)/2 cos (θ/2)


The su(2) algebra can be realized in terms of boson annihilation and cre-
ation operators a and a†, [a, a†] = 1 (the Holstein–Primakoff realization) in the
following way:

Sz = a†a − N

2
, S+ = a†

√
N − a†a, S− =

√
N − a†aa

The representation space, in this case, is the space of the eigenstates of the
operator n = a†a. However, the square roots that appear in the operators S± cut
out of this infinite-dimensional space an (N + 1)-dimensional subspace with the
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basis, |0〉, |1〉, . . . , |N〉. This subspace is invariant in the sense that the action of the
su(2) representation generators Sj, j = x, y, z on any element of this subspace does
not take it outside this subspace.

Another realization frequently used in applications is the Schwinger real-
ization. In this case, two types of operators a†, a and b†, b are introduced
such that

[a, a†] = 1, [b, b†] = 1, [a, b] = [a†, b] = [a, b†] = [a†, b†] = 0

In terms of these operators, the generators of the su(2) algebra representation can
be written as

Sz = 1
2

(
a†a − b†b

)
, S+ = a†b, S− = b†a

In this realization, besides the Casimir operator, there is another operator N̂ that
commutes with all the operators of the algebra:

N̂ = a†a + b†b

The representation space is the direct product of the spaces of two oscillatory
algebras and the basis in this space is constituted by the eigenstates |na, nb〉 of the
operators n̂a = a†a, n̂b = b†b, and thus, of the operators N̂ and Sz. The construction
of the space begins from the lowest state |0a, 0b〉

a|0a, 0b〉 = b|0a, 0b〉 = 0

by applying the operators a† and b†:

|na, nb〉 = a†na b†nb√
na!nb!

|0a, 0b〉

It can easily be seen that

Sz|na, nb〉 = 1

2
(na − nb) |na, nb〉, N̂|na, nb〉 = (na + nb) |na, nb〉

The standard basis |k, N〉 (11.7) is constructed as

|k, N〉 = (a†)k (b†)N−k√
k!
(
N − k

)
!
|0, 0〉

The subspace with a fixed N = na + nb (eigenvalue of the operator N̂) is invariant
under the action of the generators of the su(2) algebra. Obviously, the value of the
Casimir operator in each invariant subspace is (1 + N/2) N/2.

3. su(n) Group and Algebra
The U(n) group is a group of unitary matrixes in n dimensions. An element of
the U(n) group depends on n2 real parameters and can always be represented
in the form
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U = exp [iH]

where H is a Hermitian matrix and Tr, H = a is a real number. It follows from
this that

| det U| = 1

The su(n) ⊂ U(n) group is a group of unitary n × n matrixes with the determinant
equal to one. It is a compact group of rank n − 1. Any element Ũ of the group
su(N) can be represented in the form

Ũ = exp
[
iH̃
]

, Tr H̃ = 0

and depends on n2 − 1 parameters. The generators of the su(n) algebra are traceless,
which guarantees that det Ũ = 1, Ũ ∈ su(n), since

det Ũ = exp
[
iTr H̃

]
Obviously, any element of the group U(n) can be represented in the following way:

U = exp [iH] = exp
[
i
(

H̃ + a

n
I
)]

= exp
[
iH̃
]

exp
[
i
a

n
I
]

(11.11)

where I is the identity matrix in n dimensions and a is a real number, so that

Tr, H = Tr,
(

H̃ + a

n
I
)

= a

n
Tr, I = a

Note that exp [i I a/n] is an element of the group U(1). Thus, from Eq. (11.11), we
can immediately reach the conclusion that any element of the group U(n) can be
represented as a product of an element of the group su(n) with an element of the
group U(1).

A basis of the su(n) algebra is constituted by n2 − 1 generators. It is convenient
to have in mind the realizations of these generators by the (n × n)-dimensional
hermitian matrices (the n-dimensional representation of the su(n)). There are
n − 1 generators that commute with each other forming the maximal commutative
subalgebra of the su(n) (Cartan subalgebra). The basis exists where these operators
are simultaneously diagonal. Recall that Tr, Hj = 0. Let us denote by eij, the matrix
that has the only unit matrix elements at the intersection of the ith row and the
jth column, and all the other matrix elements are zeros. Then the n-dimensional
realization of the Cartan subalgebra can be chosen as

Hj = en−j,n−j − en−j+1,n−j+1, j = 1, 2, . . . , n − 1

Now we may introduce n − 1 raising and lowering operators (‘‘simple root vectors’’)
E+j, E−j, that correspond to the n-dimensional realization E+j = en−j,n−j+1, E−j =
en−j+1,n−j. They have the following commutation relations with the operators from
the Cartan subalgebra:

[Hj, Hk] = 0[
Hj, E±k

] = ±κj,kE±k[
E+j, E−k

] = δjkHj

Here κj,k is the so-called Cartan matrix, which for su(n), has the form
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κ =

∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 . . . 0
−1 2 −1 . . . 0
0 −1 2 . . . 0
. . . . . . . . . . . . . . .

0 0 0 0 −1
0 0 0 −1 2

∣∣∣∣∣∣∣∣∣∣∣∣∣
The rest of the (n − 1) ∗ (n − 2)/2 raising and lowering operators that corre-
spond in the n-dimensional realization to the matrices ej,k, |k − j| > 1 can now
be obtained by repeating commutation of simple root vectors, [E+m1 , E+m2 ],
[E+m1 , [E+m2 , E+m3 ]], . . . . This construction is called the Cartan–Weyl basis. The
complete set of commutators for the su(3) algebra in the Cartan–Weyl basis can be
found in Section 6.8 (Equations 6.51–6.53).

Representations of the su(n) algebra that are important in applications can be
obtained using the Schwinger method. Let us introduce n2 operators X

jk
± in the

same way as we did for the su(2) algebra:

Xjk = bjb
†
k , k, j = 1, 2, . . . , n

where the operators b†
k and bj satisfy the commutation rules of the algebra h(1):

[bj,b
†
k ] = δjk, [bk, bj] = [b†

k , b†
j ] = 0

and act on the space spanned by the vectors |{nj}n
j=1〉, eigenvectors of the oper-

ators nj = b†
j bj. The operators X

jk
± constructed in this way satisfy the following

commutation relations:

[Xjk, Xnm] = δnkXjm − δjmXnk

The diagonal generators Xnn form an Abelian subalgebra. Now, from the operators
Xnm we can construct new operators Snm with a zero trace by subtracting the
operator

∑
j X j j (which is a constant in each invariant subspace [

∑
j X j j, Xnk] = 0)

from the diagonal operators

S
jk
+ = Xjk, S

jk
− = (Sjk

+)†, k, j = 1, 2, . . . , n, k > j

Snn = Xnn − 1

n

∑
j

X j j,
∑

j

Sj j = 0

and that satisfy the same commutation relations as the operators Xjk. The number
of independent operators is n2 − 1. Another way of constructing diagonal operators
with a zero trace would be

Snn = Xnn − Xn−1 n−1

and we come back to the Cartan subalgebra.
The representation space |n1,n2, . . . , nn〉 is constructed (as in the case of the su(2)

algebra) starting from the state |01,02, . . . , 0n〉 by applying powers of the operators
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b†
j . The matrix elements of the generators of the su(n) algebra in this basis are

obvious, for example,

S
jk
+|n1, . . . , nj, . . . , nk, . . . , nn〉

=
√

nj(nk + 1)|n1, . . . , nj − 1, . . . , nk + 1, . . . , nn〉

Sjk
−|n1, . . . , nj, . . . , nk, . . . , nn〉

=
√

nk(nj + 1)|n1, . . . , nj + 1, . . . , nk − 1, . . . , nn〉

4. The su(1,1) Group and Its Algebra
The group su(1, 1) is defined as the set of 2 × 2 matrices that satisfy the relation

gSg† = S

where g is the element of the group and the matrix S is defined as

S =
[

1 0
0 −1

]
The group element is represented by

g =
[

u v

v∗ u∗

]
, |u|2 − |v|2 = 1

where u = u1 + iu2, v = v1 + iv2 (u1, u2, v1, v2 are real numbers). In terms of the
Euler parameterization, an element of the su(1, 1) group has the form

g (θ, ϕ, ψ) =
 e−i(ϕ+ψ)/2 cosh (τ/2) ei(ψ−ϕ)/2 sinh (τ/2)

e−i(ψ−ϕ)/2 sinh (τ/2) ei(ϕ+ψ)/2 cosh (τ/2)


where the Euler angles change in the intervals

0 ≤ τ < ∞, −2π ≤ ψ < 2π, 0 ≤ ϕ < 2π

Considering the elements of the su(1, 1) group as transformations that act on the

two-dimensional complex vector space
[

z1

z2

]
it can easily be seen that the group

preserves the quadratic form |z1|2 − |z2|2:

g

[
z1

z2

]
=
[

z ′
1

z ′
2

]
, |z1|2 − |z2|2 = |z ′

1|2 − |z ′
2|2

The group manifold is a hyperboloid, and thus it is noncompact. The general
theory of noncompact groups establishes that the unitary representations are all
infinite dimensional, with the exception of the trivial one-dimensional identity
representation. The generators of the su(1, 1) group are operators Ki, i = 0, 1, 2,
that satisfy the commutation relations
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[K1, K2] = −iK0, [K2, K0] = iK1, [K0, K1] = iK2

and form the su(1, 1) algebra. Introducing the raising and lowering operators K±
in the standard form

K± = K1 ± iK2, K+ = (K−)†

we obtain

[K0, K±] = ±K±, [K−, K+] = 2K0 (11.12)

It can be easily seen that the second relation differs in sign from the corresponding
commutation relation for su(2). The Casimir element has the form

C2 = K2
0 − K2

1 − K2
2 = K2

0 − 1

2
(K+K− + K−K+) , [C2, Ki] = 0

In the fundamental (nonunitary) representation the generators of the algebra have
the form

K+ =
[

0 −1
0 0

]
, K− =

[
0 0
1 0

]
, K0 = 1

2

[
1 0
0 −1

]
The su(1, 1) algebra has different series of unitary representations, but we consider
only the discrete series. A basis for an irreducible representation is given by the set
{|µ, k〉}, where k is the representation index. The action of the generators on basis
vectors is

K0|µ, k〉 = µ|µ, k〉
K−|µ, k〉 = νµ|µ − 1, k〉
K+|µ, k〉 = ν̃µ|µ + 1, k〉, ν̃µ = ν∗

µ+1

The value of the Casimir operator in the invariant space |µ, k〉 is equal to

C2 = µ2 − |νµ|2 − µ = µ2 − |̃νµ|2 + µ (11.13)

Determining µmin from the condition νµmin = 0, we have

C2 = µ2
min − µmin

or, defining k = µmin

C2 = k(k − 1)

so that µ = k + m, m = 0, 1, 2, . . . . and

νµ =
√

m(m + 2k − 1)

ν̃µ =
√

(m + 1)(m + 2k)

By construction, the representation k has a lowest state, with µ = k, that satisfies
K−|k, k〉 = 0; any other vector in the basis is constructed by applying the raising
operator K+:
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|µ = k + m, k〉 ∼ Km
+ |µ, k〉

Alternatively, an irreducible representation with a highest vector, satisfying the
condition K+| − k, k〉 = 0, can also be constructed:

|µ = −k − m, k〉 ∼ Km
− | − k, k〉

The value of the Casimir operator in this representation is C2 = k(k − 1).

11.2
Coherent States

In this appendix, we briefly overview the concept of coherent states and we
consider examples of coherent states for the groups H(1) and su(2). We begin with
the standard definition of the coherent states for any Lie group [14, 126].

Let T(g) be an irreducible unitary representation of the Lie group G, which acts
on the Hilbert space H of the states of a quantum system:

|ψ〉 ∈ H, T(g)|ψ〉 = |ψg〉

The subgroup H0 ⊂ G is called a stationary subgroup of the state |ψ0〉 ∈ H if for any
h ∈ H0

T(h)|ψ0〉 = eif (h)|ψ0〉

It is obvious that if H0 is the stationary subgroup of the state |ψ0〉, this state is an
eigenstate for all the generators of the group H0. The Lie algebra corresponding
to the subgroup H0 is called the stationary subalgebra for the state |ψ0〉. Since
the states of a quantum system are defined up to the multiplication by a global
phase, any element of the orbit of the state |ψ0〉, |ψg〉 = T(g)|ψ0〉, can be put in
correspondence with an element of the coset space G/H0.

At this stage, we need to fix, once and for all, a vector |ψ0〉. This fixed vector is
called the fiducial. The set of vectors {|ξg〉} obtained by group transformation of the
fiducial vector are a set of coherent states for the group with respect to the chosen
fiducial vector.

Obviously, because any element of the subgroup H0 returns |ψ0〉 up to a phase,
distinct coherent states are obtained when different elements in the coset G/H0 act
on |ψ0〉:

|ξg〉 = T( g̃ )|ψ0〉

where g̃ ∈ G/H0.

The following properties are satisfied:

1. When applying the operator of a group representation to the state |ψ0〉 a coherent
state is generated (up to a phase):
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T(g)|ψ0〉 = eif (g)|ξ〉, g ∈ G (11.14)

2. The operators of the representation transform a coherent state into another:

T(g1)|ξ〉 = eiβ(g,g1)|ξ1〉 (11.15)

3. The set of coherent states form a basis (overcomplete) in the state space of the
system H:∫

G/H
dµg |ξ〉〈ξ| = I (11.16)

where µg is the invariant measure in the coset space G/H.

In principle, coherent states can be generated from any state |ψ0〉 ∈ H. However,
it has been shown that the states |ψ0〉 that have the largest stationary subgroups
generate coherent states closest to the classical states in the sense that they
minimize the uncertainty relations and (in the case of the compact algebras) also
the fluctuations of the quadratic Casimir operator.

An important class of coherent state systems corresponds to the coset spaces G/H
that are homogeneous Kahlerian manifolds. Then, a natural symplectic structure
can be introduced on the manifold G/H, so that it can be considered as a phase
space of a classical dynamical system.

11.2.1
Examples

1. Heisenberg–Weyl Group H(1)
The representation space of the group (space of the states of the harmonic oscillator)
is formed by the vectors

|n〉 = (a†)n

√
n!

|0〉

where |0〉 is the vacuum state, which is annihilated by the operator a: a|0〉 = 0.
First, we note that the state that has the largest stationary subgroup is the vacuum
state, since the corresponding stationary subalgebra contains two elements (I, a).
In other words, the operator that corresponds to the element of the group (s; 0, 0)
leads to the multiplication of the state |0〉 by a phase

T(s; 0, 0)|0〉 = eis|0〉

and the operator that corresponds to the element (0, x, 0) leaves the state |0〉
invariant. A general element of the group has the standard form

T(g) = D(α) eis, D(α) = exp
[
αa† − α∗a

]
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According to the definition, the coherent states are generated by applying the
displacement operator D(α) to the vacuum state |0〉 and different coherent states
correspond to the different values of α:

D(α)|0〉 = |α〉

Each coherent state |α〉 is labeled by an element of the coset space H(1)/H,
which is a complex plane (Re α, Im α) and coincides with the phase space for the
corresponding classical system. Introducing the operators

q̂ = a + a†

√
2

, p̂ = a − a†

i
√

2

we obtain that their averages over the coherent states

〈α|q̂|α〉 = α + α∗
√

2
= q, 〈α|p̂|α〉 = α − α∗

i
√

2
= p

with fluctuations given by

σq = 〈α|q̂2|α〉 − 〈α|q̂|α〉2 = 1

2

σp = 〈α|p2|α〉 − 〈α|p|α〉2 = 1

2

It is worth noting that the relation σq = σp, is invariant under rotation in the
(Re α, Im α) plane.

In terms of real-valued variables (q, p) the symplectic structure on the plane R2

is given as follows:

{ f , g} = ∂pf ∂qg − ∂qf ∂pg

and the canonical coordinates (q, p), which satisfy {p, q} = 1, define the invariant
2-form ω = dp ∧ dq. The symmetry group H(1) acts on R2 as (s; x, y)(q, p) =
(q + y, p − x).

In the plane (Re α, Im α), a coherent state can be represented as a circle with
radius 1/2 centered at the point (x0, p0). The invariant measure in this space is

dµ = 1
π

d2α = 1
π

d (Re α) d (Im α)

so that the resolution identity (11.16), reads

1
π

∫
d2α|α〉〈α| = I

The coherent states |α〉 form a nonorthogonal (overcomplete) basis

|〈α|β〉|2 = exp
[|α − β|2]

in the representation space of the group.
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Obviously, the operators D(α) do not form a group:

D(α)D(β) = exp
[
iIm

(
αβ∗)]D(α + β)

They transform a coherent state into another D(α)|β〉 = exp [iIm (αβ∗)] |α + β〉. It
is known that the coherent states |α〉 are maximally classical, in the sense that they
minimize the Heisenberg–Robertson uncertainty relation.

2. su(2) Group
Let us consider the unitary, irreducible representation of dimension N + 1; the
value of the Casimir operator is (1 + N/2) N/2. The basis set, formed by the
eigenstates of Sz operator, |k, N〉, k = 0, 1, . . . , N is constructed from the state
|0, N〉 (S−|0, N〉 = 0) by applying the raising operator S+:

|k, N〉 =
√(

N − k
)
!

k!N!
Sk

+|0, N〉

The state |0, N〉 has a maximum stationary subalgebra, formed by the operators Sz

and S−. The elements exp(iψSz) form a subgroup U(1) of the group su(2) and are
reduced to a phase when applied to the state |0, N〉:

exp (iψSz) |0, N〉 = exp
(−iψN

2

)
|0, N〉

Note that any element of the su(2) group can be represented in the form g = g̃H,
where H = U(1) is a subgroup of su(2) formed by the diagonal matrices of the type exp

(−iψ
2

)
0

0 exp
(

iψ

2

)


and g̃ are elements of the coset su(2)/U(1) having the form[
a −b
b∗ a

]
, a2 + |b|2 = 1, a > 0

where

a = cos (θ/2), b = e−ϕ/2 sin (θ/2)

From this, one can show that the quotient space su(2)/U(1) is isomorphic to
the sphere S2. It is convenient to identify points of a unit sphere by vectors
n = (sin θ cos ϕ, sin θ sin ϕ, cos θ). In fact, the sphere S2 is the homogeneous space
of the su(2) group: the action of su(2) elements maps points on the sphere to other
points on the sphere, g · n = n′ ∈ S2. In particular, g(ϕ, θ, 0)n0 = n, n0 = (0, 0, 1),
where g(ϕ, θ, ψ) is defined in Equation 11.8. The corresponding symplectic structure
is defined by the Poisson brackets

{ f , g} = 1

sin θ

(
∂ϕf ∂θg − ∂θf ∂ϕg

)
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The canonical coordinates are (ϕ, cos θ): {ϕ, cos θ} = 1 and the invariant 2-form is
ω = sin θ dθ ∧ dϕ.

The elements of the quotient space su(2)/U(1) can be represented in the form
exp

[−θ/2
(
S+ e−iϕ − S− eiϕ

)]
. Since any element T(g) in su(2) can be factored as a

product

T(g) = T(g̃)T(h)

where g̃ ∈ su(2)/U(1) and h ∈ U(1), coherent states for a given irreducible repre-
sentation are obtained by application of the operator

D(θ, ϕ) = exp
[
− θ

2

(
S+ e−iϕ − S− eiϕ)]

D†(θ, ϕ) = D−1(θ, ϕ) = D(−θ, ϕ)

on the state |0, N〉.
One can write the operator D(θ, ϕ) in the disentangled form:

D(ξ) = eξS+eηSze−ξ∗S−

where

ξ = − tan
(

θ

2

)
e−iϕ, η = ln

(
1 + |ξ|2)

Since

eηSz |0, N〉 = (
1 + |ξ|2)−N/2 |0, N〉

we obtain

|ξ〉 = D(ξ)|0, N〉 = (
1 + |ξ|2)−N/2

exp [ξS+ ] |0, N〉
Thus, expanding exp(ξS+) in series, we obtain coherent states as an expansion over
the basis states of the irreducible representation:

|ξ〉 = (
1 + |ξ|2)−N/2

N∑
k=0

√
N!(

N − k
)
!k!

ξk|k, N〉 (11.17)

Alternatively, one can use the angular parameterization

|ξ〉 = |θ, ϕ〉 =
N∑

k=0

√
N!

k!(N − k)!
e−ik ϕ

(
− sin

θ

2

)k

cos N−k θ

2
|k, N〉

It can easily be seen that the change in the parameters (θ, ϕ) that determine a
point on the sphere S2 to a complex parameter ξ = −e−iϕ tan θ/2 is simply the
stereographic projection of the point on the unit sphere with coordinates (θ, ϕ) to
the complex plane (tangent to the sphere at the north pole) from the south pole.

The coherent states form an overcomplete set: the resolution of unity for the
su(2) reads
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N + 1
4π

∫
d�|θ, ϕ〉〈θ, ϕ| = I, d� = sin θ dθdϕ

or in the complex plane

N + 1

π

∫
dµξ|ξ〉〈ξ| = I, dµξ = d2ξ(

1 + |ξ|2)2

The states |θ, ϕ〉 are not orthogonal and can be shown to satisfy

|〈θ1, ϕ1|θ2, ϕ2〉|2 =
(

1 + n1 · n2

2

)N

The coherent states minimize the fluctuations of the Casimir operator S2 =
S2

x + S2
y + S2

z:

∆S2 = 〈S2〉 −
∑

k=x,y,z

〈Sk〉2 = N

2

where the average is taken over coherent states. Thus, in this sense, the coherent
states are the states closest to the classical state. Finally, the state |ξ〉 are eigenstates
of the operator (n · S):

(n · S)|ξ〉 = −N

2
|ξ〉

which is a simple consequence of the transformation property D(ξ)SzD†(ξ) =
(n · S).

11.3
Linear Systems

We say that a quantum system is linear if its Hamiltonian is a linear form on the
generators of a representation of some (finite dimensional) Lie algebra:

H =
∑

j

µj(t, C) Lj (11.18)

where µi(t, C) are the coefficients that can depend on the time and, also, on the
Casimir operators C of the algebra, and

[Lj, Lk] =
∑

l

cjkl Ll (11.19)

Let us denote the corresponding representation of the Lie algebra by T(g).

Applying transformations from the group to the elements of the algebra,

T(g)LjT
†(g) =

∑
k

αjk(g)Lk (11.20)



300 11 Appendices

we obtain the representation of the Lie group acting in the Lie algebra space. In
other words, the the elements of the algebra are transformed among themselves.
For instance, if Lj are the su(2) generators, we have

T(g)SjT
†(g) =

∑
k

SkD1
kj(g)

and ‘‘quantum’’ transformation of operators is reduced to the common rotation of
the (operator) vector in the real space. This is the crucial point that allows us to
treat analytically the systems described with Hamiltonian of the type (11.18). We
consider two cases:

1. We need to find a spectrum of the the time-independent Hamiltonian of type
(11.18). In this case, owing to (11.20), a unitary transformation (an operator
from the group representation) exists that diagonalizes the Hamiltonian (11.18).
In other words, there is an operator T(g) such that

T(g)HT−1(g) =
∑

k

αkhk = Hd

where hk are elements of the Cartan subalgebra. From here, it immediately
follows that the spectrum of a linear system is equidistant, or is a superposition
of equidistant spectra. The eigenstates |ψn〉 of the Hamiltonian (11.18) are
connected with the eigenstates |ψ̃n〉 of the diagonal Hamiltonian Hd in the
following way:

|ψn〉 = T−1(g)|ψ̃n〉

2. The Hamiltonian (11.18) depends explicitly on time (time-independent Hamil-
tonians obviously are also included as a particular case) and it is required to find
the evolution operator U(t, t0) that satisfies the Schrödinger equation

iU̇(t, t0) = HU(t, t0), U(t0, t0) = I (11.21)

Owing to the property (11.20), the evolution operator can be represented in the
form of the product

U(t, t0) = �k exp
[
λk(t)Lk

]
(11.22)

where the coefficients λk(t) are solutions of a system of first- order ordinary
differential equations (in general, nonlinear) that are obtained by substituting
the evolution operator in the form (11.22) into the Schrödinger equation and
they are equal to the coefficients of the generators themselves.
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We apply these two approaches to the following examples:

1. A harmonic oscillator under the influence of an external (time-dependent) force,
which is described by the Hamiltonian

H = ωa†a + f (t)a + f (t)∗a† (11.23)

2. N two-level atoms prepared in a symmetric state in an external field, described
by the Hamiltonian

H = ωSz + f (t) S+ + f (t)∗ S−, (11.24)

where the operators Sz, S+, S− are generators of the su(2) algebra.

11.3.1
Diagonalization of the Time-independent Hamiltonian

1. Harmonic Oscillator with a Constant Force f (t)=const)
The Hamiltonian (11.23) is linear on the elements of the oscillatory algebra. The
unitary transformation

U = exp

[
a†f

ω
− a f

ω

]
= D

(
f

ω

)
diagonalizes the Hamiltonian:

UHU† = ω a†a − | f |2
ω

Eigenstates |ψn〉 of the Hamiltonian (11.23) are related to the standard basis |n〉,
a†a|n〉 = n|n〉 in the following way:

|ψn〉 = D(−f /ω)|n〉

2. Atomic System in a Constant External Field
To diagonalize the Hamiltonian (11.24), it is convenient to rewrite it in terms of
Hermitian operators Sx , Sy, Sz:

H = ωSz + gxSx + gy Sy (11.25)

where gx = 2Ref , gy = −2Imf . The method consists of two steps. First we apply
the transformation

U1 = exp (iλ Sx)

to the Hamiltonian (11.25), where the parameter λ is selected in such a way that
the terms proportional to Sy in the transformed Hamiltonian cancel out. Using the
transformation rules

eiλ Sx Sze−iλ Sx = Sz cos λ + Sy sin λ

eiλ Sx Sye−iλ Sx = Sy cos λ − Sz sin λ
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we obtain

H1 = U1HU†
1 = (

ω cos λ − gy sin λ
)

Sz + gxSx, tan λ = −gy/ω

Now we apply the second transformation

U2 = exp
(
iµ Sy

)
where the parameter µ is selected in such a way that the terms proportional to Sx

in the transformed Hamiltonian with U2 are canceled out. Using

eiµ Sy Sze−iµ Sy = Sz cos µ − Sx sin µ

eiµSy Sxe−iµ Sy = Sx cos µ + Sz sin µ

we obtain

H2 = U2 H1U†
2 = [(

ω cos λ − gy sin λ
)

cos µ + gx sin µ
]

Sz

cot µ = gx√
ω2 + g2

y

Finally, the diagonalized Hamiltonian takes the form

H2 = � Sz, � =
√

ω2 + g2
x + g2

y

The eigenstates |ψ〉 of the Hamiltonian (11.25) are related to the states of the
standard basis |k, N〉 by

|ψ〉 = U†
1 U†

2 |k, N〉

11.3.2
Evolution Operator

1. Harmonic Oscillator with a Time-dependent Force
Let us look for the evolution operator in the disentangled normal form

U (t) = C(t)eα(t) a†aeβ(t) a†
eγ(t) a (11.26)

Substituting (11.26) into equation (11.21) we obtain

i
(

Ċ

C
+ α̇ a†a + β̇eα a†aa†e−α a†a + γ̇eα a†aeβa†

ae−β a†
e−α a†a

)
U(t)

= (ωa†a + f (t)a + f (t)∗a†)U(t)

Using the relations

eβa†
ae−β a† = a − β, eα a†aa†e−α a†a = a†eα, eα a†aae−α a†a = ae−α
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and taking into account that U(t) never takes zero values, we obtain

i
Ċ

C
+ iα̇ a†a + iβ̇eαa† + iγ̇

(
ae−α − β

) = ωa†a + f (t)a + f (t)∗a†

We now equal the coefficients of the operators themselves. This leads to the
following system of ordinary differential equations:

Ċ

C
= γ̇β, iα̇ = ω, iβ̇eα = f (t)∗, iγ̇e−α = f (t)

The parameters should satisfy the initial conditions C(0) = 1, α(0) = β(0) =
γ#(0) = 0 (which are the consequences of the condition U(0) = I).

2. Atomic System in an External Field
We look for the evolution operator in the normal disentangled form

U (t) = eα(t)S+eβ(t)Sz eγ(t)S− (11.27)

Substituting Equation 11.27 into Equation 11.21, we obtain

i
(
α̇S+ + β̇eαS+Sze−αS+ + γ̇eαS+eβSz S−e−βSze−αS+

)
U(t)

= (
ω0Sz + f (t)S+ + f (t)∗S−

)
U(t)

Using the following relations

eαS+Sze−αS+ = Sz − αS+

eβSzS−e−βSz = e−βS−

eαS+S−e−αS+ = S− + 2αSz − α2S+

we obtain

iα̇S+ + iβ̇ (Sz − αS+) + iγ̇e−β
(
S− + 2αSz − α2S+

)
= ω0Sz + f (t)S+ + f (t)∗S−

Now we equal the coefficients of the same operators. This leads us to the system of
ordinary differential equations

i
(
α̇ − β̇α − γ̇e−βα2) = f (t), i

(
β̇ + 2γ̇e−βα

) = ω0, iγ̇e−β = f (t)∗

which should satisfy the initial conditions α (0) = β (0) = γ (0) = 0 (these are the
consequences of the condition U(0) = 1).

11.3.3
Reference Formulas

For reference purposes, we list the decomposition formulae (which can be obtained
by using the methods of this appendix) of the generic element for different
groups.
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H(1) group:

exp
[
α+a† + α−a

] = exp
(−|α|2

2

)
exp

(
α+a†) exp (α−a)

su(2) group:

exp [ωSz + α+S+ + α−S−] = exp (β+S+) exp
(
ln β0Sz

)
exp (β−S−) (11.28)

where

β0 =
(

cosh � − ω

2�
sinh �

)−2
, β± = 2α± sinh �

2� cosh � − ω sinh �
,

�2 = ω2

4
+ α+α−

su(1, 1) group:

exp [ωK0 + α+K+ + α−K−] = exp (γ+K+) exp
(
ln γ0K0

)
exp (γ−K−) (11.29)

where

γ0 =
(

cosh � − ω

2�
sinh �

)−2
, γ± = 2α± sinh �

2� cosh � − ω sinh �
,

�2 = ω2

4
− α+α−

Integration of a Gaussian function over the complex plane:

1

π

∫
d2z exp

(
αz + βz∗ − γ|z|2) = 1

γ
exp

(
αβ

γ

)

11.4
Lie Transformation Method

In this appendix, we briefly describe the Lie transformation method (which we
will also call ‘‘small rotations’’). The small-rotation method [24], [124] offers a
regular procedure to approximately obtain Hamiltonians that describe effective
dynamics of nonlinear quantum systems. The idea of this method is based on the
observation that various Hamiltonians in quantum optics can be written in terms
of polynomially deformed algebras slpd(2, R) [92]

Hint = ∆ X0 + g (X+ + X−) (11.30)

where the operators X ± and X0 are generators of the deformed algebra and satisfy
the following commutation relations:

[X0, X ±] = ±X ±, [X+, X−] = P(X0) (11.31)
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where P(X0) is a polynomial function of the diagonal operator X0 with coefficients
that depend on some integrals of motion Nj. If P(X0) is a linear function of
X0, the usual sl(2, R) or su(2) algebras are obtained. If for some physical reason
(which depends on the particular model being considered), η = g/∆ 
 1 is a
small parameter, the Hamiltonian (11.30) is almost diagonal in the basis of the
eigenstates of X0 and can be approximately diagonalized by applying the following
unitary transformation in a perturbative way (a small nonlinear rotation)

U = exp [η (X+ − X−)] (11.32)

By applying the transformation (11.32) to the Hamiltonian (11.30), and according
to the standard expansion

eηABe−ηA =
∞∑

k=1

ηk

k!
adk

A(B) (11.33)

where adA is the adjoint operator defined as adA(B) = [A, B], we obtain

Heff = UHintU
† = ∆ X0 + g

∞∑
k=1

ηk k

(k + 1)!
adk

T (X+ + X−) (11.34)

where T = X+ − X−. Considering that, owing to Equation 11.31

adT (X0) = [T , X0] = − (X+ + X−)

the effective Hamiltonian acquires the following form:

Heff = ∆ X0 + gη
∞∑

k=0

′ηk
[
Xk

+fk(X0, η) + h.c.
]

(11.35)

where fk(X0, η) is a function of the diagonal operator X0 and can be represented as
a series on η:

fk(X0, η) = 2
(
k + 1

)(
k + 2

)
!
∇k+1φ(X0) + O(η)

where φ(X0) = X+X− is the so-called structural function, so that ∇φ(X0) = φ(X0) −
φ(X0 + 1) = P(X0); ( ′) in Equation 11.35 means that the term with k = 0 is taken
with the coefficient 1/2. The unitary character of (11.32) ensures that Heff has the
same spectrum as Hint (so they are physically equivalent).

Conserving only terms up to the order η, we obtain

Heff = ∆ X0 + ηg∇φ(X0) (11.36)

and, in a first approximation, the resulting effective Hamiltonian is diagonal in the
basis of the eigenstates of X0.

The higher order contributions always have the form Xk+fk(X0) + h.c. + g(X0).
This makes the procedure of eliminating nondiagonal terms at each step trivial,
in the sense that it is always obvious that a transformation should be applied. For
example, to eliminate terms of the form
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ηl[Xk
+fk(X0) + fk(X0)Xk

−]

it is sufficient to apply the transformation

exp

(
ηl+1

k
Tk

)
(11.37)

with Tk = Xk+fk(X0) − fk(X0)Xk−, since the first commuter of ∆ X0 with (ηl+1/k)Tk

cancels out the corresponding term in the Hamiltonian.
Since the transformed Hamiltonian is of the form of an expansion of the

small parameter η, it is clear that its eigenvalues coincide with those obtained
using the standard perturbative theory. The advantage of this method consists in
obtaining effective Hamiltonians in an operator form, which allows us to avoid the
time-consuming calculation of series of matrix elements.

This technique also allows us to obtain corrections to the eigenvalues of the
Hamiltonian (11.30) in a simple way. Indeed, it can be easily seen that the
eigenvalues of the interaction Hamiltonian (11.30) are approximated as

|�m〉 = U†|m〉

where |m〉 is an eigenvalue of the diagonal operator X0 and U is the corresponding
small rotation operator. Since the rotation operators and |m〉 are time independent,
the operator U can be applied to |m〉 in the form of an expansion of η. For example,
the eigenstate |�m〉 up to order η2 is of the form

|�m〉 = |m〉 − η(X+ − X−)|m〉 + η2

2
{(X2

+ + X2
−) − [φ(X0) + φ(X0 + 1)]}|m〉

This representation is specially advantageous if we construct the state space for the
model as a space representation of the deformed su(2) algebra using the raising
operator X+: |m〉 ∝ Xm+ |0〉, where |0〉 is the lowest vector that satisfies the standard
condition X−|0〉 = 0.

11.5
Wigner d Function

In this appendix, we provide an overview of some properties of the Wigner d
function. In the Euler parameterization, the finite rotation element of the SU(2)
group is written as

g(ϕ, θ, ψ) = e−iϕSz e−iθSy e−iψSz

and its matrix elements in the standard basis of the angular momentum |p, S〉,
k, p = −S, . . . , S have the form

DS
kp(ϕ, θ, ψ) = 〈k, S|T(g)|p, S〉 = e−i(ϕk+ψp)〈k, S|e−iθSy |p, S〉 (11.38)
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Here, matrix elements that correspond to the rotation around the y axis are real;
they are called Wigner dS(θ) functions

dS
kp (θ)=〈k, S|e−iθSy |p, S〉 (11.39)

=
√(

S − k
)
!(S − p)!(

S + k
)
!(S + p)!

cot k+p θ/2∑ S

j=max(k,p)

(−1)j−k(S + j)! sin 2jθ/2

(S − j)!(j − k)!(j − p)!

Functions DS
kp(ϕ, θ, ψ) satisfy the following orthogonality relations:∫

dVDS
kp(ϕ, θ, ψ)∗DS′

k′p′ (ϕ, θ, ψ) = 16π2

2S + 1
δkk′δpp′δSS′

where the volume element of the SU(2) group is dV =sin θ dθ dϕ dψ, and the
completeness relations∑

S,k,p

(2S+ 1) DS
kp(ϕ, θ, ψ)∗DS

kp(ϕ′, θ′, ψ′)

= 16π2δ
(
ϕ−ϕ′) δ

(
cos θ − cos θ′) δ (ψ − ψ′)

Therefore, any function on the group SU(2) can be expanded in the basis
DS

kp(ϕ, θ, ψ).

The element DS
kp(ϕ, θ, ψ) is related to the spherical harmonics in the follow-

ing way,

DS
k0(ϕ, θ, ψ)∗ =

√
4π

2S + 1
YSk(ϕ, θ), S = 0, 1, 2, . . . − S ≤ k ≤ S (11.40)

which are essentially the associated Legendre polynomials Pk
S(cos θ),

YSk(ϕ, θ) = (−1)k

√
(2S + 1)

(
S − k

)
!

4π
(
S + k

)
!

Pk
S(cos θ)eikϕ (11.41)

Y∗
Sk(ϕ, θ) = (−1)kYS −k(ϕ, θ)

In particular,

YS0(ϕ, θ) =
√

2S + 1
4π

PS(cos θ)

where PS(cos θ) are the Legendre polynomials. The spherical harmonics form an
orthonormal basis for the measure d� = sin θ dθ dϕ on the sphere S2∫

YSk(ϕ, θ)Y∗
S′m(ϕ, θ)d� = δkmδSS′ (11.42)

and, in particular, when S′ = 0∫
YSk(ϕ, θ)d� =

√
4π δk0δS0 (11.43)
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For a given group element g, the angles (ϕ, θ) define a point on the sphere with
coordinates n = (sin θ cos ϕ, sin θ sin ϕ, cos θ), so that the spherical harmonics can
be written as YSk(�n). From the group multiplication low

g(ϕ, θ, ψ)g(ϕ0, θ0, ψ0) = g(ϕ1, θ1, ψ1) (11.44)

it follows that the unit vector n is transformed as g · n0 = n1, where explicit
formulas for the components of n0 can easily be found. Rewriting Equation 11.44
in the group representation, we have∑

m

DS
pm(ϕ, θ, ψ)DS

m0(ϕ0, θ0, ψ0) = DS
p0(ϕ1, θ1, ψ1)

From Equation (11.40, we find that the spherical harmonics are transformed
as follows:

YSp(g · n0) =
S∑

m=−S

YSm(n0)DS
mp(g) (11.45)

In applications, the following summation rule is important:

S∑
k=−S

YSk(ϕ, θ)Y∗
Sk(ϕ′, θ′) = 4π

2S + 1
PS(cos ω)

where ω is the angle between the points n = n(ϕ, θ) and n′ = n(ϕ′, θ′), cos ω =
cos θ cos θ′ + sin θ sin θ′ cos(ϕ − ϕ′).

The analog of the δ function in the sphere (the reproductive kernel) is the sum

2S∑
l=0

l∑
k=−l

Ylk(n)Y∗
lk(n′) = δ(n, n ′), n, n′ ∈ S2 (11.46)

such that∫
f (n)δ(n, n′)d� = f (n′)

for any function f (n) defined on the sphere.
In terms of the Dicke states, which form a basis in (N + 1)-dimensional Hilbert

space of the atomic system, the d function

dN
mn (θ) = 〈m, N| e−iθSy |n, N〉

is obtained from the formula (11.39) by substituting N = 2S, k = m − N/2,
p = n − N/2, and changing the summation index (j → l = N/2 − j):

dN
mn (θ) = Nnm cotm+n−N θ

2

min(N−m,N−n)∑
l=0

(−1)N−n−l
(
N − l

)
! sin N−2lθ/2

l!
(
N − l − m

)
!
(
N − l − n

)
!

where

Nnm =
√

(N − m)! (N − n)!

m!n!
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For N = 1,

d1 (θ) =
 cos (θ/2) − sin (θ/2)

sin (θ/2) cos (θ/2)


For N = 2,

Sy = 1√
2

 0 −i 0

i 0 −i

0 i 0

 ,

d2(θ) = 1

2

 1 + cos θ −√
2sin θ 1 − cos θ√

2 sin θ 2 cos θ −√
2 sin θ

1 − cos θ
√

2 sin θ 1 + cos θ


Sometimes, instead of using matrix elements 〈m, N| e−iθSy |n, N〉, which are real

but not symmetric, the symmetric matrix elements
〈
m, N|eiθSx |n, N

〉
called the

PN
mn(θ) function are used

PN
mn(θ) = 〈

m, N|eiθSx |n, N
〉

It is easy to find the relation between the d and P functions. Owing to the relation

Sx = eiSzπ/2 Sy e−iSzπ/2

we have

PN
mn(θ) = im−ndN

mn (−θ)

For example,

P1 (θ) =
 cos (θ/2) i sin (θ/2)

i sin (θ/2) cos (θ/2)



P2(θ) =



1 + cos θ

2
i
sin θ√

2
−1 − cos θ

2

i
sin θ√

2
cos θ i

sin θ√
2

−1 − cos θ

2
i
sin θ√

2

1 + cos θ

2


The P function is symmetric: PN

mn(θ) = PN
nm(θ). It is also clear that

PN
NN(θ) = cosN θ

2 , PN
N0(θ) = iN sinN θ

2

PN
Nk(θ) = iN−k

√
N!

(N−k)!k!
sinN−k θ

2 cosk θ
2
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The summation rule for the P functions has the form

N∑
k=0

PN
mk(θ1)PN

kn(θ2) e−ikξ = e−iξN/2ei(ϕ+ψ)N/2e−i(ϕm+ψn)PN
mn(θ)

where

cos θ = cos θ1 cos θ2 − sin θ1 sin θ2 cos ξ

exp(iϕ) = sin θ1 cos θ2 + cos θ1 sin θ2 cos ξ + i sin θ2 sin ξ

sin θ

exp
[

i
(ϕ + ψ)

2

]
= cos θ1/2 cos θ2/2 eiξ/2 − sin θ1/2 sin θ2/2 e−iξ/2

cos θ/2

In particular, in the case when ξ = 0 and θ1 + θ2 < π, then θ = θ1 + θ2, ϕ = ψ = 0,
and the summation formula is transformed into

N∑
k=0

PN
mk(θ1)PN

kn(θ2) = PN
mn(θ1 + θ2)

If ξ = 0 and θ1 + θ2 > π, then θ = 2π − θ1 − θ2 and ϕ = ψ = π, which yields

(−1)n+m−N
N∑

k=0

PN
mk(θ1)PN

kn(θ2) = PN
mn(θ1 + θ2)

It can easily be seen that the following relation holds:

N∑
k=0

PN
mk(θ)PN

kn(−θ) = PN
mn(0) = δmn

The following integral representation for the function PN
mk(θ) is useful in applica-

tions:

PN
mk (θ) = 1

2π

√ (
N − k

)
! k!

(N − m)! m!

∫ 2π

0
dz ei(k−N/2)z

×
[

cos
θ

2
eiz/2 + i sin

θ

2
e−iz/2

]N−m [
cos

θ

2
e−iz/2 + i sin

θ

2
eiz/2

]m

The related sum rules are

N∑
m=0

dN
mn (θ) zm√

m! (N − m)!
= 1√

n! (N − n)!

(
z cos

θ

2
− sin

θ

2

)n

×
(

z sin
θ

2
+ cos

θ

2

)N−n
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N∑
m=0

N∑
n=0

N! dN
mn (θ) zm

1 zn
2√

m!n! (N − m)! (N − n)!

=
[

z1 sin
θ

2
+ cos

θ

2
+ z2

(
z1 cos

θ

2
− sin

θ

2

)]N

11.6
Irreducible Tensor Operators

In this appendix, we use the angular momentum basis |p, S〉, k, p = −S, . . . , S.
The irreducible tensor operators (ITO) for the su(2) group are defined

as follows:

T̂
(S)
LM =

√
2L + 1
2S + 1

S∑
m,m′=−S

CS,m′
S,m;L,M |S, m′〉 〈S, m| (11.47)

where CS,m′
S,m;L,M is the Clebsch–Gordan coupling coefficient for two angular

momenta of size S giving the total momentum 0 ≤ L ≤ 2S with the projection−L ≤
M ≤ L. The ITO satisfy the following resolution of the identity:

2S∑
L=0

L∑
M=−L

T̂
(S)†
L,M T̂

(S)
L,M = I (11.48)

Under the transformations of the group, the ITO are transformed in the following
way:

T(g)T̂ (S)
LMT−1(g) =

L∑
K=−L

D
(L)
KM(g)T̂ (S)

LK (11.49)

where D
(L)
KM(g) are the matrix elements of T(g) (Equation 11.38).

The ITO satisfy the following commutation relation with the generators of the
su(2) algebra:[

Sz, T̂
(S)
LM

]
= MT̂

(S)
LM,[

S±, T̂
(S)
LM

]
=
√

(L ± M + 1) (L ∓ M)T̂
(S)
LM±1

The ITO form the basis in the space of operators acting in (2S + 1)- dimensional
Hilbert space, so that any (2S + 1)×(2S + 1) matrix can be represented as a linear
combination of the ITO:

Â =
2S∑

L=0

L∑
M=−L

aLMT̂
(S)
L,M



312 11 Appendices

where

aLM = Tr
(

Â T̂
(S)†
LM

)
, T̂

(S)†
L,M = (−1)M T̂

(S)
L−M

If the operator Â is self-conjugated, Â = Â†, then a∗
LM = (−1)M aL−M. In particular,

we have

Sx = AS

(
T̂1−1 − T̂11

)
, Sy = iAS

(
T̂1−1 + T̂11

)
(11.50)

Sz =
√

2AST̂10, AS =
√

S (S + 1) (2S + 1)

6

I = √
2S + 1T̂00 (11.51)

An arbitrary element of the (2S + 1)-dimensional irreducible representation of the
su(2) group is expanded in the basis of the ITO as follows:

e−iy·S =
√

4π√
2S + 1

2S∑
L=0

L∑
M=−L

(−i)L χS
L(ω) Y∗

L,M (n) T̂
(S)
L,M (11.52)

where y = ωn, n = (cos ϕ sin θ, sin ϕ sin θ, cos θ), S = (Sx , Sy, Sz) and χS
L(ω) are the

generalized characters, defined as

χS
L(ω) = iL

S∑
M=−S

e−iMωCSM
SM,L0 (11.53)

It can be easily seen that χS
L=0(ω) = χS(ω) is the standard character of the group

su(2)

χS(ω) =
S∑

M=−S

e−iMω = sin (S + 1/2)ω

sin ω/2

The generalized characters χS
L(ω) have two important orthogonality relations∫ 2π

0
dωχS

L(ω) χS
L′ (ω) = 2π δL,L′

2S + 1
2L + 1

(11.54)

∫ 2π

0
dω sin2 ω

2
χS

L(ω) χS′
L (ω) = 2π δS,S′ (11.55)

We list some other properties of the ITO:

1. The expansion of the product of two ITO

T̂
(S)
L1M1

T̂
(S)
L2M2

=
2S∑

L=0

(−1)2S+L
√

(2L1 + 1) (2L2 + 1)

×
{

L1 L2 L
S S S

}
CLM

L1M1;L2M2
T̂

(S)
LM
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2. Traces of ITO products

Tr
(

T̂
(S)
LM

)
= √

2S + 1δL0δM0,

Tr
(

T̂
(S)
L1M1

T̂
(S)
L2M2

)
= (−1)M1δL1L2δM1−M2

Tr
(

T̂
(S)
L1M1

T̂
(S)
L2M2

T̂
(S)
L3M3

)
= (−1)2S+L3+M3

√
(2L1 + 1) (2L2 + 1)

×
{

L1 L2 L3

S S S

}
CL3−M3

L1M1;L2M2
T̂

(S)
LM

where
{

L1 L2 L3

S S S

}
are the 6-j symbols;

3. The ‘‘scalar’’ product of two ITO yields the so-called swapping operator

2S∑
L=0

L∑
M=−L

(
T̂

(S)
L,M

)
mm′

(
T̂

(S)†
L,M

)
kk′ = δmk′δm′k (11.56)

The matrix elements of the ITO 〈ϑ, ϕ| T̂
(S)
L,M|ϑ, ϕ〉 in the basis of angular momentum

coherent states (10.25),

|ϑ, ϕ〉 = D(S)(ϕ, ϑ, 0)|S, S〉

where

D(S)(ϕ, ϑ, 0) = exp(−iϕSz) exp(−iϑSy)

are easily evaluated:

〈ϑ, ϕ| T̂
(S)
L,M|ϑ, ϕ〉 = 〈S, S|D(S)†(ϕ, ϑ, 0) T̂

(S)
L,MD(S)(ϕ, ϑ, 0)|S, S〉

=
L∑

p=−L

D
(L)
Mp(ϕ, ϑ, 0)∗〈S, S|T̂ (S)

L,p|S, S〉

=
√

2L + 1

2S + 1

L∑
p=−L

D
(L)
Mp(ϕ, ϑ, 0)∗CS,S

S,S;L,pδp0

which finally yields

〈ϑ, ϕ| T̂
(S)
L,M|ϑ, ϕ〉 =

√
4π

2S + 1
CS,S

S,S;L,0YLM(ϑ, ϕ) (11.57)

where YLM(ϕ, ϑ) are the spherical harmonics (Equation 11.41) and the coefficient
CS,S

S,S;L,0 is expressed in the closed form as
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CS,S
S,S;L,0 = (2S)!

[
2S + 1

(2S − L)!(2S + L + 1)!

]1/2

Equation 11.57 implies that the ITO can also be represented in the form of a
decomposition on the coherent states projectors:

T̂
(S)
L,M =

√
2S + 1

4π

(
CS,S

S,S;L,0

)−1
∫

d�|ϑ, ϕ〉〈ϑ, ϕ|YLM(ϑ, ϕ)
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86 Wódkiewicz, K. and Eberly, J.H.
(1976) Annals of Physics, 101, 574.

87 (a) Castro-Beltrán, H.M.,
Chumakov, S.M. and Sánchez-
Mondragón, J.J. (1996) Optics
Communications, 129, 184;
(b) Castro-Beltrán, H.M.,
Chumakov, S.M. and
Sánchez-Mondragón, J.J. (1996)
Physical Review A, 53, 4420.

88 (a) Chumakov, S.M., Klimov, A.B.
and Sanchez-Mondragon, J.J.
(1994) Physical Review A, 49, 4972;
(b) Knight, P.L. and Shore, B.W.
(1993) Physical Review A, 48, 642.

89 (a) Agarval, G.S., Puri, R.R. and
Singh, R.P. (1997) Physical Review
A, 56, 2249; (b) Klimov, A.B. and
Saavedra, C. (1998) Physics Letters
A, 247, 14.

89c Klimov, A.B., Sanchez-Soto, L.L.
and Delgado, J. (2001) Optics
Communications, 191, 419.

90 Klimov, A.B., Negro, J., Farias, R.
and Chumakov, S.M. (1999)
Journal of Optics B: Quantum and
Semiclassical Optics, 1, 562.

91 Gutzwiller, M.C. (1990) Chaos in
Classical and Quantum Mechanics,
Springer.

92 (a) Higgs, P.W. (1979) Journal of
Physics A, 12, 309; (b) Sklyanin,
E.K. (1982) Functional Analysis
and its Applications, 16, 263;
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